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In a previous paper entitled “A More Accurate
Three-Dimensional Grain Growth Algorithm” [1],
the authors published data from Poisson-Voronoi
tessellations and grain growth microstructures, to
illustrate a qualitative difference between the two
structures. In that paper, we stated the following:

eventual goal is to fully characterize the steady state of cel-
lular structures that evolve via mean curvature flow.

While the purpose of this paper is primarily to describe a
new approach to simulating normal grain growth that
o!ers significant advantages compared to existing methods,
we present a few additional examples of the types of ques-
tions that can be addressed with the current method. The
data structure inherent to our methodology allows the sim-
ple identification of topological features that can be used to
determine the distribution of topologically distinct polyhe-
dra within the microstructure. Rather than simply measur-
ing the distribution of faces per grain (as in Fig. 13 and
other studies), we are able to specify both the number
and types of these faces. For example, Fig. 15 shows the
relative frequencies of di!erent eight-faced grains in the
Voronoi and steady-state systems. Exactly 14 topologically
distinct polyhedra with eight faces can appear in the initial
Voronoi tessellation [49]. Two of them have exactly two

three-sided faces, two four-sided faces, two five-sided faces,
and two six-sided faces, while the remaining types of grains
can be distinguished by the number of faces of each type.
After the systems evolve, two-sided faces can appear and
more polyhedra are possible, though Fig. 15 excludes
grains with two-sided faces. Fig. 15 shows that the distribu-
tion of di!erent types of eight-faced grains is much more
narrow in the steady state than in the initial Voronoi con-
struction. Indeed, in the steady state a single topological
type accounts for over half of all eight-faced grains. Char-
acterizing the topological type of grains more precisely is
one example of a way in which our method allows a more
complete description of steady-state microstructures.

Another example of a scale-invariant property is the dis-
tribution of vertex nodes as characterized by the sum of the
numbers of faces of the four neighboring grains, as in
Fig. 16. One surprising di!erence between the Voronoi
and the steady-state microstructures is that the Voronoi
tessellation apparently prefers vertices with even sums,
while the steady-state microstructure shows no such bias.

These two examples are intended to demonstrate the
potential ourmethod has for collecting statistically significant
measurements of novel topological characteristics of the grain
growth microstructure, well within the steady-state regime.
While some of our results are similar to those previously col-
lected by other researchers and are included here for the pur-
pose of validation, the results given in this section represent a
new class of statistics not heretofore reported for grain
growth. We intend to focus on these and other three-dimen-
sional microstructural statistics in a future paper.4pt?>
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Fig. 15. Distribution of all grains with eight faces in the Voronoi and
steady-state systems. Labels along the abscissa indicate how many faces of
each type a grain has, e.g. 13310 indicates grains with one three-sided face,
three four-sided faces, three five-sided faces, one six-sided face, and zero
seven-sided faces. Data is averaged from eight simulations; error bars
indicate the standard deviation from the mean. Grain types are ordered
based on decreasing frequency of occurrence in the Voronoi
microstructure.

Fig. 16. Distribution of vertices, as characterized by the sum of the
numbers of faces of their four adjacent bodies. Data is averaged from eight
simulations; error bars indicate the standard deviation from the mean.
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Fig. 15. Distribution of all grains with eight faces in the Voronoi and
steady-state systems. Labels along the abscissa indicate how many faces of
each type a grain has, e.g. 13310 indicates grains with one three-sided face,
three four-sided faces, three five-sided faces, one six-sided face, and zero
seven-sided faces. Data is averaged from eight simulations; error bars
indicate the standard deviation from the mean. Grain types are ordered
based on decreasing frequency of occurrence in the Voronoi
microstructure.

Fig. 16. Distribution of vertices, as characterized by the sum of the
numbers of faces of their four adjacent bodies. Data is averaged from eight
simulations; error bars indicate the standard deviation from the mean.
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It has recently become clear to us that a mistake was
made in collecting the relevant data. The figure below
reports a corrected version of the original:
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Although the modes of the two distributions remain the
same, their scalings are corrected. Moreover, the curve
from the Voronoi data is substantially smoother than in-
dicated in our original paper, with no preference towards
even sums. We regret this error.
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