
Review

“Cauchy’s infinitesimals, his sum theorem and
foundational paradigms”

I.

The author recalls Wartowsky 1976 with his “historical-materialist theory of a genesis of a
theory” (p. 734) and claims to go “a step in this direction” (abstract, l. 19). In more detail
the author claims to exploit the “the procedures [. . . ] in the mathematical practice of that
period” (p. 4, ls 24 f.). She or he pretends:

The goal of a Cauchy scholar is not to translate Cauchy’s procedures into con-
temporary mathematics so as to obtain a correct result, but rather to under-
stand them on his own terms, or as close as possible to his own terms. (p. 4 f.,
ls 53–8)

The author announces to display in a “case study” (abstract, l. 24) Cauchy’s “own terms”
for the sake of understanding Cauchy’s often discussed sum theorem, published in 1821:

The sum of a convergent series of continuous functions is continuous.

II.

In his refoundation of nonstandard analysis (NSA for short)—after Schmieden and Laug-
witz 1958— Robinson gave in 1966 a detailed inspection of Cauchy’s proof of his sum theo-
rem. His result is an alternative:

(i) “If we interpret this theorem in the sense of Non-standard Analysis, so that ‘infini-
ment petite’ [Cauchy] is taken to mean ‘infinitesimal’ [NSA] and translate ‘toujours’
[Cauchy] by ‘for all x’ [NSA] (and not only ‘for all standard ‘x’),” then the assumption
of Cauchy’s sum theorem “amounts precisely to uniform convergence” (Robinson
1966, p. 273, emphasis added). In short: In this case Cauchy’s sum theorem reads in
NSA thus:
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The sum of a uniformly converging series of continuous functions is con-
tinuous.

(ii) Alternatively we may “assume that the family {sn(x)} is equicontinuous in the inter-
vall” (Robinson 1966, p. 272).

As Fisher 1978 explained in more detail: “If Cauchy meant to include [actual] infinite
values of n, than it can be said that he made an assumption implied by equicontinu-
ity. [. . . ] from his point of view, if he admitted infinite integers [. . . ], then his proof
may be regarded as complete” (Fisher 1978, pp. 322 f., emphasis added). Cauchy’s
theorem then reads in NSA:

The sum of a converging series of equicontinuous functions is continuous.

So Robinson’s result in 1966 is an alternative: If we recast Cauchy’s sum theorem in NSA
we have to chose

(i) if Cauchy’s “converges” means “uniformly converges” or

(ii) if Cauchy’s “series of continuous functions” means “series of equicontinuous func-
tions”.

In mathematical respect one item is enough.

III.

The author of this manuscript is convinced that Cauchy used actual infinite natural num-
bers, see e. g. p. 5, ls 42–46; p. 15, ls 34–36. So she or he has to concede on strict math-
ematical grounds that Cauchy’s sum theorem is true because of (II.(ii)). The additional
assumption that Cauchy’s “converges” means “uniformly converges” is mathematically su-
perfluous.

IV.

Nevertheless this author argues on 25 pages for the

Main Thesis. Cauchy’s term toujours suggests extending the possible inputs to
the function. (p. 27, ls 28 f.)

By “extending” the author means the conversion of a real function f : B → R to a hyper-
real function ∗f : ∗B → ∗R (p. 27, ls 33 f.) (the author erroneously writes “ f : ∗B → ∗R”). In
other words she or he claims Cauchy to use the notion “uniform convergence”.

We reached our

First judgement: The “Main Thesis” is not mathematically founded.

So she or he has to add some extra-mathematical argument to prove hers or his main
thesis.
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V.

Now let me examine if the author adds a historical argument.
In the author’s view “the goal of a Cauchy scholar is [. . . ] to understand [him] [. . . ] in

his own terms”—see (I.). Which are Cauchy’s “own terms”? This author adduces a plenty
of them: number, variable, value, infinitely small/large, infinitesimal, function, series, con-
vergence, continuous, remainder of the series etc. Most amazingly she or he cites Cauchy’s
definition of the concept under discussion in only one single case; moreover the presented
definition is even incomplete.

The cited definition is that of “continuity” (p. 9, ls 40–49), cited from Cauchy 1853. Indeed
the cited half-sentence contains the word “toujours”.

But the cited formulation is only Cauchy’s modus loquendi for “continuity”. This is to
be seen in Cauchy’s textbook Cours d’analyse (Cauchy 1821, p. 43) where Cauchy gives a
more explicit definition (without the word “toujours”!), immediately followed by the modus
loquendi repeated in the 1853 paper. (Strange to say that the author claims the opposite—
p. 9, ls 56 f.; so we have to infere that she or he is not able to read Cauchy’s texts as carefully
as historians have to. – And we realise that the author’s expression “revised sum theorem”
(p. 5, ls 15, 22) is wrong.)

From this observation the following conclusion seems to be evident: For Cauchy’s notion
“continuity” the word “toujours” is not relevant.

But one single notion does not suffit. The historiographical requirement is to “under-
stand” the interplay of Cauchy’s notions. This paper does not give even a slight hint how to
exhume Cauchy’s conceptual world, contrary to its title. In this “case study” about Cauchy’s
sum theorem the reader does not learn a single original notion of Cauchy’s calculus.

We reached our

Second judgement: The “Main Thesis” is not historiographically founded.

VI.

Let us turn to methodology. The author announces to name “procedures exploited in the
mathematical practice of that period” (abstract, ls 20 f.). But when the author puts hers or
his cards on the table there is nothing.

Section 6 bears the title: “Analysis of Cauchy’s procedures” (p. 16, l. 18). Five items are
listed. Four of them are questions, the remaining (no. 3) is a statement (be it true or false).
So not one single “procedure” of Cauchy is characterized.

Later on the author writes:

We will now interpret Cauchy’s procedures (see Subsection 7.1 [sic! in the named
section Cauchy is not discussed at all]) in such a framework. The functions fn

in Robinson’s Theorem 4.6.1 correspond to Cauchy’s partial sums sn . Our main
thesis, in line with the comment by Grattan-Guinness cited in Subsection 3.2,
is the following.

3



Main Thesis. Cauchy’s term toujours suggests extending the possible
inputs to the function.

We interpret this extension procedure in terms of the following hyperreal proxy.
(p. 27, ls 23–33)

This is to say she or he calls hers or his own method a “procedure”.

However this was not meant by Wartowsky when he wrote:

All of this is set into the context of stages of scientific growth, each with its in-
vestment in a technology—i. e. not only in the usual sense, but also in the sense
of an articulated cognitive and practical technology of rules, procedures, ac-
cepted truths, and modes of conceptualisation and of practice. (p. 730)

Wartowsky demanded to deduce the “procedures” of the person under study; this author
creates hers or his own historiographical “procedure”—which amounts to argue stringently
for an under the the stated assumptions mathematical superfluous and historiographical
unfounded “Main Thesis”, irrespective of historiographical essentials.

We reached our

Third judgement: This paper is methodological totally confused.

VII.

What about the epistemology of this paper?
This author’s approach to interpret Cauchy is guided along four lines:

(1) Formalize Cauchy’s statements in an incomplete manner. This procedure starts on
p. 5, ls 53–55. The author knows this formalization to be incomplete (see p. 6, ls 12–
14). But nowhere does this author explain what profit an incomplete formalization
should yield.

(2) Cope only within an a priori established frame of interpretation. Cauchy has to work
either in “A-track” or in “B-track” (p. 3, ls 24, 41). But what about possible mod-
ifications of these frames? Constructive analysis has yet another shape than stan-
dard analysis but is of course also Archimedean. In the literature those modifications
are dissussed in connection with Cauchy’s sum theorem; besides Robinson 1966 and
Fisher 1978 another idea came up with Spalt 1996 (again Spalt 2002 and Spalt 2015).
But this author just ignores each line of argument which does not fit in his own frame.

(3) Ignore the definitions Cauchy gave for his concepts—see (V.) above.

(4) Confront very extensively some of the interpretations of Cauchy’s sum theorem given
in the literature with each other. Of course this is appropriate to add to the polemics
but this author fails to explain how this discussion of purported errors of historians
turns our understanding of Cauchy to advantage.

We reached our

Forth judgement: This paper is a philosophical misery.
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VIII.

Needless to say that this paper contains a plenty of material errors. But this author surely
will not accept a single one and that is why they may be omitted here.

IX.

Which advice should one give this author?
The very first advice is of course: Change your topic, for you have rund your head against

a brick wall! In a blind alley one has to turn back.

Of course this author will not be delightened. So she or he might try to turn to the very
essential of historical work: Understand Cauchy’s concepts on his own terms!

This manuscript has “procedures” instead of “concepts”—see p. 4, l. 53; but this could
be only a solution from necessity after one failed to cope with Cauchy’s terms. Another
solution might be to look for the “hidden knowledge” as Herbert Breger does, following
Polyani.

So the very advice is to change hers or his topic as there are solutions published which
cope with Cauchy’s terms.
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