
TOPOLOGICAL GROUPS AND TELEMAN’S THEOREM

MEITAL ELIYAHU, SHAY HAMAMA

Abstract. We give a proof of Teleman’s Theorem in the theory of topological
groups.
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1. Introduction

Topology, Analysis and Algebra have never been so close. The discovery of the
topological groups that joined the three of them together produced some important
results. Of particular importance in harmonic analysis are the locally compact topo-
logical groups, because they admit a natural notion of measure and integral, given by
the Haar measure. In many ways, the locally compact topological groups serve as a
generalization of countable groups, while the compact topological groups can be seen
as a generalization of finite groups. The theory of group representations is sometimes
very similar for finite groups and for compact topological groups, such as Hilbert’s
fifth problem, or in other words Problem 5 on the Hilbert problems list promulgated
in 1900 by David Hilbert, concerns the characterization of Lie groups.A formulation
that was accepted for a long period was that the question was to characterize Lie
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groups as the topological groups that were also topological manifolds. We will dis-
cuss in this paper the Teleman Theorem 4, which shows that every G − space lives
in some Banach space. Moreover,to a Banach space one can associate the topological
group of all linear Isometric operators.

2. Basic Definitions

2.1. Banach Space. Banach spaces are defined as complete normed vector spaces.
This means that a Banach space is a vector space V over the real or complex numbers
with a norm || · || such that every Cauchy sequence (with respect to the metric
d(x, y) = ||x− y|| ) in V has a limit in V. Since the norm induces a topology on the
vector space, a Banach space provides an example of a topological vector space.

2.2. Hausdorff Space. Suppose that X is a topological space. Let x and y be points
in X. We say that x and y can be separated by neighbourhoods if there exists a
neighbourhood U of x and a neighbourhood V of y such that U and V are disjoint . X
is a Hausdorff space if any two distinct points of X can be separated by neighborhoods.
This is why Hausdorff spaces are also called T2 spaces or separated spaces.

2.3. Regular Space. Suppose that X is a topological space. X is a regular space
iff, given any closed set F and any point x that does not belong to F, there exists
a neighbourhood U of x and a neighbourhood V of F that are disjoint. In fancier
terms, this condition says that x and F can be separated by neighbourhoods. X is a
T3 space if and only if it is both regular and Hausdorff.

2.4. Completely Regular Space. Suppose that X is a topological space. X is a
completely regular space iff, given any closed set F and any point x that does not
belong to F, there is a continuous function f from X to the real line R such that f(x)
is 0 and f(y) is 1 for every y in F. In fancier terms, this condition says that x and F
can be separated by a function.

2.5. Tychonoff Space. Suppose that X is a topological space. X is a Tychonoff
space, or T3 space if and only if it is both completely regular and Hausdorff.

2.6. Weak* Topology. One may also define a weak* topology on X∗, X ∈ Banach
by requiring that it be the weakest topology such that for every x in X,the substitution
map

Φx : X∗ → R or C

defined by

Φx(φ) = φ(x) for all φ ∈ X∗.

bases

[ϕ0, x0, ε] ε > 0, x0 ∈ X,ϕ0 ∈ X∗

O[ϕ0,x0,ε] := {ϕ ∈ X∗ : |ϕ(x0)− ϕ0(x0)| < ε} ⊂ X∗
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2.7. Banach-Alaoglu theorem. (also known as Baurbaki Alaoglu’s theorem) states
that the closed unit ball of the dual space of a normed vector space is compact in the
weak* topology. A common proof identifies the unit ball with the weak* topology
as a closed subset of a product of compact sets with the product topology. As a
consequence of Tychonoff’s theorem, this product, and hence the unit ball within, is
compact ( The unit ball is closed in this topology, and a closed set in a compact space
is compact.
Remark Every compact space can be embedded in V ∗.

2.8. Gelfand Map. Suppose that X is a topological space.The map γx is identified
as below

γx(f) = f(x), x ∈ X, f ∈ C(X)

.

2.9. Theorem. Let X be a topological space

j : X → B∗

x→ x̃ = γx

then,

(1) The function is continuous
(2) j : X → B∗ is topological emmbedding ⇔ X is Tychonoff .

3. G-Spaces

3.1. G-Space. We will be only considering Hausdorff topological groups, and Ty-
chonoff topological spaces. A topological group G acts on a topological space X if
there is a continuous mapping τ : G×X → X, called an action, where the image of
a pair (g, x) ∈ G×X is usually denoted either by τgx or simply by g · x, having the
properties that g · (h · x) = (gh) · x and eG · x = x for every g, h ∈ G and x ∈ X.
Here and in the sequel, e = eG denotes the identity element of the acting group. The
entire triple X = (X,G, τ) is called an (abstract) topological dynamical system, while
X together with the action τ is referred to as a G-space. The triple X is also known
under the name a topological transformation group.

An action is called effective if every element g ∈ G, different from the identity, acts
in a non-trivial fashion on some element of the phase space X, that is, ∀g 6= e, ∃x,
g · x 6= x. An action is called free if every element g different from the identity acts
in a non-trivial way on every element of X, that is, ∀g 6= e, ∀x, g · x 6= x.

Examples 3.1.1. 1. Every topological group acts on itself freely by left translations
through g · x = gx, g, x ∈ G.
2. The action of a topological group G on itself by conjugations,

g · x = g−1xg, g, x ∈ G,

is effective if and only if the centre of G is trivial.
3. The canonical action of the group Homeo cS1 on the circle S1 is effective but not
free.
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The topological space X (the phase space) can also support additional structures
of various sort. If X = (X, ρ) is a metric space, then an action of a topological group
G on X is said to be isometric, or an action by isometries, if every motion x 7→ g · x,
g ∈ G, is an isometry of X onto itself. In this case, the continuity of the action is
equivalent to the continuity of the associated homomorphism from G to the group of
isometries Iso (X) equipped with the pointwise topology (that is, one inherited from
XX , or else from Cp(X,X)). Moreover, the group Iso (X) with the pointwise topology
forms a Hausdorff topological group. Both statements are very easy to verify directly.

4. Teleman’s Theorm

4.1. Teleman’s Theorm. [1]

(1) For every compact G-space X, there is a G-embedding onto a compact space
(B∗, w∗) for some Banach space V.

Proof

Definition 4.1.1. Representation of a G space on a Banach space V The
natural action :

Is(V )× V −→ V

induces an action :
Is(V )× V ∗ −→ V ∗

(α, ϕ) → α ∗ ϕ , v ∈ V
(αϕ)(v) = ϕ(α−1(v)), v ∈ V associative

α : C(X)×G→ C(X) α is an isometry, since ||ϕ ∗ g|| = ||ϕ||.
Therefor the action α is linear: (f1 + f2)g = f1g + f2g ; (cf)g = c(fg)
Define

G× C(X)∗ → C(X)∗

by
(g, ψ) → gψ

gψ : C(X) → R by (gψ)(f) = ψ(fg)

while eψ = ψ and (g1g2)ψ = g1g2ψ (action)
The action preserve the norm : ||gψ|| = ||ψ||, so we get π∗ : G× B∗ → B∗ is
well defined.

j : X → B∗

is a Gelfand Function (2.8) , defined by

x→ x̃ x̃(f) = f(x)

Remark 4.1.2. The Gelfand function represent the pointwise measure which
claims that all the mass on one point is equal to function value in this point.
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Theorem 4.1.3. Riesz Theorem Let X be a compact Hausdorff space. For
any positive linear functional ψ on C(X) (that is, ψ ∈ C(X)∗, the dual of
C(X)) there is a unique Borel regular measure µ on X such that

ψ(f) =

∫
X

f(x)dµ(x)

for all x in C(X) .

j is an injection:

j(x1) = j(x2) =⇒ x̃1 = x̃2

x̃1(f) = x̃2(f)

⇓
f(x1) = f(x2)

⇓
x1 = x2

j is a topological embedding:

We will prove j is a G-embedding: j(gx) = g̃x
?
= gx̃ = g(j(x))

we know g̃x(f) = f(gx)
we will check that gx̃(f) = f(gx)
(gx̃)(f) = x̃(fg) = fg(x) = f(gx)

X
g−→ X

j ↓ ↓ j

B∗ g−→ B∗

So the diagram is commutative.

We will prove that π∗ is continuous in the point (g0, ψ0) ∈ G×B∗.
Let us assume that g → g0 in G and that ψ → ψ0 in B∗.
We would like to show that gψ → g0ψ0.
It is equal to show that: ∀f ∈ C(X), (gψ)(f) → (g0ψ0)(f)
or in other way:

|ψ(fg)− ψ0(fg0)| → 0

|ψ(fg)− ψ0(fg0)| ≤ |ψ0(fg0)− ψ(fg0)|+ |ψ(fg0)− ψ(fg)| =
= |(ψ0 − ψ)(fg0)|︸ ︷︷ ︸

sinceψ→ψ0in(B∗,w∗)
↓
0

+|ψ(fg0 − fg)| ≤ |(ψ0 − ψ)(fg0)|+ ||ψ||︸︷︷︸
≤1

||fg0 − fg||︸ ︷︷ ︸
↓
0

→ 0

( f ∈ C(X) = Cπ(X) since X is compact) We got

j : X ↪→ B∗
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is a topological embedding.
By Banach-Alauglu-Barbaki Theorem 2.7 we get that B∗ is a compact space.�

(2) Every Hausdorff topological group G acts effectively on a Banach space by
isometries (Shay);

4.2. Remark. Let X be a G-space (not necessarily compact space). B∗ = B(Cπ(X)),
j : X → B∗ is a continuous G-function. Then j is an embedding ⇔ Cπ(X) separates
points from closed groups in X ⇔ X is G-Tychonoff.

For trivial G we get immediately:

4.3. Corollaries.

(1) For every compact space X there exist a Banach space V (V := C(X)) such
that X is topologically embedded into the Compact Unit Ball B∗ 2.7

(2) Since every Tychonoff space is embedded in a compact space,

X is Tychonoff ⇔ X is topologicaly embedded in B∗

.
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