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(1) Find all x, y ∈ Z such that 5x2 = y4 + 5y2.

(2) Prove that 26 is the only natural number that is the successor of a perfect square and the

predecessor of a perfect cube.

(3) Let d > 1 be a square-free integer and let K = Q(
√
d). If D = dK , then show that x, y ∈ Z

are solutions of Pell’s equation x2 −Dy2 = ±4 if and only if 1
2(x+ y

√
D) ∈ O∗

K .

(4) Say that a solution (x, y) of Pell’s equation is positive if x ≥ 0 and y ≥ 0. Show that

there exists a positive solution (x, y) that is minimal in the sense that if (x′, y′) is any other

positive solution, then x′ ≥ x and y′ ≥ y. If (x, y) is this minimal positive solution, then

show that

u =
1

2
(x+ y

√
D)

is a fundamental unit of K = Q(
√
d). (In other words, O∗

K = {±uk : k ∈ Z}.)
(5) Now we will see an application of number theory to history. Read the following text from

an ancient manuscript about the Battle of Hastings, which took place in 1066 between

William the Conqueror and his Normans, who had just invaded England, and the Saxons

led by King Harold II. Determine how many men were in the Saxon army.

“The men of Harold stood well together, as was their wont, and formed thirteen squares,

with a like number of men in every square thereof, and woe to the hardy Norman who

ventured to enter their redoubts; for a single blow of a Saxon warhatchet would break his

lance and cut through his coat of mail. After Harold joined his men and threw himself

into the fray the Saxons were one mighty square of men shouting the battle cries ‘Ut!’

‘Olicrosse!’ and ‘Godemite!’ ”

Note: This problem appeared in H.E. Dudeney’s Mathematical Amusements in 1917. Its

solution is not historically accurate. Please direct all complaints about this to Dudeney and

not to me.

(6) Let A be a Dedekind domain and K its field of fractions. Let L/K be a finite separable

extension of fields, and let B be the integral closure of A in L. Prove that B is a Dedekind

domain.

Hint : Generalize the proof we gave in class that OK is a Dedekind domain when K is a

number field. The incomparability theorem from commutative algebra is useful here.
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