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1. Introduction

Deterministic dynamical systems with a large number of degrees of freedom typically
display complicated behavior that often seem random. It is not surprising that the
evolution of certain observables in these systems can be approximated by a stochastic
process. Results in this direction abound in the literature. Most of these results,
however, are of weak convergence-type, i.e., it is shown that the evolution of the
observables tends to that of a stochastic process in some distributional sense. It is more
surprising that the evolution of some observables in deterministic dynamical systems
converges pathwise to that of a stochastic process. The present paper offers a result in
this direction within the context of a dynamical system first introduced by Ford, Kac
and Mazur [4, 5], and later by Zwanzig [18], as a simplified model to investigate several
issues in nonequilibrium statistical mechanics.
Kac-Zwanzig model is an Hamiltonian dynamical system with Hamiltonian:

1
H(x,v)—§p0+V ) Zmzv +—Z i — )%, (1.1)
where for shorthand we use the notation x = (xg, 21, . .. ,:UN) and similarly for writing

vectors in RM*L. Here x((t) and wvy(t) denote the position and velocity at time ¢ of
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a one dimensional, unit mass particle whose dynamics we are interested in describing.
This particle, referred to as the distinguished particle, is placed in an external potential
V(-) and coupled to N additional particles (or oscillators), referred to as the bath.
The position, velocity and mass of the i’th oscillator are denoted z;(t), v;(t) and m,,
respectively. The coupling between the distinguished particle and each oscillator is
taken as harmonic, with spring constant /N > 0. The scaling with N emphasizes
the fact that the pair interactions are weak. The equations of motion derived from the

Hamiltonian (1.1) can be written as: for i = 1,..., N,
N
Xy = F(X0) = 7 2_(Xg" = X7, X3'(0) = mo, X3'(0) = vg
i=1
XY =Xy - X, XM0) = zi, X[Y(0) = v, (1.2)
where f(-) = —V’(-) and we have defined the frequencies
2 v
e . 1.3
=L (13)

Kac-Zwanzig model has been the subject of extensive research in both the physics
and mathematical literature [3, 6, 7, 9, 10, 11, 12, 14, 16, 17], and it is known that
the trajectory of the distinguished particle can be approximated by a stochastic process
under specific scaling of the initial conditions for the bath, {x;, v;})¥; and the frequencies,
{wi}¥,. The core of these results can be summarized as follows.

Let 8 > 0 be a parameter and suppose that, for fixed initial conditions of the
distinguished particle 7o and vy, and fixed frequencies, {w;}Y, the initial conditions
for the bath, {x;}; and {v;}¥, are random variables with probability distribution:

duxo’vo(xl, TN, UL, e, UN) = Z e PN g dandoy . .. duy (1.4)

where Z is a normalization constant such that pu(RY x RY) =1 and

H(x,v) = Jv ZNl (:}—Z + (2 — xO)Q) . (1.5)

1

The distribution (1.4) is the marginal (at zg,vg, {w; }}¥, fixed) of the Boltzmann-Gibbs
canonical distribution associated with the Hamiltonian H (here written in terms of the
velocities v; instead of the momenta p;), which is an invariant measure for Kac-Zwanzig
model (1. ) Because of the speciﬁc form of the Hamiltonian, (1.4) implies that, for
fixed {w;}¥, {x;} ¥, and {v;} Y, are independent Gaussian variables with mean zy and
0 and variance N/f3v and N w? /B, respectively. For convenience we define

|6 | O
h; = Wv(fﬁz — Tp); 9i = N(ZZQ i- (1.6)

With this definition, {h;}}¥; and {g;}Y, are independent, normally distributed random
variables (i.e., Gaussian with zero mean and unit variance).

Suppose in addition that the frequencies {w;}Y | are independent and identically
distributed (i.i.d.) random variables, absolutely continuous with respect to the Lebesgue
measure on [0,00), and with probability density p(-). We assume that p(w) > 0 in a
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connected support and has a finite second moment. Then, as N — oo, the trajectory
of the distinguished particle in phase-space, {X(t), X¥(t)}, converges weakly to
the solution of the following integro-differential equation with random noise called a
generalized Langevin equation:

Yo = 1(X0) = [ Rt =) Xalr)dr + (o), (1.7)

where the memory kernel R : [0,00) — R is given by

R(t) =~ /Ooop(w) cos(wt)dw, (1.8)

and £ : [0,00) — R is a Gaussian random function with mean zero and covariance R(-).
This implies that, given any smooth function with compact support ¢ € C§°(R x R)
and for any T' < co, we have that, as N — oo,

sup [BLE? [0(X0 (8), X3 (1)] = Ee [o(Xo(). Xo()]| =0, (19)

0<t<T

where E¥[-] denotes expectation of the initial condition of the bath with respect to the
canonical distribution (1.4) at {w;}¥, fixed, E,[] the expectation with respect to the
statistics of the frequencies, and E; the expectation with respect to the statistics of the
noise £(-).

As mentioned earlier, the purpose of this paper is to offer a stronger convergence
result, namely the pathwise convergence of { XY (¢), XY (t)} toward {Xo(t), Xo(t)} as
N — oo. This falls under the general strategy of the Skorokhod embedding theorem
(c.f. [2], Theorem 13.28) which states that every sequence of stochastic processes that
converge in law can be realized on a common probability space in a way such that
the new sequence will converge almost surely or strongly. This paper offers an explicit
construction for such an embedding for the problem at hand. We note that one such
strong convergence result has already been proven by Stuart and Warren [16] who
considered a variant of this model in which the frequencies are not random but rather
are fixed to be w; = i. It is then proven that in the limit N — oo, and on a fixed time
segment t € [0, 7], the solution XN (¢) and XY (t) of (1.2) converges in L*(0,) to the
solution of a limiting equation of the form of (1.7) in which £(¢) is the time derivative
of a Brownian bridge of [0, 7], i.e.,

E, . Uoﬂ {(ng(t) — Xo(t))* + <X5V(t) - Xo(t))Q} dt} < W

(1.10)

for any € > 0. The Brownian bridge is constructed as a geometric series with coefficients
{hi}2, and {gi}32;.

In contrast, in the model considered here, the frequencies {w;}°; are random.
This requires a new approach to represent the limiting random noise £(t). The precise
statement of our result, and the assumptions under which it holds are given in section 2.
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However, it can be roughly stated as follows. Given the density p(-), it is possible to
represent the Gaussian noise £(-) as

£(t) = ﬁ/owp1/2(w) (coswt dh,, + sinwt dg,) . (1.11)

where h,, and g, are two independent copies of the standard Brownian motion on [0, 00).
Using the It6 isometry it is easy to see that £(t) is indeed a Gaussian process with zero
mean and covariance

E, [E(t)E(t2)] = ”y/ooop(w) cosw(t; — to)dw = R(t; — ta). (1.12)

where E, 1,[-] denotes expectation over the statistics of the Brownian motions h, and
Jgo- Now, let us denote

w; = P7'(i/N), (1.13)

where P~!(z) is the inverse function of the distribution of the frequencies, i.e.,
P(z) = [;pw)dw. In addition, given a realization of the frequencies, {w;}Y,, let
us denote by {w;}Y, the frequencies obtained from {w;}¥, by ordering them, i.e.,
there exists a permutation o of {1,..., N} such that w/ = w,q4), ¢ = 1,..., N and
0<w <w}--- <wy. Then, as N — oo, (X (t), XN (t)) converges pathwise toward
(Xo(t), Xo(t)), the solution of (1.7) with £(-) given by (1.11), in the sense that, given
any T' < oo,
sup BLEESY (XY (1) — Xo()? + (X (1) — Xo(t)?| — 0. (1.14)
0<t<T ’
Here E¥[-] and E,[-| are the expectations defined in (1.9) and Eéchl )[] denotes the

expectation over the statistics of the Brownian motions h,, g¢,, conditioned on the
event, labeled (C1)

\/N/ P2 (w)dhy = @(x; — 1) = h?
Wi—1

N
VR [ g, =[5 = (1.15)
Wi—1 Nwi
fori=1,..., N, where the star denoted reordering according to the permutation o, i.e.,

T] = To(i), Vi = Vo(i), B = ho@) and g7 = go(s).-

It is not obvious a priori how to condition the Brownian motions g, and h,, so that
they satisfy (1.15). One of the main results of this paper is the construction of a pair of
stochastic processes h¢ and g¢¢ that satisfy the constraints (1.15) almost surely, thereby
given a precise meaning to this conditioning. This is detailed in section 2.

The precise rate of convergence in (1.14) is given in section 2 (see Theorem 2.2).
Theorem 2.3 offers a generalization of this result when the initial condition are
distributed microcanonically instead of canonically as in (1.4) — a choice which is more
natural in the context of Kac-Zwanzig model. Notice that, unlike (1.9), (1.14) requires
that the noise term in the limiting equation (1.7) be related to the initial condition for
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the bath and the frequencies. It is known that this can always be done, i.e. if (1.9)
holds then (1.14) holds for some specific choice of the noise term. Our result, however,
is constructive in the sense that it tells explicitly how to pick the noise in the limiting
equation (1.7) given the choice of the parameters in the original system (1.2).

The organization of the remainder of this paper is as follows. Section 2 presents
the assumptions underlying our model, the strong convergence theorems proved and
their implications. Section 3 contains the proof of Theorem 2.2, which holds when the
initial conditions of the bath particles are distributed canonically. Section 4 contains
the proof Theorem 2.3, which holds when the initial conditions of the bath particles
are distributed microcanonically. Finally, in Section 5 we give some concluding remarks
and discuss possible extensions and generalizations of the model.

2. Assumptions and main results

Recall a few definitions from the previous Section. Let P(z) denote the distribution
function of the frequencies, P(z) = [; p(w)dw, P~'(2) its inverse, and @; = P~'(i/N).
Also, given {x;, v;,w; Y, let {w}¥, be the frequencies obtained by ordering the w;’s
in ascending order using the permutation o as explained before and adding w§ = 0 to
the set. The random permutation ¢ can be defined on the space of all permutations
of length N (with the discrete o-algebra). Its probability measure is induced from the
measure on N independent copies of the frequencies. Similarly, for fixed N and ¢, w} is
a random variable defined on the probability space [0, 00)" (with the Borel o-algebra).
Furthermore, it is absolutely continuous with respect to the Lebesgue measure. Since
all the random variables defined above are derived from p(w), we denote expectations
with respect to all of their measures by E,[-]. Using the permutation o, we also denote
{o} = 2oy and v} UU(Z)} . Since the random permutation ¢ is independent of the

N

initial condition, {x}, v} }¥ | are equal in law to {z;, v;} .

Given two independent copies of standard Brownian motion, A, and g,,, define

dhi_ Zah 1/2 1[UJ1 le)(w)dw
dgt = dg,, — Zag 12 (g W), op(w)dw, (2.1)
where
=N [ PRk,  al =N p(w)dg, (2.2)
Wi—1 Wi—1

and 1g(+) is the indicator function of the set S, i.e., 1g(w) =1if w € S and 1g(w) =0
otherwise.
Define also

N
w) = Z b?pl/Z(w)l[@i—l,@i) (w)dw
=1
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N
dG(w) = Z bfpl/Q(w)l[@Fl@i)(w)dw, (23)
i=1
where
ot =VNR:, b =+VNg. (2.4)
Finally, let
hS, = H(w) + h;,

95 = G(w) + g5, (2.5)

Using the Ito isometry, it is easily shown that for almost every choice of {w;, z;, v; }¥,

E,, [W l p1/2<w>dhz] s

Wi—1
%ﬁPN pmwﬂﬁ}zﬂ, (2.6)
Wi—1
and the variance is zero. Hence, denoting by P, the probability space of the two
Brownian motions h, and g, we have that for fixed {w;, z;, vi}ij\il, the function A, and
g5, satisty (1.15) P, p-almost surely, i.e.,

¢N/ pP(w)dhs = hi, VN [ pP(w)dgl = g7 (2.7)
On the other hand, if P denotes the probability space of the bath initial conditions
{z;,v;}| equipped with the canonical distribution (1.4), P, the probability space of
the N independent frequencies {w;}¥,, each equipped with the probability distribution
p(w)dw, we also have:

Lemma 2.1. P,-almost surely for every {w;}¥X.,, hS and g5 are two independent
Brownian motions defined on the product space Pyp x PL.

Proof: It is easily verified that h is a Gaussian process with zero mean. In addition, a
direct calculation shows that E,E¢Ey n[h, h, | = Egplhe, he,] = |wi —ws|, and similarly
for g¢,. U
Thus, for fixed {w;,x;,v;}Y,, h¢ and ¢¢ qualify as Brownian motions conditioned as
in (1.15), and they will allow us to now formulate one of our main results.

Define £°(-) as

E°(t) = ﬁ/ p*(w) (coswt dhS + sinwt dg’) . (2.8)
0
We have:

Theorem 2.2 (Canonical case). Assume that the potential V(-) in (1.2) is € C*(R) and
that V'(-) is globally Lipschitz. Then, for T < oo and every choice of initial condition

(20, po) for the distinguished particle, there exists a constant C(T, zo,po), independent
of N, such that,

y y 2 O T7 9
sup BLBLE, [|X0'(0) - X5(0)]" + | X3'(0) - Xi5(0)] } < Ahomn)
0<t<T N

(2.9)
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where X§(+) is the solution of (1.7) with {(t) = £°(t) and the rate of convergence, I,
depends only on the tail of p(w). Let p(w) denote a continuously differentiable probability
function on [0,00) such that for all w, p(w) > 0, p'(w) < 0 and p has a polynomial tail,
i.e., lim, owip(w) = D, for some ¢ > 3 and 0 < D < oo. Then, we have that
l=1(q—1)/(2q). If the tail of p(w) is exponential or better, then | = 1/2.

Unlike most results known in the literature, Theorem 2.2 is a pathwise convergence
result. By this we mean that if we pick a set of frequencies and some initial condition
for the bath, Theorem 2.2 tells us how to construct a random noise such that the
solution of the limiting equation (1.7) remains close to the trajectory of the distinguished
particle satisfying (1.2) in the L? sense. In fact, Theorem 2.2 implies that this trajectory
converges P, , x P, x P¥-almost surely towards the solution of the limiting equation as
N — o0, at least on some subsequence.

It is also clear that the convergence result in Theorem 2.2 remains valid if the
statistics of the initial condition for the bath are changed. More precisely, the theorem
holds if {x;,v;}Y, at {w;}¥, fixed are not distributed according to the canonical
distribution (1.4) but rather according to some other distribution equivalent to (1.4)
(i.e. such that (1.4) is absolutely continuous with respect to this new distribution and
vice-versa). In this case, however, Lemma 2.1 will not hold in general, i.e. h¢ and g¢
will not be Brownian motions on P,; x P¥. As a result, the noise term £°(-) may no
longer be a zero-mean Gaussian process, which means that the fluctuation-dissipation
relation which says that the covariance of £(+) is R(-) will be lost as well. We will not
consider situations of this type any further here.

Another modification of the statistics of the initial condition of the bath is more
natural. Since the Hamiltonian H(x,v) given by (1.5) is left invariant under the
dynamics of Kac-Zwanzig model (1.2), it is natural to assume that, given the frequencies
{w;}¥,, the initial condition for the bath are distributed according to the distribution
(compare (1.4))

_ =_ dO’(I’l ooy TN, ULy . UN)
A" (xy, ..., TN, VL, - . =71 oo T 2.10
B s s a0 1oy o) [V (x.v) (210
where VH = (0H /0wy, ...,0H/0xy,0H Ovy,...,0H /Ovy), | -| is the Euclidean norm
in R?N do(xy,...,25,v1,...,vy) denotes the surface element (Lebesgue measure) on

the constant energy hypersurface S = {(x1,..., 2N, v1,...,vy) : H(x,v) = N/3}, and
Z is a normalization constant such that jg’"°(S) = 1. The distribution (2.10) is the
marginal (at xg, po fixed) of the microcanonical probability distribution associated with
the Hamiltonian (1.1).

Theorem 2.2 can be generalized to the microcanonical situation. To prepare for
this result, define

™ =rH(w) + hZ, (2.11)

w

g =rGw) + 9., (2.12)

where H(-), G(-), ht and g} are as before, and r € [0,00) is a random variable,



A strong limit theorem in Kac-Zwanzig model 8
independent of all previous ones, and with probability density
p(r) = C'_IT?N_le_ﬁNTQ/?, C= /OO PN =1e=BNT? /2, (2.13)
0
Define also
EM(t) = ﬁ/oo P % (w) (coswt dA™ + sinwt dg™). (2.14)
Then we have :

Theorem 2.3 (Microcanonical case). For all T < oo and every choice of initial

sup BLESE By ||X3(0) - X0 + [ 40 - X3

condition (xq,po) for the distinguished particle, there exists a constant C(T,xq,po),
0<t<T
C(Ta anv(])

independent of N, such that,
|
— NQZ )

where X§'(+) is the solution of (1.7) with &(t) = £™(t) and the rate of convergence, 1, is
as i Theorem 2.2.

(2.15)

The remainder of this paper is devoted to proving the statements made in this
section.

3. The canonical case

In this Section we prove Theorem 2.2, relative to the cases in which the bath initial
conditions are distributed according to the canonical distribution (1.4). Most authors
studying the Kac-Zwanzig model consider only the canonical ensemble [6, 7, 9, 10, 11,
12, 14, 15, 16, 17].

We begin with a few preliminary calculations. Using either variation of parameters
or the Laplace transform, (1.2) can be solved for X{¥ ... X¥. Substituting into the
equation for X}¥(t) and integrating by parts, the equation for X2 (¢) can be written as

XY = ) = [ Rt - DX (i +

i \/BSN(t), (3.1)

where

Ry (t) = Z cos wjt. (3.2)

=1=

and &y (t) is given by

é'N(t) = \/B% Z ((I‘Z — ZE()) COS wit —+ v; sin WZt) . (33)

Wi

Note that the bath initial conditions appear only in &x. For this reason we will refer
to &nv(t) as a random noise term. Changing variables into dimensionless, centered
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coordinates (1.6) the noise term &y(t) can be written as

N
=/ % ZZI (h; cosw;t + g; sinw;t)

N
— 1/%Z‘ZI(h;‘coscu;‘t—|—g;‘sinw2‘t), (34)

where, in the last line, the sums were reordered according to the permutation o.

We prove Theorem 2.2 in three steps. The first considers convergence of the memory
kernel Ry(t). The second step considers the noise, and finally the position and velocity
of the distinguished particle. Strong convergence of XN (t) to X¢&(t) and of XN (t) to
Xg(t) is proved in Theorem 2.2. All steps consider a finite time interval 0 < t < T,
T < oo. The initial conditions of the bath have the Gibbs distribution (1.4). Hence, h;
and g;, defined by (1.6), are i.i.d. normal random variables (Gaussian with zero mean
and variance one).

Lemma 3.1. For all T < oo we have,

sup B [(Rw(t) ~ O] < 2 (35)
and
sup B [(Ru(t) — RO < 10 (3.6)

Proof: For fixed time ¢, the random variable cos wt is bounded. Hence, the law of large
numbers implies that Ry (t) converges to its average for almost all w,

lim Ry(t) = lim — Zcos wit = vE,, [coswt] = R(t). (3.7)

N—oo N—oo N
i=1
In order to find the rate of convergence, we write

E, [(RN( ) — R())*] =

Z E, [cosw;t cosw;t] + R%(t) ZE coswit].  (3.8)

ij=1
Splitting the double sum to diagonal (i = j) and off diagonal terms, using the
independence of different w; and the definition (3.7) of R(t) we arrive at (3.5). The
estimation (3.6) is proven by a similar calculation. O
It is interesting to note that the calculations above imply that {y(t) converges in

1/2 and does not

distribution to £(¢). The rate of this weaker convergence is always N~
depend on the tail of p(w).
Next, we show that for all 0 <t < T < o0,
c c(T)
BBy [(En(t) — €0)] < S
for some [ > 0 and where the constant C(7) depends only on 7" and the probability

(3.9)

density function p(w).
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Let
ky =|N(1—-N"], (3.10)

where 0 < a < 1/2 and |z] = max{i € Z|i < x}. The following Lemmas will be used in
proving convergence of the noise. For simplicity, we will only consider a particular case in
which the density function of the frequencies p(w) is continuously differentiable, strictly
positive, monotonically decreasing, and has a polynomial tail, i.e., lim, . wip(w) = D,
for ¢ > 3 and some 0 < D < oo. In particular, this implies that there exists we > 0
such that, for all w > w¢e

Cw ?<pw) < Dw™, (3.11)
for some C;D > 0. Other cases can be considered in a similar way. This condition

implies that E,[w?] < co. Below we use C' and D to denote generic constants whose
values may vary between expressions.

We have
Lemma 3.2. Foralli=0,...,N —1
_ D
@i S L i\ /@D (3.12)
(1-%)
Proof:
1 o D D
1- N 3 p(w)dw < /w Edw = — (3.13)
Solving for w; yields (3.12). O
Lemma 3.3. foralli=1,...,N —1,
C
o — 0 1P < ——— 3.14
9 = G < N2p?(w;) (3.14)
Proof:
1 @i
O
Theorem 3.4. Foralli=0,...,N —1
D
—. W

The term on the right hand side of (3.16) has a form similar to the setup of the
Kolmogorov-Smirnov statistics. The proof, detailed in Appendix A, extends some results
of Kolmogorov-Smirnov to random variables that are not uniformly distributed.

Lemma 3.5. For allt <T

1 1
BB, (€500~ €0)") £ O (ymarry + 3 ) 317)
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Proof: Substituting in the representation for £°(¢), (2.8), and the representation for
En(t), (3.4), in which we use (2.7) to express h and g} in terms of dh¢ and dg¢, we
have,

E.Eg [(En(t) — &°(1))*] = 27(1 = Sn) (3.18)

where

Sy = E.E, H é P2 () cos(at)dhE + /[R P2 (z) sin(xt)dg;} «
8 {i ([ rremscostoin + [ p o) H (319)

i=1
Clearly, we need to show that Sy — 1 in the limit N — oo. Using the It6 isometry
yields

SN_ZE [ /w p() cos((z — ;“)t)dx]. (3.20)

i—1
Bounding the cosine by 1 yields an upper bound, Sy < 1. To get a lower bound, we
prove that for most ¢, (z — w}) is small, and the cosine is almost one. The reason why
(# —we(;)) is not small for all i is due to the tail of the density p(w). We therefore break
the sum into two parts: up to ky and above. For i < ky we use cosz > 1 — 2%/2. The
left over, ky < ¢ < N, is trivially bounded by -1. The last N — ky terms in the sum
(3.20) contribute

igﬂ E, [ /w w p() cos((z — wj)t)dx] > igﬂ E, [ /w w p(x)dx}
__N 1_ka = _N"° (3.21)

where we used the fact that f&?il p(z)dr = 1/N. The first ky terms in the sum (3.20)
contribute

ZE [ srcostta - wiynas]

Wi—

> ZEw [ w00 - wpr )

k—N I Z/ [(z — w})?] da. (3.22)

For x € [w;_1,w;], we have
Ew [(.CE — w:)ﬂ S 2((;)1 — @1;1)2 + QEw [((Dl — w;-k)Q] . (323)

Comparing (3.14) with (3.16) we see that the latter is the dominant term. Substituting
(3.16) into (3.22), we need to evaluate
kn

iz 1 QkZN 1 .
N 1 Np?(w;) — N? — (1 . %)QQ/(qfl)’ )
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where we used (3.12) to bound w;. The behavior of the sum in (3.24) can be compared
to the integral f01_5 r~2/=Vdy with 6 = 1 — ky/N < CN~®. The integral diverges
asymptotically like 6—(@+1)/(a=1)  Substituting into (3.24), the sum is bounded by
CN?%4/(a=1)=2  Qubstituting into (3.22) yields (3.17). O

Lemma 3.6. Strong convergence of noise:
. oT?
sup EwEg,h [(fN(t) _6 (t))ﬂ S Ngl )
0<t<T
where | = (¢ — 1)/(2q).
Proof: The optimal bound on E,E,,[(¢V () — £€°(t))?] is obtained by choosing a =
2 —2aq/(q — 1). Taking the supremum over 0 < ¢ < T yields (3.25). O
This concludes our proof for convergence of the noise for the case of a density

(3.25)

function p(w) with a polynomial tail. Similar calculations can be done with other
examples. For instance, with an exponential, square exponential, or a density function
that has a compact support, the rate of convergence of the noise is found to be

g—1 1

[ = = —. 3.26
LTI .

We are now finally in a position for proving Theorem 2.2, which is done using a
Gronwall-type argument:
Proof: [Theorem 2.2] Let (X§(¢), Vi (t)) denote the solutions of the limiting equation:

X5(t) =V (t)

Vi) = OG0) =7 [ RtV (r)ar + e (3.27)
and (XJV(¢), V{¥(t)) the solution of the equations of motion at finite N:

Xo'(8) = V5 (1)

V0 = O30 = [ Al = W (o)ar +

For shorthand, for the rest of the section we drop the subscript zero from X2 (¢),V{¥(¢),
X§(t) and V£ (t). We also write E[-] for E,E, [-]. We wish to show that

up B [(X5(0) = XY ()" + (V) - vV ()] < S

0<t<T - N2

En (). (3.28)

(3.29)

The standard way to obtain strong convergence is using the Gronwall inequality. Denote
¢(t) = B [(X°(t) = XV(1)* + (V(t) = V™ (1)7] . (3.30)
From the equations for X¢(¢) and X (¢) we have

(/ (Ve(r) - V() ) ]

<t /O E [(Ve(r) - VN(r))2dr] < T /0 o(r)dr, (3.31)

E[(X(t)—-X"(1)’] =E
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where the last step was obtained using the Jensen inequality. From the equations for
Ve(t) and VN (t) we obtain

(
E [(ve(t) — V()] =
. H/ {FX()) = FOXV()) 4+ 872 (€5(5) — En(s))

+v /O (R(s = T)V(1) — Rn(s — )V (7)) dT} ds}2] (3.32)

Using (a + b + ¢)? < 3(a® + b* + %), we need to control three terms. Since f(z) is
uniformly Lipschitz, the first is bound by

B[ [ () - see ey @] < o7 [ osas (33

Note that, as before, D denotes a generic constant. Using (3.25), the second term in
(3.32) is

o[ [ e - et as] < BT (339

The third term in (3.32)
|://{R8—7'VC — Ry(s —7)V(7) }des}
< 2¢’E [ /0 /0 R%(s —7) (VS(r) = VN(1))” des} (3.35)
v [ [ Ve (Rl ) = Rato =) s

< 24477 / / o(T)drds + 2+* { / / des]}l/Q
{/ / R(s—7)— Ry(s —7))"] des}l/Q,

where, in the last line we used the fact that Ry(¢) is bounded by v and the Cauchy-

Schwartz inequality. Using a Gronwall inequality argument, similar to the one used for

¢, one can show that E[(V<(#))1] is bounded. In addition, using the estimate (3.6) on

the fourth moment of |R(t) — Ry(t)|, the last term in (3.35) is bounded by DT'/N.
Combining the above bounds for the three terms in (3.32) yields

U/gb deer/qb ds+N2l], (3.36)

with initial conditions ¢(0) = = 0. Here, D(T) is polynomial in 7. The following
is a second order generahzatlon of Gronwall’s inequality:

Lemma 3.7. Let 0 < T < oco. Then, for allt € [0,T] we have that

o(t) < %e@m, (3.37)

for some C1(T),Cao(T) > 0 independent of N and polynomial in T
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Proof: Let 1)(t) be a non-negative function that satisfies ¢) = At) + Bty + C' with initial
conditions 1(0) = w(O) =0. Solving for w, it is easily verified that v(t) < C3Ce“4t for
some C3,Cy > 0. Denoting n(t fo Jy ¢(r)drds, we have that ij < Dij4+ Dn+ DN ~2,
Hence, n(t) < o(t). leferentlatmg twice and taking the supremum in ¢t € [0, 7] yields
(3.37).

This concludes the proof of Theorem 2.2. D

Remark: Lemma 5 implies that in the limit N — oo, the i’th largest frequency, w;,
tends towards @;. The L? convergence rate is also calculated. This suggests another
representation for £(t), in which @; is replaced by w;. This representation will also

satisfy Theorem 2.2. Let us denote by

dh’ = dh,, — Z ! (W) L | oy (w)dw
djgt = dg, — Zag 12(y W) ls  wn(w)dw, (3.38)
where
o p(w)dh, [ p 2 (w)dg.,
&zh = ij ) a; = szl* : (3.39)
fw;f_l p(w)dw fw;}_l p(w)dw
Define also
~ N ~
dH(w) =) 0" (@)1, wr)(w)dw
i=1
~ N ~
dG(w) = Z bfplﬂ(w)l[w;_pw;)(w)dw, (3.40)
i=1
where
B = hi b = 9 3.41
(A o 1/27 (A w 1727 ( : )
(fwl*l ) p(w)dw) (fwf_l p(w)dw)
and
he = H(w) + ht
7 = Gw) + 7o, (3.42)
Finally, let
(1) = ﬁ/ P (w) (cos wt dh¢, + sinwt df]ﬁ) : (3.43)
0

Then, we have the following Lemma and Theorem, analog to the case considered in
Theorem 2.2.

Lemma 3.8. P,-almost surely for every {w;}¥,, ﬁfa and ¢S, are two independent
Brownian motions defined on the product space Py, X PL.
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Theorem 3.9. For all T < oo and every choice of initial condition xq, py for the
distinguished particle, there exists a constant C(T,xg,po), independent of N, such that,

" < . e C(T, xg,v
sup BB, [(X0(1) — Xs))? + (X3'(0) — Xony?] < Cze)
0<t<T

where X§(+) is the solution of (1.7) with &(t) = £(t) and the rate of convergence, 1, is
the same as in Theorem 2.2.

4. The microcanonical case

In this Section we study the microcanonical situation and prove Theorem 2.3. As we
will see the proof is a straightforward generalization of that of Theorem 2.2.

Recall that we assume that the initial conditions of the bath are distributed
according to the microcanonical distribution, conditioned on the position and velocity
of the distinguished particle, zo and vg. This distribution is given by (2.10). Recall
the definition of A™ and ¢ in (2.11) and £™(-) in (2.14). Notice the presence of the
random variable r in (2.11). The role this variable is to make up for fluctuations in the
total energy that exist is the canonical measure, but are absent in the microcanonical
one. Let X;...X,y be independent, normally distributed random variables. Then,
R=+/X?+...+ X2\/2N is arandom variable with probability density function (2.13)
and the following Lemma holds (compare to Lemma 2.1):

Lemma 4.1. P,-almost surely for every {w;}¥,, h™ and g™ are two independent
Brownian motions defined on the product space Py, X Pr x Py.

Proof: As before, an elementary calculation shows that A" is a Gaussian process with

zero mean and, using (1.15), covariance E,E,ESE, ;R0 h] = |wi — ws|, where E,
denotes expectation with respect to (2.13). g2 is handled similarly. O

The above Lemma shows that
) = 7 / P2(w) (coswt dh™ + sinwt dg™) (4.1)
0

is a new realization of the limiting noise £(t), i.e., a Gaussian process with zero mean
and covariance function R(t).

Proof:[Theorem 2.3] We can follow the exact route detailed in Theorem 2.2 with
one small difference. In the canonical case, the constraints (1.15) implied that the noise
at fixed N, {n(t) = —+/7/N > (hicosw;t + g;sinw;t) could be identified as £°. This
does not hold in the microcanonical case. Instead, the correct relation is r&y(t) = £™.
However, this additional factor of r does not change any of the consequences of

the Lemmas proved in Section 3 since var[r] = O(N~'). Hence, the conclusions of
Theorem 2.2 remain unchanged. This concludes the proof of Theorem 2.3. U
5. Outlook

The model considered in this paper can be easily generalized to a case in which both the
coupling constant v and the probability density function p(w) depend explicitly on N.
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Let wi¥,...,wX denote N independent samples from a distribution with PDF py(w).
Also, denote the coupling coefficient between the distinguished particle and the i’th bath
particle by 4¥ = v(N,wX). If the product v(N,w)px(w) converge in Li(w) to a limiting
function p(w), then the cosine transform of p( ) is bounded and continuous. We denote

= 77 7(N,w)pn(w) coswtdw and R(t) = [;° p(w) coswtdw. Under the additional
assumptlons that Y(N,w)pn(w) converge also in Lg( ), and that v(N,w) < CN for
some constant C' > 0, it is easily shown that Ry(t) converges to R(t) in Lo(w). The
proof is the same as in Lemma 3.1. However, the convergence rate may be smaller.
Once strong convergence of the covariance function is established, strong convergence of
the noise £y (t) and of the trajectory (X (t), XN (t)) follows. For instance, Kupferman
et al [12] and Stuart et al [15] suggest the following example

1

pn(w) = F XN (W)
2v 1
N, ———N* 5.1
YW,w) = — 5N (5.1)

where a,7 > 0 and 0 < a < 1. Since limy .o [ py(w)¥(N,w) coswtdw = e~ the
limiting equation is an Ornstein-Uhlenbeck at equilibrium.
If the requirement for L;(w) convergence is removed, the model admits a much
larger variety of limiting processes. For instance, taking py(w) = N/7/(N?* + w?) and
= N, yields, for any 0 < a < 1/2, Ry(t) = N% NIl — §(¢). The limiting noise
in this example is white and the limiting stochastic process is given by the Langevin
equation. Additional parametrization that also lead to a limiting Langevin equation can
be found in [8, 18]. These models should not be fundamentally different than the one
considered here. They do, however, involve some additional technical difficulties since
the limiting noise £(t) is a generalized process whose covariance is given by a distribution.
Another example is given by Kupferman [10] who suggests py(w) = N™X[n—cn—ctNe]
and v; = N*2T(1 — ) sin(y7/2)w] ™ ' where 0 < a,¢,7 < 1 and I'(z) denotes the Euler
Gamma function. He then proves that fo En(s)ds converges weakly to a fractional
Brownian motion with Hurst parameter H = 1 — ~/2 [13].
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Appendix A. Proof of Theorem 3.4

In this Appendix we prove Theorem 3.4, which gives a bound on the variance of (w} —;).
Recall that, for fixed N, wy,...,w) denote the ordering of N independent samples of
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frequencies {w;}, with probability density function p(w), i.e., wi < wj; < ... < Wi
With probability one the frequencies are disjoint. Recall also that w; = P71(i/N). As
before, we use C' and D to denote generic, positive constants that are independent of
N. The values of the constants may change between expressions.

Breiman ([2], Theorem 13.16) gives a proof for the following result:

Proposition 1. Let Uy, ..., Uy denote N independent samples from a random variable,
uniformly distributed on [0,1]. Let Us(y,...,Uyn) denote the same set of samples
arranged in increasing order. Then, the random variable

1
DN = \/err%e}\)fclﬁ — Ua(i)‘,

has a limiting distribution with finite variance.

. 2
]
(37~ tv0)

Noting that P(we(;) is uniformly distributed in [0, 1], i/N — Uy = P(wy) — P(w;) ~
p(w;)(wi —&;). Tt is therefore expected that E,, [(w; — @;)?] < p*(w;)/N. The rest of the
appendix is dedicated to proving this statement.

For fixed N and i = 0,..., N — 1 denote Aw; = w} — &,. We first prove that the
expectation of (Aw;)? exists.

Lemma 2. Foralli=20,...,N —1,
E,(Aw;)? < oo. (A.2)

Proof: Since wi < w}, it is sufficient to show that E,[(w})?] < co. Denote the density
of the random variable w}, by py(w). We have,

Plus <) = (Pl <o = ( [ zp(w)dw)N. (A3)

This implies that,

< g. (A1)

E
max SN

i<N

Hence,

i) = Noto) ([ ptras) (A4)

This implies that,

Ewuwm:/ (e daz—N/ p(a (/ plw >dw)N_1dx
<N/ 22p(a (/ (w)dw)Nldx

= N/o 2’p(z)dr < oco. (A.5)

Let f; : [0,00) — [-i/N,1 —i/N) be defined by

filw) = P(x) — < (A.6)
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It is a monotonically increasing function of  and hence invertible. Let AP, = v/N f;(w}).
Since f; ' (w) is uniformly distributed on [—i/N, 1—i/N], then the Kolmogorov -Smirnof
theorem implies that AP; converges in distribution to a Gaussian random variable AP,,.
We further define g; : [—i/v/N, (1 —i/N)vVN] — [0, 00) as

gi(2) = Nlp@)P[fi(z/VN) = &), (A7)
Then, (Aw;)? = g;(AP,)/(N[p(&;)]?), and we have
Lemma 3. Forall:=20,...,N —1
E,l¢;)] < D. (A.8)
Before proving the lemma, we note that it implies

Corollary 4. For allt=0,...,N — 1 we have
D
E,(wf —©)* < —F—.
R (TEN)E
This proves Theorem 3.4.
Proof: (lemma 3). Lemma 2 implies that there exist ¢; such that

wgz(AP)XP>(1 7,/N (AP) (AlO)

Let I = (—(1—i/N)VN+e;, (1 —Z/N)\/N—Gi). We wish to Taylor expand f; ' (AP;/v/'N)
around z = 0 in I. Note that for i/N < 1/2, the expansion defines an extension of f~(z)
in I N{z < —i/N}. Recall that f~(0) = &;. The first order Taylor expansion together
with the residue read

(A.9)

L AP 1p(w) AP?

“YAP/VN) = &; + — , A1l
BENVN) =St G R T 3P@) N —
where @ is between zero and @;. Substituting into g;(AP;),
/0~ 2 2
gi(AH):APZ?{ 4G )AP} < AP? 2+1(p((ij)) AL
2 p(@) VN p@)/) N
(A.12)

If the tail of p(w) decays polynomially with exponent ¢ then, there exists C, D > 0 such
that for all w > @;, p(w) > Cw™? and p'(w) < Dw~% This implies that, for AP, > 0,
P (@)/p(w) < Cw < Cw}. Therefore, for AP, > 0,

0(AR) < AP? + (AP, (A.13)

From (3.12) we have that for all i < N — 1, @, < wy_1 < DNY@=1 " Hence,
(w)?/N < 2(wf —@;)?/N + 1, and we have that

gi(AP) < 2AP? + %QNAPf, (A.14)

In the limit N — oo, AP; converges in distribution to a Gaussian random variable AP,.
Hence, for large enough N, both E [AP?] and E,[AP]] are bounded by a constant that
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is independent of ¢ and N. Multiplying (A.14) by xap>o(-) and taking expectations

yields
E.l9i(AF)xapr=0(AR)] < C. (A.15)
For AP; < 0 the situation is simpler since w; < @; and
AP = \/N/ p(w)dw > VN|w! — @;| min p(w). (A.16)
w* w<w;
Hence,
1 1

Aw; = (W] — @)% < . AP? < —— —AP?, AT
W =) < N p@ P = Np@P (A.17)

where we used the fact that p(w) is decreasing. Taking expectations yields
E.[9i(AP)xapr<o(AP)] = Np?*(@0;) By [A’wixap,<o(AR)]
<E,[AP < D, (A.18)
Combining (A.10), (A.15) and (A.18) yields (A.8). O

It is interesting to note that the bound obtained in (A.8) is optimal. Noting that
g:(2) is convex, we have

E.[6:(AP)] > g/(Bu[AR]) = g:([L + o(N)]/VN). (A.19)
Expanding in a Taylor series around zero yields
E,lg:)] > C. (A.20)
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