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CONVERGENCE PROPERTIES OF THE GRAVITATIONAL
ALGORITHM IN ASYNCHRONOUS ROBOT SYSTEMS∗

REUVEN COHEN† AND DAVID PELEG†

Abstract. This paper considers the convergence problem in autonomous mobile robot systems.
A natural algorithm for the problem requires the robots to move towards their center of gravity. This
paper proves the correctness of the gravitational algorithm in the fully asynchronous model. It also
analyzes its convergence rate and establishes its convergence in the presence of crash faults.
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1. Introduction.

1.1. Background and motivation. Swarms of low cost robots provide an at-
tractive alternative when facing various large-scale tasks in hazardous or hostile envi-
ronments. Such systems can be made cheaper, more flexible, and potentially resilient
to malfunction. Indeed, interest in autonomous mobile robot systems arose in a vari-
ety of contexts (see [4, 5, 13, 14, 15, 16, 17, 18, 19, 20, 27] and the survey in [6, 7]).

Along with developments related to the physical engineering aspects of such robot
systems, there have been recent research attempts geared at developing suitable al-
gorithmics, particularly for handling the distributed coordination of multiple robots
[3, 8, 9, 21, 23, 25, 26]. A number of computational models were proposed in the lit-
erature for multiple robot systems. In this paper we consider the fully asynchronous
model of [8, 9, 11, 22]. In this model, the robots are assumed to be identical and
indistinguishable, lack means of communication, and operate in Look-Compute-Move
cycles. Each robot wakes up at unspecified times, observes its environment using its
sensors (capable of identifying the locations of the other robots), performs a local
computation determining its next move, and moves accordingly.

Much of the literature on distributed control algorithms for autonomous mobile
robots has concentrated on two basic tasks, called gathering and convergence. Gath-
ering requires the robots to occupy a single point within finite time, regardless of their
initial configuration. Convergence is the closely related task in which the robots are
required to converge to a single point, rather than reach it. More precisely, for every
ε > 0 there must be a time tε from which all robots are within a distance of at most
ε of each other.

A common and straightforward approach to these tasks relies on the robots in the
swarm calculating some median position and moving towards it. Arguably, the most
natural variant of this approach is the one based on using the center of gravity (some-
times called the center of mass, the barycenter, or the average) of the robot swarm.
This approach is easy to analyze in the synchronous model. In the asynchronous
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model, analyzing the process becomes more involved, since the robots operate at
different rates and may take measurements at different times, including while other
robots are in movement. The inherent asynchrony in operation might therefore cause
various oscillatory effects on the centers of gravity calculated by the robots, prevent-
ing them from moving towards each other and possibly even causing them to diverge
and stray away from each other in certain scenarios.

Several alternative, more involved, algorithms have been proposed in the litera-
ture for the gathering and convergence problems. The gathering problem was first
discussed in [25, 26] in a semisynchronous model, where the robots operate in cycles
but not all robots are active in every cycle. It was proven therein that it is impossi-
ble to gather two oblivious autonomous mobile robots without a common orientation
under the semisynchronous model (although 2-robot convergence is easy to achieve in
this setting). On the other hand, there is an algorithm for gathering N ≥ 3 robots in
the semisynchronous model [26]. In the asynchronous model, an algorithm for gath-
ering N = 3, 4 robots is presented in [9, 22], and an algorithm for gathering N ≥ 5
robots has recently been described in [8]. The gathering problem was also studied in
a system where the robots have limited visibility [2, 12]. Fault-tolerant algorithms
for gathering were studied in [1]. In a failure-prone system, a gathering algorithm is
required to successfully gather the nonfaulty robots, independently of the behavior of
the faulty ones. The paper presents an algorithm tolerant against a single crash fail-
ure in the asynchronous model. For Byzantine faults, it is shown therein that in the
asynchronous model it is impossible to gather a 3-robot system, even in the presence
of a single Byzantine fault. In the fully synchronous model, an algorithm is provided
for gathering N robots with up to f faults, where N ≥ 3f + 1.

Despite the existence of these elaborate gathering algorithms, the gravitational
approach is still very attractive for a number of reasons. To begin with, it requires
only very simple and efficient calculations, which can be performed on simple hardware
with minimal computational efforts. It can be applied equally easily to any number of
dimensions and to any swarm size. Moreover, the errors it incurs due to rounding are
bounded and simple to calculate. In addition, it is oblivious (i.e., it does not require
the robots to store any information on their previous operations or on past system
configurations). This makes the method both memory-efficient and self-stabilizing
(meaning that following a finite number of transient errors that change the states of
some of the robots into other (possibly illegal) states, the system returns to a legal
state and achieves eventual convergence). Finally, the method avoids deadlocks, in the
sense that every robot can move at any given position (unless it has already reached
the center of gravity). These advantages may well make the gravitational algorithm
the method of choice in many practical situations.

Subsequently, it is interesting to study the correctness and complexity properties
of the gravitational approach to convergence. This study is the focus of the current
paper. We prove the convergence of the center of gravity algorithm in the fully
asynchronous model. We also analyze the convergence rate of the algorithm. Finally,
we establish convergence in the crash fault model. Specifically, we show that in the
presence of f crash faults, 1 ≤ f ≤ N − 2, the N − f nonfaulty robots will converge
to the center of gravity of the crashed robots.

1.2. The model. The basic model studied in [3, 8, 9, 21, 23, 25, 26] can be
summarized as follows. The N robots execute a given algorithm in order to achieve a
prespecified task. Each robot i in the system operates individually, repeatedly going
through simple cycles consisting of three steps:
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• Look: Identify the locations of all robots in i’s private coordinate system and
obtain (instantaneously) a multiset of points P = {p1, . . . , pN} defining the
current configuration. The robots are indistinguishable, so i knows its own
location pi but does not know the identity of the robots at each of the other
points. This model allows robots to detect multiplicities; i.e., when two or
more robots reside at the same point, all robots will detect this fact. Note
that this model is stronger than, e.g., the one of [8].

• Compute: Execute the given algorithm, resulting in a goal point pG.
• Move: Move on a straight line towards the point pG. The robot might stop

before reaching its goal point pG but is guaranteed to traverse a distance of
at least S (unless it has reached the goal). The value of S is not assumed to
be known to the robots, and they cannot use it in their calculations.

This model, which allows the robot to suddenly stop short of reaching its goal
point, is henceforth referred to as the sudden-stop model. The simpler model where
the robot always reaches pG is henceforth called the undisturbed-motion model. For
simplicity of presentation, we will prove some of our claims first in the undisturbed-
motion model and then extend the proof to the full (sudden-stop) model.

The Look and Move operations are identical in every cycle, and the differences
between various algorithms are in the Compute step. The procedure carried out in
the Compute step is identical for all robots.

In most papers in this area (cf. [9, 12, 24, 25]), the robots are assumed to be
rather limited. To begin with, the robots are assumed to have no means of directly
communicating with each other. Moreover, they are assumed to be oblivious (or
memoryless); namely, they cannot remember their previous states, their previous
actions, or the previous positions of the other robots. Hence the algorithm used
in the Compute step cannot rely on information from previous cycles, and its only
input is the current configuration. While this is admittedly an overrestrictive and
unrealistic assumption, developing algorithms for the oblivious model still makes sense
in various settings for two reasons. First, solutions that rely on nonobliviousness do
not necessarily work in a dynamic environment where the robots are activated in
different cycles, or robots might be added to or removed from the system dynamically.
Second, any algorithm that works correctly for oblivious robots is inherently self-
stabilizing; i.e., it withstands transient errors that alter the robots’ local states into
other (possibly illegal) states.

We consider mainly the fully asynchronous (ASYNC) timing model (cf. [8, 9]).
In this model, robots operate on their own (time-varying) rates, and no assumptions
are made regarding the relative speeds of different robots. In particular, robots may
remain inactive for arbitrarily long periods between consecutive operation cycles (sub-
ject to some “fairness” assumption that ensures that each robot is activated infinitely
often in an infinite execution). This feature is sometimes modeled by incorporating a
Wait phase in each operation cycle of the robots.

We find it instructive to compare the performance of the gravitational algorithm
in this model with its performance in two alternative models studied in the literature,
namely, the semisynchronous (SSYNC) model (cf. [25]) and the fully synchronous
(FSYNC) model (cf. [26]). In the fully synchronous model, all robots operate at
fixed time cycles, and the Look phase of all robots is simultaneous. In the commonly
studied intermediate semisynchronous model, it is again assumed that there are fixed
time cycles, and the Look phase of the robots is simultaneous. However, now only a
subset of the robots may wake up at every cycle.
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To describe the center of gravity algorithm, hereafter named Algorithm Go to COG,
we use the following notation. Denote by r̄i[t] the location of robot i at time t. De-

note the true center of gravity at time t by c̄[t] = 1
N

∑N
i=1 r̄i[t]. Denote by c̄i[t] the

center of gravity as last calculated by the robot i before or at time t; i.e., if the last
calculation by i was done at time t′ ≤ t, then c̄i[t] = c̄[t′]. Note that, as mentioned
before, robot i calculates this location in its own private coordinate system; how-
ever, for the purpose of describing the algorithm and its analysis, it is convenient to
represent these locations in a unified global coordinate system (which, of course, is
unknown to the robots themselves). This is justified by the linearity of the center of
gravity calculation, which renders it invariant under any linear transformation. By
convention, c̄i[0] = r̄i[0] for all i.

Algorithm Go to COG is very simple. After measuring the current configuration
at some time t, the robot i computes as its goal point the average location of all robot
positions (including its own), c̄i[t] =

∑
j r̄j [t]/N , and then proceeds to move towards

the calculated goal point c̄i[t]. A formal definition of this algorithm follows.

Algorithm Go to COG (code for robot i at time t):
1. Calculate the center of gravity, c̄i[t] = 1

N

∑
j r̄j [t].

2. Move to the point c̄i[t].

As mentioned earlier, the move may terminate before the robot i actually reaches
the point c̄i[t]. The point at which the robot does stop its movement is henceforth
referred to as its destination point. More formally, define the destination point γ̄i[t]
of robot i to be the final point of the movement made by i following the last Look
performed by i before or at time t. Note that at time t, robot i may not have computed
its goal point c̄i[t] yet, and, even if it had, it has no knowledge of the possibility of
sudden stops; hence it is unaware of its destination point γ̄i[t]. Nevertheless, for the
analysis we may treat this point as given at the moment of the Look action. Recall
also that even in case the robot i has not reached c̄i[t], it must have traversed a
distance of at least S.

2. Asynchronous convergence. This section proves our main result, namely,
that Algorithm Go to COG guarantees the convergence of N robots for any N ≥ 2
in the asynchronous model. Notice that in the ASYNC model, since no guarantees
are given as to the behavior of the robot’s location and velocity at the duration of the
Move phase, the Compute and Wait phases may be assimilated into the Move phase
and treated as time periods during the Move phase in which the robot progresses with
zero velocity. Hence in the analysis we may consider only the Look and Move phases.

Lemma 2.1. If for some time t0, r̄i[t0] and γ̄i[t0] for all i reside in the interior
of a closed convex curve, P, then for every time t > t0, r̄i[t] and γ̄i[t] also reside in
the interior of P for every 1 ≤ i ≤ N .

Proof. For the Move operation, it is clear that if for some i, r̄i[t0] and γ̄i[t0]
both reside in the interior of a convex P, then for the rest of the Move operation
γ̄i[t] = γ̄i[t0] does not change and r̄i[t] remains on the segment [r̄i[t0],γ̄i[t0]], which is
inside P.

For the Look step, the claim is obvious for the r̄i[t] values. We first argue that
the calculated centers of gravity c̄i[t], for every i, also reside in the interior of P. If
N = 2, then the calculated center of gravity is on the line segment connecting both
robots and therefore respects convexity. For N > 2 robots, the center of gravity is
on the line connecting the center of gravity of N − 1 robots and the Nth robot, and
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the claim follows by induction. The lemma now follows since the destination γ̄i[t] of
robot i is on the line segment connecting the robot location r̄i[t] and its calculated
center of gravity c̄i[t] and therefore also respects convexity.

Hereafter we assume, for the time being, that the configuration is one-dimensional;
i.e., the robots reside on the x-axis. Later on, we extend the convergence proof to d
dimensions by applying the result to each dimension separately.

For every time t, let H[t] denote the convex hull of the points {r̄i[t] | 1 ≤ i ≤
N}∪{γ̄i[t] | 1 ≤ i ≤ N}, namely, the smallest closed interval containing all 2N points.
Lemma 2.1 yields the following.

Corollary 2.2. For N ≥ 2 robots and times t1, t0, if t1 > t0, then H[t1] ⊆
H[t0].

Unfortunately, it is hard to prove convergence on the basis of the size of H alone,
since it is hard to show that it strictly decreases. Other potentially promising mea-
sures, such as φ1 and φ2 defined next, also prove problematic, as they might sometimes
increase in certain scenarios. Subsequently, the measure ψ we use in what follows to
prove strict convergence is defined as a combination of a number of different measures.
Formally, let us define the following quantities:

φ1[t] =

N∑
i=1

|c̄[t] − γ̄i[t]| ,

φ2[t] =

N∑
i=1

|γ̄i[t] − r̄i[t]| ,

φ[t] = φ1[t] + φ2[t] ,

h[t] = |H[t]| ,

ψ[t] =
φ[t]

2N
+ h[t] .

We now claim that φ, h, and ψ are nonincreasing functions of time.
Lemma 2.3. For every t1 > t0, φ[t1] ≤ φ[t0].
Proof. Examine the change in φ due to the various robot actions. Suppose a Look

operation is performed by robot i at time t. (If two or more robots perform a Look
operation simultaneously, then we serialize these operations for the sake of analysis
and consider their sequential effects.) Denote with a superscript b (respectively, a)
the values of the robot locations and centers of gravity and the above quantities just
before (resp., after) the (instantaneous) Look operation. Then γ̄b

i [t] = r̄bi [t] = r̄ai [t].
Moreover, r̄aj [t] = r̄bj [t] and γ̄a

j [t] = γ̄b
j [t] for every j �= i; hence also c̄a[t] = c̄b[t].

These equalities imply the following. First, denoting the contributions of the robots
j �= i to φ1 and φ2 by φ̃1[t] =

∑
j �=i |c̄[t] − γ̄j [t]| and φ̃2[t] =

∑
j �=i |γ̄j [t] − r̄j [t]|,

respectively, these contributions do not change; namely, φ̃a
1 [t] = φ̃b

1[t] and φ̃a
2 [t] = φ̃b

2[t].
Also, the contributions of robot i to φb

1 and φb
2 are |c̄b[t] − γ̄b

i [t]| = |c̄b[t] − r̄bi [t]| and
γ̄b
i [t] − r̄bi [t] = 0, respectively. Finally, the contributions of robot i to φa

1 and φa
2 are

|r̄ai [t]−γ̄a
i [t]| and |γ̄a

i [t]−c̄a[t]|. Hence the total contribution of robot i to φa is the same
as its contribution to φb, since the point γ̄a

i [t] occurs on the segment [r̄bi [t], c̄
b[t]] =

[r̄ai [t], c̄a[t]]. (In the undisturbed-motion case the situation is even simpler, as the
robot always reaches its calculated destination and therefore γ̄a

i [t] = c̄b[t].) Therefore,
φ is unchanged by the Look performed.

Now consider some time interval [t′0, t
′
1] ⊆ [t0, t1], such that no Look operations

were performed during [t′0, t
′
1]. Suppose that during this interval each robot i moved a
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distance Δi (where some of these distances may be 0). Then φ2 decreased by
∑

i Δi,
the maximum change in the center of gravity is |c̄[t′1] − c̄[t′0]| ≤

∑
i Δi/N , and the

robots’ calculated centers of gravity have not changed. Therefore, the change in φ1 is
at most φ1[t

′
1] − φ1[t

′
0] ≤

∑
i Δi. Hence the sum φ = φ1 + φ2 cannot increase.

Lemma 2.4. ψ is a nonincreasing function of time.

Proof. By Lemma 2.3, φ is nonincreasing. By Corollary 2.2, h is nonincreasing.
Therefore their sum is also nonincreasing.

Lemma 2.5. For all t, h[t] ≤ ψ[t] ≤ 2h[t].

Proof. The lower bound is trivial. For the upper bound, notice that φ[t] is the sum
of 2N summands, each of which is at most h[t] (since they all reside in the segment).

We now state a lemma which allows the analysis of the change in φ[t] (and there-
fore also ψ[t]) in terms of the contributions of individual robots. It is, in general,
impossible to separate the change in φ[t] to contributions of individual robots. How-
ever, it is possible to bound the minimum decrease in φ[t] by the decrease caused by
the motion of a single robot.

Lemma 2.6. If H[t0] = [0, 1] and at some time t ≥ t0 all robots are in the
interval [0, 1/2] (i.e., r̄i[t] ∈ [0, 1/2] for all i), then there exists a time t1 ≥ t, such
that ψ[t1] ≤

(
1 − 1

8N2

)
ψ[t0].

Proof. We split the situation into two subcases:

1. At time t all destination points γ̄i[t] resided in the interval [0, 3
4 ]. In this case,

take t1 to be the time when each robot has completed at least one cycle. All
robots and destinations are now in the interval [0, 3

4 ], and therefore h ≤ 3
4 .

Now h[t1] ≤ 3
4 ≤ 3

4h[t0], and therefore

ψ[t1] = h[t1] +
φ[t1]

2N
≤ 3

4
h[t0] +

φ[t0]

2N
≤ 7

8
h[t0] +

7

8

φ[t0]

2N
=

7

8
ψ[t0],

where the last inequality is due to the fact that φ[t0]
2N ≤ h[t0] as argued in the

proof of Lemma 2.5. The lemma immediately follows in this case.
2. At time t there existed robots with γ̄i[t] >

3
4 . In this case, take k to be the

robot with the highest destination point (or one of them) and take t1 to be
the time robot k completes its next Move. Its Move size is at least Δk ≥ 1

4 .
Suppose at some time interval [t′, t′′] ⊆ [t, t1] no Look was performed by any
robot and that every robot, i, moved in this time interval by the vector δ̄i.
Now, all robots approached their destinations, so φ2[t

′′] = φ2[t] − 1
N

∑
i δi.

The center of gravity was changed by the robots’ motions to c̄[t′′] = c̄[t′] +
1
N

∑
i δ̄i and therefore also c̄[t′′] − c̄[t′] ≤ 1

N

∑
i δi. Since no Look operations

occur in the time interval [t′, t′′], no γ̄i is changed, and for every i, |c̄[t′′] −
γ̄i[t

′′]| ≤ |c̄[t′′] − γ̄i[t
′′]| + 1

N

∑
i δi. For i = k,

|c̄[t′′] − γ̄k[t
′′]| =

∣∣∣∣∣∣c̄[t′] +
δ̄k
N

+
1

N

∑
i �=k

δ̄i − γ̄k[t
′]

∣∣∣∣∣∣
≤

∣∣∣∣c̄[t′] +
δ̄k
N

− γ̄k[t
′]

∣∣∣∣ +
1

N

∑
i �=k

δj .

Since robot k is approaching γ̄k from the left, it follows that r̄k + δ̄k ≤ γ̄k.
Since by its maximality all robots are to the left of γ̄k at all times, it follows
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that c̄ = 1
N (

∑
i �=k r̄i + r̄k) ≤ γ̄k − δk

N . Therefore,

|c̄[t′′] − γ̄k[t
′′]| ≤ |c̄[t′] − γ̄k[t

′]| + 1

N

(∑
i

δi − 2δk

)
.

Look operations do not change ψ, and the total movement of robot k is Δk ≥
1
4 . Therefore, φ decreased by at least 2Δk/N , and the term φ

2N in ψ decreased

by at least 2Δk/N
2N = Δk

N2 ≥ 1
4N2 . As ψ[t0] ≤ 2 and h is nonincreasing, ψ

decreased by at least 1
4N2 ≥ ψ[t0]

8N2 . The lemma follows.

We now give our main lemma. First, we treat the undisturbed-motion model.
Note that in this case, the destination points are always the calculated centers of
gravity.

Lemma 2.7. In the undisturbed-motion model, for every time t0, there exists
some time t̂ > t0 such that

ψ[t̂] ≤
(

1 − 1

8N2

)
ψ[t0].

Proof. Assume, without loss of generality, that at time t0, the robots and their
destination points resided in the interval H[t0] = [0, 1] (and thus h[t0] = 1 and
ψ[t0] ≤ 2). Take t∗ to be the earliest time after t0 when each robot has completed at
least one entire Look-Compute-Move cycle. There are now two possibilities.

Case (1). Every destination point γ̄i[t
′] that was calculated at any time t′ ∈ [t0, t

∗]
resided in the segment ( 1

2N , 1]. In this case, at time t∗ no robot can reside in the
segment [0, 1

2N ], since every robot has completed at least one cycle operation, where
it has arrived at its calculated center of gravity outside the segment [0, 1

2N ], and from
then on it may have moved a few more times to its newly calculated centers of gravity,
which were also outside this segment, by Corollary 2.2. Hence at time t̂ = t∗ all robots
and centers of gravity reside in H[t̂] ⊆ [ 1

2N , 1], so h[t̂] ≤ 1 − 1
2N , and φ[t̂] ≤ φ[t0].

Therefore,

ψ[t̂] =
φ[t̂]

2N
+ h[t̂] ≤ φ[t0]

2N
+ 1 − 1

2N
= ψ[t0] −

1

2N
.

Also, by Lemma 2.5, ψ[t] ≤ 2, and hence 1
2N ≥ 1

4Nψ[t0]. Combined, we get ψ[t̂] ≤(
1 − 1

4N

)
ψ[t0].

Case (2). For some t1 ∈ [t0, t
∗], the destination point (or center of gravity)

γ̄i[t1] = c̄i[t1] = 1
N

∑N
j=1 r̄j [t1] calculated by some robot i at time t1 resided in [0, 1

2N ].

Therefore, at time t1 all robots resided in the segment [0, 1
2 ]. The lemma then follows

by applying Lemma 2.6.

To prove the convergence of the gravitational algorithm in the undisturbed-motion
model in d-dimensional Euclidean space, we apply Lemma 2.7 to each dimension
separately. Observe that by Lemmas 2.7 and 2.5, for every ε > 0 there is a time tε by
which h[tε] ≤ ψ[tε] ≤ ε; hence the robots have converged to an ε-neighborhood. This
proves that in the undisturbed-motion model in d-dimensional Euclidean space, for
any N ≥ 2, N robots performing Algorithm Go to COG will converge.

We now turn to the full (sudden-stop) model. In this case the following lemma
replaces Lemma 2.7.
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Lemma 2.8. In the full (sudden-stop) model in d dimensions, for every time t0,
there exists some time t̂ > t0 such that

ψ[t̂] ≤ max

{(
1 − 1

8N2

)
ψ[t0] , ψ[t0] −

S

4N
√
d

}
.

Proof. The proof is similar to the proof of Lemma 2.7 with the following changes.
• In each round we treat only the dimension for which h is largest (or one such

dimension if there exist more than one). We refer to this dimension as the
x-dimension and denote quantities in this dimension by (x).

• In Case (1), the moving robots may not complete their move and therefore
may not leave the segment [0, 1

2N ] even if no center of gravity was calculated
in this segment. We split this case into two cases. If at the time of the
last Look no robot resided in the segment [0, 1

4N ], then no robot will reside
there also at the end of the Move, and h must have decreased by at least
1

4N . Otherwise, the distance between each of the robots in the segment [0, 1
4N ]

to its observed center of gravity in the x-dimension is at least 1
4N , since by

assumption c̄[t] ≥ 1
2N for all t ∈ [t0, t̂]. Recalling that d is the number of

dimensions, we conclude that the total distance from these robots to the
center of gravity is at most

√
d, since by the maximality of h in dimension

x over every other dimension ν, h(ν)[t0] ≤ h(x)[t0] = 1. Thus, the ratio of
the x-component of the vector r̄i[t]− c̄[t] to the vector size is at least 1

4N
√
d

.

Therefore, the projection of a vector of length at least S in this direction on
the x-axis is at least S

4N
√
d
, and h(x) decreases by at least this amount.

• Case (2) still holds, since Lemma 2.6 is true even with sudden stops.
Lemma 2.8 yields the following.
Theorem 2.9. In the full (sudden-stop) ASYNC model for any N ≥ 2, in d-

dimensional Euclidean space, N robots performing Algorithm Go to COG will converge.
Proof. Denote Ψ[t] =

∑d
ν=1 ψ

(ν)[t]. Then

Ψ[t0] ≤ 2

d∑
ν=1

h(ν)[t0] ≤ 2dh(x)[t0] ≤ 2dψ(x)[t0].

Therefore, the value of ψ for the largest dimension is ψ(x)[t0] ≥ Ψ[t0]/2d. By Lemma
2.8 the value of ψ for the largest dimension decreases after every two complete cycles of
the robot swarm by an additive or multiplicative constant. The theorem follows.

3. Convergence rate. To bound the rate of convergence in the fully asyn-
chronous model, one should make some normalizing assumption on the operational
speed of the robots. A standard type of assumption is based on defining the maximum
length of a robot cycle during the execution (i.e., the maximum time interval between
two consecutive Look steps of the same robot) as one time unit. For our purposes it
is more convenient to make the slightly modified assumption that for every time t,
during the time interval [t, t + 1] every robot has completed at least one cycle. Note
that the two assumptions are equivalent up to a constant factor of 2. Note also that
this assumption is used only for the purpose of complexity analysis and was not used
in our correctness proof.

3.1. The undisturbed-motion model. First, we discuss the convergence rate
in the undisturbed-motion model.
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Lemma 3.1. In the undisturbed-motion model, for every time interval [t0, t1],

ψ[t1] ≤
(

1 − 1

8N2

)	 t1−t0
2 


ψ[t0].

Proof. Consider the different cases analyzed in the proof of Lemma 2.7. By our
timing assumption, we can take t∗ = t0 +1. In Case (1), ψ is decreased by a factor of
1− 1

4N by time t̂ = t∗, i.e., within one time unit. In Case (2), we have two possibilities.

If Case (1) of Lemma 2.6 holds, then ψ is decreased by a factor of 7
8 by time t̂ = t∗,

i.e., within one time unit again. The slowest convergence rate is obtained in Case
(2) of Lemma 2.6. Here we can take t̂ = t∗ + 1 = t0 + 2 and conclude that ψ is
decreased by a factor of 1− 1

8N2 after two time units. The lemma follows by assuming
a worst-case scenario in which during the time interval [t0, t1], the “slow” Case (2) is
repeated for 	 t1−t0

2 
 times.

By the two inequalities of Lemma 2.5 we have that h[t1] ≤ ψ[t1] and ψ[t0] ≤ 2h[t0],
respectively. Lemma 3.1 now yields the following lemma.

Lemma 3.2. In the undisturbed-motion ASYNC model, for every time interval
[t0, t1],

h[t1] ≤ 2

(
1 − 1

8N2

)	 t1−t0
2 


h[t0] .

Corollary 3.3. In any execution of the gravitational algorithm in the undisturbed-
motion ASYNC model, over every interval of O(N2) time units, the size of the d-
dimensional convex hull of the robot locations and centers of gravity is halved in each
dimension separately.

An example for slow convergence is given by the following lemma.

Lemma 3.4. There exist executions of the gravitational algorithm in which Ω(N)
time is required to halve the convex hull of N robots in each dimension.

Proof. Initially, and throughout the execution, the N robots are organized on the
x-axis. The execution consists of phases of the following structure. Each phase takes
exactly one time unit, from time t to time t + 1. At each (integral) time t, robot 1 is
at one endpoint of the bounding segment H[t], while the other N−1 robots are at the
other endpoint of the segment. Robot 1 performs a Look at time t and determines its

perceived center of gravity γ̄i[t] to reside at a distance h[t]
N−1 from the distant endpoint.

Next, the other N − 1 robots perform a long sequence of (fast) cycles, bringing them
to within a distance ε of robot 1, for arbitrarily small ε. Robot 1 then performs its
movement to its perceived center of gravity γ̄i[t]. Hence the decrease in the size of the

bounding interval during the phase is h[t]− h[t+ 1] = h[t]
N−1 + ε, or, in other words, at

the end of the phase, h[t+ 1] ≈ (1− 1
N−1 )h[t]. It follows that O(N) steps are needed

to reduce the interval size to half of its original size.

Note that there is still a linear gap between the upper and lower bounds on the
convergence rate of the gravitational algorithm as stated in Corollary 3.3 and Lemma
3.4.

It is interesting to compare these bounds with what happens in the fully syn-
chronous (FSYNC) model. Here all robots operate at fixed time cycles, and the
Look phase of all robots is simultaneous. In this model, after the first step all robots
are at the center of gravity. Therefore, we have the following.
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Lemma 3.5. In any execution of the gravitational algorithm in the undisturbed-
motion FSYNC model, the robots gather after a single step.

We now turn to the intermediate semisynchronous (SSYNC) model. In this
model there are fixed time cycles, and the Look phase of the robots is simultaneous,
but only a subset of the robots may wake up at every cycle. We define, for the sake of
time analysis, the notion of a (possibly long) time unit so that at every time unit, every
robot is awakened at least once. (Here a “time unit” may compose of many cycles.)

Lemma 3.6. In any execution of the gravitational algorithm in the undisturbed-
motion SSYNC model, over every interval of O(N) time units, the size of the d-
dimensional convex hull of the robot locations and centers of gravity is halved in each
dimension separately.

Proof. Again, we appeal to the proof of Lemma 2.7. However, in the semisyn-
chronous model we have the advantage that at the beginning of the Look phase, each
of the robots resides at the location of its last calculated center of gravity. This implies
that Case (2) of the analysis of Lemma 2.6 is impossible. Thus, it is guaranteed that

at every time step t, h[t] is decreased by at least h[t]
2N . Therefore, we conclude that,

over every interval of O(N) time units, the size of the d-dimensional convex hull of the
robot locations and centers of gravity is halved in each dimension separately.

3.2. The full (sudden-stop) model. We now discuss the full (sudden-stop)
model. We give the analogues of the above theorems in this case.

First, we discuss the fully synchronous model FSYNC. In the following, H[0] is
the convex hull of the N robots at time 0 and h[0] is the maximum width of H[0] in
any of the d dimensions. We have the following lemma.

Lemma 3.7. In any execution of the gravitational algorithm in the full (sudden-
stop) FSYNC model, the robots achieve gathering in at most �4h[0]d3/2/S time.

Proof. If the distance of each robot from the center of gravity is at most S, then
at the next step they will all gather. Suppose now that there exists at least one
robot whose distance from the center of gravity is greater than S. Since the center
of gravity is within the convex hull, the largest dimension is at least h[0] ≥ S/

√
d.

Without loss of generality, assume that the projection of the hull on the maximum
width dimension is on the interval [0, a] and that the projection of the center of
gravity c̄[0] is in the interval [a2 , a]. Then in each step, t, every robot moves by a

vector min{r̄i[t] − c̄[t], S′ r̄i[t]−c̄[t]
|r̄i[t]−c̄[t]|} for some S′ ≥ S. By assumption, a is the width

of the largest dimension, and therefore a ≥ |r̄i[t] − c̄[t]|/
√
d. For every robot in the

interval [0, a
4 ], the distance to the current center of gravity will decrease in the next

step by at least min{a
4 , S

a/4

a
√
d
} ≥ S

4
√
d
. Thus, the width of at least one dimension

decreases by at least S
4
√
d

in each step. Therefore, gathering is achieved after at most

�4h[0]d3/2/S cycles, independently of N .

Lemma 3.8. In any execution of the gravitational algorithm in the full (sudden-
stop) SSYNC model, over every interval of O

(
N

⌈
h
S

⌉)
time units, the size of the

d-dimensional convex hull of the robot locations and centers of gravity is halved in
each dimension separately.

Proof. As in the proof of Lemma 3.6, Case (2) of the analysis of Lemma 2.6 is
impossible here. This guarantees that at every time step t, h[t] is decreased by at

least min{ S
4N

√
d
, h[t]

2N }. Therefore, over every interval of O(N
⌈
h
S

⌉
) time units, the size

of the d-dimensional convex hull of the robot locations and centers of gravity is halved
in each dimension separately.
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Finally, we present the result for the ASYNC model. The proof is similar to
Corollary 3.3, with the additional option of sudden stops, as discussed in the proof of
Lemma 2.8. We obtain the following.

Theorem 3.9. In any execution of the gravitational algorithm in the full (sudden-
stop) ASYNC model, over every interval of O

(
N2 + Nh

S

)
time units, the size of the

d-dimensional convex hull of the robot locations and centers of gravity is halved in
each dimension separately.

4. Fault tolerance. In this section we consider the behavior of the gravitational
algorithm in the presence of possible robot failures.

Let us first observe that the gravitational algorithm achieves self-stabilization
(cf. [10]) in a model allowing only transient failures. Such a failure causes a change
in the states of some robots, possibly into illegal states. That is, a measurement,
calculation, or movement error may occur, causing the robot to move to a location
other than the center of gravity. In essence, self-stabilization is the requirement that if
the system quiets at some time t0 (namely, no more transient errors occur), then from
time t0 on, the algorithm will achieve convergence, despite starting from a potentially
illegal state. Notice that Theorem 2.9 makes no assumptions about the initial positions
and centers of gravity, other than that they are restricted to some finite region. It
follows that, due to the oblivious nature of the robots (and hence the algorithm), the
robots will converge regardless of any finite number of transient errors occurring in
the early stages of the execution.

We now turn to consider the crash fault model. This model, presented in [1],
follows the common crash (or “fail-stop”) fault model in distributed computing and
assumes that a robot may fail by halting. This may happen at any point in time
during the robot’s cycle, i.e., either during the movement towards the goal point or
before it has started. Once a robot has crashed, it will remain stationary indefi-
nitely.

In [1], it is shown that in the presence of a single crash fault, it is possible to
gather the remaining (functioning) robots to a common point. Here we avoid the
gathering requirement and settle for the weaker goal of convergence. We show that
the Go to COG algorithm converges for every number of crashed robots. In fact, in a
sense, convergence is easier in this setting since the crashed robots determine the final
convergence point for the nonfaulty robots. We have the following.

Theorem 4.1. In the full (sudden-stop) ASYNC model, consider a swarm of
N robots that execute Algorithm Go to COG. If 1 ≤ M ≤ N − 2 robots crash during
the execution, then the remaining N −M robots will converge to the center of gravity
of the crashed robots. Moreover, the size of the robots’ convex hull is halved every
O
(
N

⌈
h
S

⌉)
time units.

Proof. Let us first consider an execution of the gravitational algorithm by a swarm
of N robots in one dimension. Without loss of generality, assume that the crashed
robots were 1, . . . ,M and their crashing times were t1 ≤ · · · ≤ tM , respectively.
Consider the behavior of the algorithm starting from time tM . For the analysis, a
setting in which the M robots crashed at general positions r̄1, . . . , r̄M is equivalent
to one in which all M crashed robots are concentrated in their center of gravity
1
M

∑M
i=1 r̄i. Assume, without loss of generality, that this center of gravity is at 0.

Now consider some time t0 ≥ tM . Let H[t0] = [a, b] for some a ≤ 0 ≤ b. By
Corollary 2.2, the robots will remain in the segment [a, b] at all times t ≥ t0. The
center of gravity calculated by any nonfaulty robot M + 1 ≤ j ≤ N at time t ≥ t0
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will then be

γ̄j [t] =
1

N

N∑
i=1

r̄i =
1

N

(
M · 0 +

N∑
i=M+1

r̄i[t]

)
.

Hence all centers of gravity calculated hereafter will be restricted to the segment
[a′, b′], where a′ = N−M

N · a and b′ = N−M
N · b. Consequently, denoting by t̂ the time

by which every nonfaulty robot has completed a Look-Compute-Move cycle and no
sudden stops occur, we have that H[t̂] ⊆ [a′, b′], and hence h[t̂] ≤ N−M

N · h[t0].
Again, the argument can be extended to any number of dimensions by considering

each dimension separately. It follows that the robots converge to the point 0, namely,
the center of gravity of the crashed robots.

If sudden stops do occur, then the robots are not guaranteed to reach their des-
tination. However, they are guaranteed to travel a distance of at least S. Therefore,
using arguments similar to the proof of Lemma 2.8, if sudden stops occur, then the
size of the hull in the largest dimension is decreased by at least S

4N
√
d
, leading to the

theorem.

5. Conclusions. We have considered the properties of the gravitational algo-
rithm for convergence of mobile robot swarms. We have shown that the algorithm
guarantees convergence to a point for any number of robots N and in any dimension
d. We have shown that an appropriate quantity is halved every O(N2) steps and
have shown a case where O(N) steps are needed for halving the invariant. Thus, a
gap still exists between our bounds on the convergence rate, which is left as an open
question. We have shown analogous (and somewhat stronger) results for the simpler
synchronous and semisynchronous models. We have also shown that the algorithm is
resilient to crash failures of any number of robots.

Acknowledgment. We are grateful to the anonymous reviewers, whose com-
ments helped clarify and improve the presentation of our results.
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