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DIFFERENTIAL GEOMETRY VIA INFINITESIMAL DISPLACEMENTS
TAHL NOWIK AND MIKHAIL G. KATZ

ABSTRACT. We present a new formulation of some basic differential geometric notions on a
smooth manifold M, in the setting of nonstandard analysis. In place of classical vector fields,
for which one needs to construct the tangent bundle of M, we define a prevector field, which is
an internal map from *M to itself, implementing the intuitive notion of vectors as infinitesimal
displacements. We introduce regularity conditions for prevector fields, defined by finite dif-
ferences, thus purely combinatorial conditions involving no analysis. These conditions replace
the more elaborate analytic regularity conditions appearing in previous similar approaches,
e.g. by Stroyan and Luxemburg or Lutz and Goze. We define the flow of a prevector field by
hyperfinite iteration of the given prevector field, in the spirit of Euler’s method. We define the
Lie bracket of two prevector fields by appropriate iteration of their commutator. We study
the properties of flows and Lie brackets, particularly in relation with our proposed regularity
conditions. We present several simple applications to the classical setting, such as bounds re-
lated to the flow of vector fields, analysis of small oscillations of a pendulum, and an instance

of Frobenius’ Theorem regarding the complete integrability of independent vector fields.

1. INTRODUCTION

We develop foundations for differential geometry on smooth manifolds, based on infinites-
imals, where vectors and vector fields are represented by infinitesimal displacements in the
manifold itself, as they were thought of historically. Such an approach was previously intro-
duced e.g. by Stroyan and Luxemburg in [13], and by Lutz and Goze in [10]. For such an
approach to work, one needs to assume some regularity condition on the infinitesimal displace-
ment maps used to represent vector fields, in place of the smoothness properties appearing
in the classical setting. The various regularity conditions chosen in existing sources seem non
basic and overly tied up with classical analytic notions. In the present work we introduce

natural and easily verifiable regularity conditions, defined by finite differences. We show that
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these weak regularity conditions are sufficient for defining notions such as the flow and Lie
bracket of vector fields.

In more detail, we would like to study vectors and vector fields in a smooth manifold M
while bypassing its tangent bundle. We would like to think of a vector based at a point a in
M as a little arrow in M itself, whose tail is a and whose head is a nearby point x in M. The
notions “little” and “nearby” can be formalized in the hyperreal framework, i.e. nonstandard
analysis, where infinitesimal quantities are available. We aim to demonstrate that various
differential geometric concepts and various proofs become simpler and more transparent in
this framework. For good introductions to nonstandard analysis see e.g. Albeverio et al
[1], Goldblatt [4], Gordon, Kusraev and Kutateladze [5], Keisler [7], Loeb and Wolff [9],
Vith [16]. For an advanced study of axiomatic treatments see Kanovei and Reeken [6]. For a
historical perspective see Bascelli et al [3]. For additional previous applications of nonstandard
analysis to differential geometry see Almeida, Neves and Stroyan [2] and references therein.
For application of nonstandard analysis to the solution of Hilbert’s fifth problem see Tao [15]
and references therein. Nonstandard analysis was initiated by Robinson [11].

Infinitesimal quantities may themselves be infinitely large or infinitely small compared to
one another, so the key to our application of infinitesimal quantities in differential geometry
is to fix a positive infinitesimal hyperreal number A once and for all, which will fix the scale
of our constructions. We then define a prevector based at a nearstandard point a of *M to
be a pair of points (a,z) in *M for which the distance between a and z is not infinitely large
compared to X\. Two prevectors (a,x), (a,y) based at a are termed equivalent if the distance
between x and y is infinitely small compared to A\. Note that the notion of the distance in
*M being infinitely large or infinitely small compared to A does not require a metric on M;
it is intrinsic to the differentiable structure of M. We next define a prevector field to be
an internal map I : *M — *M such that for every nearstandard point a in *M, the pair
(a, F(a)) is a prevector at a. The requirement that the map F' be internal is crucial e.g. for
hyperfinite iteration, internal induction, and the internal definition principle. Two prevector
fields F, G are equivalent if for every nearstandard a in *M, the pairs (a, F'(a)) and (a, G(a))

are equivalent prevectors.
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As already mentioned, in place of the hierarchy C* of smoothness appearing in the classical
setting of vector fields, we introduce a hierarchy D* of weaker regularity conditions for pre-
vector fields, defined by finite differences. We show that these weaker regularity conditions
are sufficient for defining notions such as the flow of a prevector field and the Lie bracket of
two prevector fields. We use our flow to show that a canonical representative can be chosen
from every equivalence class of local prevector fields, and that every classical vector field on
M can be realized by a prevector field on *M whose values on the nearstandard part of *M
are canonically prescribed. For this last statement, in case the manifold is non compact, we
will need to assume that our nonstandard extension is countably saturated. (The notion of
countable saturation will be explained in Section 6.)

The framework we propose suggests various possibilities for further investigation. For ex-
ample, one could seek to formulate notions corresponding to the Poincaré-Hopf Theorem
regarding indices of zeros of vector fields, in terms of infinitesimal displacements. Another
example is proving Frobenius’ Theorem in the spirit of our proof of Theorem 7.13 and Classi-
cal Corollary 7.14, characterizing when k vector fields are the first k coordinate vector fields
for some choice of coordinates. This can be thought of as an instance of Frobenius’ Theorem,
with stronger assumption and stronger conclusion.

A very different alternative approach to the foundations of differential geometry is that of
Synthetic Differential Geometry, introduced by Lawvere and others, see e.g. Kock [8]. It relies
on category-theoretic concepts and intuitionistic logic, which are not needed for our approach.
To the extent that our hierarchy D¥ of regularity classes is formulated in terms of finite
differences and thus avoids classical analytic notions, our approach can also be characterized
as synthetic differential geometry.

The structure of the paper is as follows. In Section 2 we define prevectors, and explain their
relation to classical tangent vectors. We define such notions as the action of a prevector on a
smooth function, and the differential of a smooth map from one smooth manifold to another.
In Section 3 we define local and global prevector fields. We define the D* regularity property
of prevector fields. The property D is defined via coordinates by a finite difference condition.
We show how a local classical vector field induces a local prevector field, and show that if the

classical vector field is C* then the induced local prevector field is D* (Proposition 3.7). We
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then show the following, which though rather simple for D! turns out somewhat involved for

D2

Theorem 1.1. The definition of D' and D? prevector fields is independent of the choice of
coordinates (Propositions 3.10, 3.14).

We further show that D? implies D' (Proposition 3.12). In Section 4 we show that a global
D* prevector field is bijective on the nearstandard part of M (Theorem 4.6).

In Section 5 we define the flow of a prevector field by hyperfinite iteration of the given
prevector field. It is a generalization of the Euler approximation for the flow appearing e.g.
in Keisler [7, p. 162], as well as Stroyan and Luxemburg [13, p. 128] and Lutz and Goze [10,

p. 115]. Using straightforward internal induction we prove the following.

Theorem 1.2. The flow of a D' prevector field remains in a bounded region for some ap-
preciable interval of time. The growth of the distance between two points moving under the
flow is bounded above and below after time t by factors of the form e*5t (Theorem 5.2). The
difference between the flows of different prevector fields is bounded above by a function of the

form BteXt (Theorem 5.3).

We note that this implies corresponding bounds for the flow of classical vector fields (Clas-

sical Corollary 5.9). We use the flow of prevector fields to show the following.

Theorem 1.3. A canonical representative can be chosen from each equivalence class of local
prevector fields which contains a D' (resp. D?) prevector field, and this representative is itself

D' (resp. D?).

This is done roughly as follows. Given a D' (resp. D?) local prevector field F, its flow
in *M induces a standard local flow in M, which is then extended back to *M and evaluated
at time t = )\, producing a new prevector field F. Different representatives F' of the given
equivalence class induce the same standard flow (Theorem 5.7) and so F is indeed canonically
chosen. We then need to show that F is in fact equivalent to the original F' one started with
(Theorem 5.19), and that if F'is D or D? then the same holds for F' (Propositions 5.15, 5.16).
As example of an application of our results on flows we analyze oscillations of a pendulum

with infinitesimal amplitude (Section 5.3).



DIFFERENTIAL GEOMETRY VIA INFINITESIMAL DISPLACEMENTS 5

In Section 6 we show the following.

Theorem 1.4. Every global classical C' (resp. C?) vector field can be realized by a global
D' (resp. D?) prevector field, whose values on the nearstandard part of *M are canonically

prescribed (Theorem 6.6).

This involves techniques similar to those mentioned above in relation to the construction of
F , and additionally, for a vector field which does not have compact support, our assumption
of countable saturation is used.

In Section 7 we define the Lie bracket of two prevector fields, and relate it to the classical

Lie bracket of classical vector fields (Theorem 7.12). We show the following.

Theorem 1.5. The Lie bracket of two D' prevector fields is itself a prevector field (Theo-
rem 7.2). The Lie bracket of two D* prevector fields is D' (Theorem 7.5). The Lie bracket is
well defined on equivalence classes of D? prevector fields (Theorem 7.10), and this is not the
case for prevector fields that are merely D' (Example 7.11).

We show that the Lie bracket of two D? prevector fields is equivalent to the identity prevector
field if and only if their local standard flows commute (Theorem 7.13). We note that this
implies the classical result that the flows of two vector fields commute if and only if their Lie
bracket vanishes (Classical Corollary 7.14).

We would like to thank Thomas McGaffey for guiding us to the existing literature on

nonstandard analysis approaches to differential geometry.

2. PREVECTORS

For our analysis we will need to compare different infinitesimal quantities. It is helpful to

introduce the following relations.

Definition 2.1. For r, s € *R, we will write r < s if r = as for finite a, and will write r << s

if 7 = as for infinitesimal a.

Thus r < 1 means that r is finite, and » << 1 means that r is infinitesimal. Given a finite
dimensional vector space V over R, and given v € *V and s € *R, we will write v < s if

"

|v]| < s for some norm || - || on V. We will generally omit the % from function symbols and
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so will simply write ||v]| < s. This condition is independent of the choice of norm since all
norms on V' are equivalent. Similarly we will write v << s if ||v|| << s. We will also write
v &~ w when v —w << 1. If one chooses a basis for V' thus identifying it with R", then
x = (x1,...,x,) € *R" satisfies * < s or z << s if and only if each z; satisfies this, since this
is clear in, say, the Euclidean norm on R". Given 0 < s € *R let V& = {v € *V : v < s} and
Vi={ve*V:v<<s} Then V; C V3 C*V are linear subspaces over R, and V3/V =V,
since it is well known that V2 /V}! 2V and multiplication by s maps V! onto V5 and V}! onto
V.

Our object of interest is a smooth manifold M. For p € M, the halo of p, which we denote
by h(p), is the set of all points x in the nonstandard extension *M of M, for which there is a
coordinate neighborhood U of p such that x € *U and x = p in the given coordinates. In fact,
the definition of h(p) does not require coordinates, but rather depends only on the topology
of M. * The points of M are called standard, and a point which is in h(p) for some p € M
is called nearstandard. If a is nearstandard then the standard part (or shadow) of a, denoted

st(a), is the unique p € M such that a € h(p).
Definition 2.2. For A C M, the halo of A is "A = J,, h(a).

In particular, "M is the set of all nearstandard points in *M. If A C M is open in M then
A C *A, and if it is compact then *A C YA. In particular, if M is compact then "M = *M. If
M is noncompact then "M is an external set.

Much of our analysis will be local, so given an open W C R"™ and a smooth function
f W — R we note some properties of the extension *f : *IW — *R, obtained by transfer.
When there is no risk of confusion, we will omit the * from the function symbol *f and simply

write f for both the original function and its extension.

Lemma 2.3. For open W CR", let f : W — R be continuous. Then f(a) is finite for every
a €W,

For a topological space X and p € X let N, be the set of all open neighborhoods of p in X. Then the halo
(or monad) of p is defined as h(p) = Nyen, “U-

2The converse of the statements in this paragraph also hold if we assume that our nonstandard extension
satisfies countable saturation, and using the fact that M has a countable basis. See e.g. Albeverio et al [1,

Section 2.1]
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Proof. Given a € "W, let U be a neighborhood of st(a) such that U C W and U is compact.
So there is C' € R such that |f(z)| < C for all z € U. By transfer |f(z)| < C for all z € *U, in
particular |f(a)| < C, so f(a) is finite. (As for functions, we omit the x from relation symbols,

writing < in place of *<.) O

Given an open U C R"™ and a smooth function f : U — R, the partial derivatives of *f
are by definition the functions *(g—gi), i.e. the extensions of the partial derivatives of f. So,
one has a row vector D, of partial derivatives at any point a € *U if f is C!, and similarly
a Hessian matrix H, of the second partial derivatives at every a € *U, in case f is C?. By
Lemma 2.3 D, and H, are finite throughout "U.

We state the following properties of D, and H, as three remarks for future reference.

Remark 2.4. Let a,b € "U with a ~ b, then the interval between a and b is included in
YU C *U. By transfer of the mean value theorem, if f is C* then f(b) — f(a) = D,(b— a) for
some x in the interval between a and b. Since the partial derivatives are continuous, we have
by the characterization of continuity via infinitesimals ® that D, — D, << 1 for any y =~ a

(e.g. y = st(a)), so writing
f(b) = fla) = Dy(b = a) + (D = Dy)(b - a),

we see that f(b) — f(a) — D,(b— a) << ||b — a||. Furthermore, if the first partial derivatives
are Lipschitz in some neighborhood (e.g. if f is C?), and we are given a constant 8 << 1

such that ||z — y|| < B for all x in the interval between a and b, then we have the stronger

condition f(b) — f(a) — Dy(b—a) < 5||b— all.

Remark 2.5. Tf f is C? then by transfer of the Taylor approximation theorem we have f(b) —
f(a) = Do(b—a)+ 3(b—a) H,(b—a) for some z in the interval between a and b, and remarks

similar to those we have made regarding D, — D, apply to H, — H,.

Remark 2.6. If ¢ = (p') : U — R" then the n rows D! corresponding to ¢’ form the
Jacobian matrix J, of ¢ at a. By applying the above considerations to each ¢’ we obtain
that ¢(b) — p(a) — J,(b —a) << [|b — al|, or if all partial derivatives are Lipschitz in some
neighborhood (e.g. if ¢ is C?) then p(b) — ¢(a) — J,(b —a) < B||b — a|| with S as above.

3¢ is continuous at a if and only if *g(h(a)) C h(g(a)).
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Now choose a positive infinitesimal A € *R, and fiz it once and for all.

Definition 2.7. Given a € "M, a prevector based at a is a pair (a, ), x € "M, such that for
every smooth f: M — R, f(x)— f(a) < A. Equivalently, given coordinates in a neighborhood
W of st(a) in M, whose image is U C R", and a, & € *U are the coordinates for a and z, then

(a,x) is a prevector based at a if £ —a < A, where the difference & — a is defined in *R"™ O *U.

We show that the two definitions are indeed equivalent. Assume the first definition, and let
x1,..., T, be the chosen coordinate functions. Since each x; is smooth, we get x;(z)—x;(a) < A
for each ¢, i.e. £ —a < A. Conversely, assume the second definition holds, and let f: M — R
be a smooth function. Then f(x)— f(a) = D.(Z — a) for some ¢ in the interval between G and
z, and so f(x) — f(a) < ||z — al| < A. (The components of D, are finite by Lemma 2.3.)

We denote by P, = P,(M) the set of prevectors based at a.

Definition 2.8. We define an equivalence relation = on P, as follows: (a,z) = (a,y) if
f(y) — f(x) << A for every smooth f: M — R, or equivalently, if in coordinates as above,

J—1 << A\

The equivalence of the two definitions follows by the same argument as above. Since the
relation (a,z) = (a,y) depends only on z,y, we will also simply write x = y. We denote
the set of equivalence classes P,/= by T, = T,(M). In the spirit of physics notation, the
equivalence class of (a,z) € P, will be denoted az.

Given a € "M let W be a coordinate neighborhood of st(a) in M with image U C R". We
can identify P, with (R")} via (a,x) ~ & — a. This induces an identification of T, = P,/=
with R" = (R")%/(R")}. Under this identification T}, inherits the structure of a vector space
over R. If we choose different coordinates in a neighborhood of st(a) with image U’ C R”, then
if ¢ : U — U’ is the change of coordinates, then by Remark 2.6 ¢(2) — (@) — Jsp(a) (2 —a) <<
|z — a|| < A\. This means that the map R” — R” induced by the two identifications of T,
with R™ provided by the two coordinate maps, is given by multiplication by the matrix Jgq),
and so is linear. Thus the vector space structure induced on T, via coordinates is independent
of the choice of coordinates, and so we have a well defined vector space structure on 7T, over
R. Note that the object T, is a mixture of standard and nonstandard notions. It is a vector

space over R rather than *R, but defined at every a € "M.
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If a,b € "M and a ~ b, then given coordinates in a neighborhood of st(a), the identifications
of T, and Tj, with R"™ induced by these coordinates induces an identification between T, and T5.
Given a different choice of coordinates, the matrix Jy ) used in the previous paragraph is the
same matrix for a and b, and so the identification of T, with T} is well defined, independent of
a choice of coordinates. Thus when a =~ b € "M we may unambiguously add a vector @ & € T,

with a vector b_y>; €T

Definition 2.9. A prevector (a,z) € P, acts on a smooth function f : M — R as follows:

(a7 SL’)f =

which is finite by definition of prevector.

This induces a differentiation of f : M — R by a vector az € T, as follows: a & f =
st((a,z)f). The action @ # f is well defined by definition of the equivalence relation =. Note
our mixture again, @ # is a nonstandard object based at the nonstandard point a, but it
assigns a standard real number to the standard function f. The action (a,x)f satisfies the

Leibniz rule up to infinitesimals, indeed:

(@) — Fl@)g(@) = 5 (F@)ae) = F@)gla) + F@)gla) - fla)g(a))
= ()5 (90) — 9(@)) + 5 () ~ F@)g(a)
~ Fa)5 (900) — 9(0)) + 5 (F) — F(@))gla)

where the final ~ is by continuity of f. For the action @ Z f this implies the following, where
the second equality is by continuity of f and g.

Proposition 2.10. Letting ag = st(a) we have
az(fg) =st(f(a))-atg+atf-st(g(a)) = flao) azg+aif-g(ao)

Definition 2.11. If b : M — N is a smooth map between smooth manifolds, then for a € "M
we define the differential of h, dh, : Po,(M) — Ppq) (V) by setting

dha((a, ) = (h(a), h(z)).
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This induces a map dh, : T,(M) = Tjo)(N) given by dh,(a ) = W. The relation
here between h and dh seems more transparent than in the corresponding classical definition.
Furthermore, the “chain rule”, i.e. the fact that d(go h), = dgn(a) © dha, becomes immediate,
for both P, and T,. Namely, dgi(a) © dha((a, x)) = dgn@)((h(a), h(z))) = (go h(a),go h(x)) =
d(go h)e((a,)), and similarly for @ € T,.

Remark 2.12. For standard a € M, T, is naturally identified with the classical tangent space
of M at a as follows. Since we have done everything also in terms of coordinates, it is enough
to see this for open U C R", where the tangent space at any point a is R™ itself. A vector
v € R" is then identified with a (a + A - v). Under this identification, our definitions of @ Z f
and dh(@ ) coincide with the classical ones.

3. PREVECTOR FIELDS

For a smooth manifold M, recall that "M denotes the set of all nearstandard points in *M,
and P, denotes the set of prevectors based at a € "M. We define a prevector field on *M
to be an internal map F : *M — *M such that (a, F'(a)) € P, for every a € "M, that is, in
coordinates F'(a)—a < ) for every a € "M. If F and G are two prevector fields then we will say
F is equivalent to G and write F' = G if F'(a) = G(a) for every a € "M (recall Definition 2.8).
A local prevector field is an internal map F' : *U — *V satisfying the above condition, where
U CV C M are open. When the distinction is needed, we will call a prevector field defined
on all of *M a global prevector field.

The reason for allowing the values of a local prevector field defined on *U to lie in a slightly
larger range *V is in order to allow a prevector field F' to be restricted to a smaller domain
which is not invariant under F'. For example, if M = R and one wants to restrict the prevector
field F' given by F'(a) = a+ A, to the domain *(0, 1), then one needs to allow a slightly larger
range. In the sequel we will usually not mention the larger range V' when describing a local
prevector field, but it will always be tacitly assumed that we have such V' when needed. A
second instance where it may be needed for the range to be slightly larger than the domain is

the following natural setting for defining a local prevector field.

Example 3.1. Let p € M, V a coordinate neighborhood of p with image V/ C R", and X a

classical vector field on V', given in coordinates by X’ : V/ — R™. Then there is a neighborhood
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U’ of the image of p, with U’ C V', such that we can define F': *U" — *V’ by
F'(a)=a+ X\ X'(a),

e.g. one can take U’ such that U’ is compact and U’ C V’. For the corresponding U C V this
induces a local prevector field F' : *U — *V which realizes X in U in the sense of the following

definition. (Recall Remark 2.12.)

Definition 3.2. A local prevector field F' on *U realizes the classical vector field X on U if
for every smooth h: U — R we have Xh(a) = a F(a)h for all a € U.

When realizing a vector field as in Example 3.1 it may indeed be necessary to restrict to
a smaller neighborhood U, e.g. for M =V = V' = (0,1) and X’ = 1, one needs to take
U = (0,r) for some 1 > r € R in order for F(a) = a + A to always lie in *V. Note that
Definition 3.2 involves only standard points; see however Corollary 4.11 for a discussion of
this matter.

Different coordinates for the same neighborhood U will induce equivalent realizations in

*U. More precisely, we show the following.

Proposition 3.3. For U CR", let X : U — R" be a classical vector field, ¢ : U — W C R"”
a change of coordinates, and Y : W — R™ the corresponding vector field, i.e. Y (p(a)) =
J. X (a), where J, is the Jacobian matriz of ¢ at a. Let F,G be the prevector fields given
by F(a) = a + XX(a), G(a) = a+ \Y(a) as in Ezample 3.1. Then F = o' oG o ¢, or
equivalently, ¢ o F(a) — G o p(a) << X\ for all a € "U.

Proof. Let ¢, Y G be the ith component of o, Y, G respectively, and let D! be the differential
of ¢' at a, (so D! is the ith row of J,). Then we have

' o F(a) = G o p(a) = ¢'(a+ AX(a)) — ¢'(a) = AY"(p(a))
= D'AX(a) — AD X (a) = \(D". — D)) X (a) << X,

where D! is the differential of ¢ at some point ¢ in the interval between a and a + AX (a).

(Such ¢ exists by Remark 2.4.) Since this is true for each component ¢, we have

poF(a) —Gogp(a) << A
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O

Definition 3.4. We define I to be the identity prevector field on *M, (or on *U for any
UC MorUCR"),ie. I(a)=a for all a. The prevector field I corresponds to classical zero

vector field via the procedure of Example 3.1.

3.1. Regularity conditions. If one wants to define various operations on prevector fields,
such as their flow, or Lie bracket, then one must assume some regularity properties. Recall
that a classical vector field X : U — R" is called Lipschitz if there is K € R such that
| X (a)— X (b)|| < Klla—b|| for a,b € U. For the local prevector field F' of Example 3.1, where
F(a) — a = AX(a), this translates into

H (F(a) . a) . <F(b) . b) H < K\a -0
for a,b € *U. This motivates the following definition.

Definition 3.5. A prevector field F' on a smooth manifold M is of class D' if whenever

a,b € "M and (a,b) € P, then in coordinates F(a) —a — F(b) +b < M|a — b]|.

One can then also think of “order k” Lipschitz conditions on prevector fields, for the def-
inition of which we will use the following Euler notation for finite differences. Given vector
spaces V, W (classical or nonstandard), and given A C V, a € A, and vq,...,v, € V such
that a + ejv; + -+ -+ epvp € A for all (eq,...,ex) € {0,1}*, and given a function F': A — W,
we define the kth difference A% | F(a) as follows:

..... vk
Aﬁl F(a) = (—=1)ZF(a+ eyvy + -+ epup).
We note that in terms of this difference notation, the D! condition can be stated as follows:
Al (F—1TI)(a) < \||la—0]|| for any a,b € "M with a—b < ), (recall that I denotes the identity
prevector field, i.e. I(a) = a for all a). Or, if we let v = b — a then this can be written as
AL(F = I)(a) < Aljo]].

Generalizing to higher order differences, we define the D* regularity condition on a prevector
field F by the following condition, in coordinates in a neighborhood U: For any a € "U and

any vy, ..., € *“R" with v; < A\,

.....
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We note that for k > 2, A¥  I(a) =0, so for k > 2 the D* condition simplifies to:

A, F (@) < Monllloa]l - floe]-

UVl yeeey Vi

For k = 2 this reads as follows.

Definition 3.6. A prevector field F’ on a smooth manifold M is of class D? if for any a € "M,

we have in coordinates that for any v, w € *R"™ with v, w < A,
A?MUF(CL) =F(a)— Fla+v)— Fla+w)+ Fla4+v+w) < \|v|||w].

We will show that the definitions of D' and D? prevector fields are independent of coordi-
nates in Propositions 3.10 and 3.14 respectively. We will show in Proposition 3.12 that D?
implies D!. In fact, the proof of the invariance of D? will use the fact that D? implies D' in
any given coordinates, which in turn relies on the technical Lemma 3.11. In Proposition 3.7
we will show that the prevector field of Example 3.1 induced by a classical vector field of class
C*, is a D* prevector field. This is in fact the central motivation for our definition of D¥, but
we note that our DF is in fact a weaker condition than C*, e.g. F of Example 3.1 is D! if
X is (order 1) Lipschitz, which is weaker than C'. We remark that a definition of D along
the above lines would simply amount to F'(a) —a < A, i.e. F' being a prevector field. Note,

however, that in our definitions above, being a prevector field is part of the definition of D*.

Proposition 3.7. For open W C R", let X : W — R" be a classical C* vector field. Then

for any a € "W and any v1, ..., v, € *R™ with v; << 1,

Ay, X (@) < oozl - floe]]-

----- Vg
It follows that if I is the prevector field on *W of Example 3.1, i.e. F(a) —a = AX(a), then
F is Dk.

Proof. Let U C W be a smaller neighborhood of st(a) for which all kth partial derivatives of
X are bounded. Let X',..., X" be the components of X. Given p € U and vy, ...,v; € R?
such that p 4+ s1v1 + -+ spvp € U for all 0 < s1,...,8, <1, let

V(s1,. .o s6) = X'(p+ s101 4 -+ - + spvp).
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By iterating the mean value theorem k times there is (¢y,...,%;) € [0, 1]* such that

S (CDES e, e) g

e .
= 95105, 05,0 oot (=1)

(For the case k = 2 see e.g. Rudin [12, Theorem 9.40]). So

Al WX @)= X DX+ en ot o)
(e1,-vex)€{0,1}
= Z (—1)Zej¢i(€1>---,€k)‘
(e1,-vex)€{0,1}F
ak

ity .t ‘<Cz-
351...35k¢(1 k)| < Cillvll[loa]l - - - [l

where C; is determined by a bound for all kth partial derivatives of X in U.

This is true for each X%, i =1,...,n, and so there is a K € R such that

.....

forevery p € U and vy, ..., v € R" such that p+sjv1+---+spvp € U forall 0 < sq,...,8. <1,
s; € R. By transfer the same is true, with the same K, for all p € *U and vq,...,v; € *R”
such that a 4+ sqv; + -+ - + spvp € *U for all 0 < s9,...,8, < 1, s; € *R. In particular this is

true for our a and all vy, ..., v, € *R™ with v; << 1. O

Remark 3.8. Proposition 3.7 was stated for a C* vector field X : U — R", but for the first
statement one can think of X as any C* map, and indeed in the proof of Proposition 3.14

below it will be used for X = ¢ : U — W a C* change of coordinates.
We note that a D' prevector field F satisfies the following.
Proposition 3.9. If I is D' and a,b € "M with a —b < \, then
la =0l < [|F(a) = F(b)[| < lla = b]|.

More in detail, given K < 1 such that |[F(a) — F(b) — a + b|| < K\l||a — b|| we have (1 —
KMo =0 <|[F(a) = FO)Il < (14 KA)lla — bl

Proof. We have |||F(a) — F(b)|| — |la = b[|| < [[F(a) = F(b) —a+b|| < KA||a—b|, so (1 —
EN)lla = bl < [[F(a) = FO)| < (1 + KA)lla = b]. 0
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3.2. Invariance of regularity conditions. The definitions of D! and D? above are in terms
of coordinates. In the present section we prove that these definitions are in fact independent
of coordinates, and that every D? prevector field is also D!. This section is quite technical
and can be skipped on first reading. Lemma 3.11 that we prove and use in this section will

be used again only in the proof of Lemma 7.8.
Proposition 3.10. The definition of D' is independent of coordinates.

Proof. Let U, W C R™ be two coordinate charts for a neighborhood of st(a), and ¢ : U — W
the change of coordinates map. Let F be a D! prevector field in U and G the corresponding
prevector field in W i.e. Go g = ¢ o F. For b with a — b < X\ we must show

G(p(a)) = G(p(b)) = wla) + ¢(b) < Allp(a) — (D).

Let ¢ = ¢ be the ith component of . By Remark 2.4 there is a point x on the interval between
F(a) and F(b) such that ¢(F(a)) — ¢(F (b)) = D.(F(a)— F(b)), where D is the differential of
¢. There is a point y on the interval between a and b such that ¢(a) — ¢(b) = Dy(a —b). So

¢(F(a)) — ¢(F (b)) — d(a) + ¢(b) = Do(F(a) = F(b)) — Dy(a —b)
= Dy(F(a) = F(b) —a+b) — (D, — Dy)(a —b)
< Alla = bll < Alle(a) — )],
since 1) the entries of D, are finite, 2) F(a) — F(b) — a + b < A||a — b|| by assumption, 3)
D, — D, < ||z — y|| < A\ (assuming the partial derivatives of ¢ are Lipschitz, e.g. if ¢ is C?),

and 4) the entries of the Jacobian of ¢! are finite, giving ||a — b|| < ||¢(a) — ©(b)]|.

This is true for all components ¢ = ¢’ of ¢ and so it is true for ¢, i.e.

p(F(a)) = o(F(b)) = ¢(a) + ¢(b) < Alep(a) — (b)]]
which completes the proof since p o F' = G o . U

We would now like to show that for any given coordinates, D? implies D*. We first prove the
following technical lemma, which will also be used in the proof of Lemma 7.8. We demonstrate
the content of this lemma with a simple example. Let f,¢g : *R — *R be f(z) = cx and

g(z) = cdsin g5z, with d << 1, then f(0) = g(0) = 0. We now advance by steps of size d and
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see how f and g develop. The increment of f and g after one step is the same, f(d) = g(d) = cd.
But after m steps with m > 2, f(md) > ¢ whereas g(md) < cd << ¢. The increments of f
properly accumulate along the m steps to produce a large value for f(md) in comparison to
f(d), due to the fact that the increment f(z+d)— f(x) is constant. On the other hand, g(md)
remains small since the increments of g are not sufficiently persistent, this being reflected in
the fact that the difference (g(m +2d) — g(x + d)) — (g(m +d) — g(x)) between successive
increments is not sufficiently small compared to the first increment g(d) — g(0). This lemma
will, in fact, be used in the reverse direction, namely, a bound on f(md) — f(0) will be used

in order to obtain a stronger bound on f(d) — f(0).

Lemma 3.11. Let B C R™ be an open ball around the origin 0, let a € h(0), and let 0 # v €

R™ with v << 1. If G : *B — *R" is an internal function satisfying
ALLG(@) < lvlIGla) — Gla +v)|
for all x € "B, then there is m € *N such that a + mv € "B and
G(a) = Gla+v) < [v[[|G(a) = Gla+mv)].

Proof. Let N = [r/||v||] where 0 < r € R is slightly smaller than the radius of B, and for
0 <z €*R, |z] € *Nis the integer part of x. So any m < N satisfies that a + mv € "B. Let
A=G_G(a) —G(a+v). For 0 < j <N let z; = a + jv, then by our assumption on G we have
G(j) — 2G (1) + G(xj42) = AL ,G(x;) = Cj|vl|||A]| with C; < 1. Let C' be the maximum
of Cp,---,Cy, then C < 1 and G(z;) — 2G(z;41) + G(zj42) < C||v]|||A|| for all 0 < j < N.

Given k < N we have
|4 - (6w - Ga) | = [[ (6w - Gan) = (Go) - G|
< k_g:j) (G(a5) = Glaza)) = (Glazan) = Glazia)) | < CHIINAL

So for any m < N,

—_

[ma = (G - G| = [ X (4~ (G - Ga) )| < cm?liel Al

0

3

B
Il
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50 HmA - (G(:co) - G(a:m)) H — Km?||v|||| Al| with K < 1. Tt follows that
ml| Al = Km?||o][[[ Al < [|G(20) = G (),

and so, multiplying by |[v[|, we have m||v[[[[A]|(1 = Kmllv]]) < [[v[[|G(z0) — G(zm)]|

Now let m = min{ N, | }, then

ol
ml|v[[[[A]l/2 < [v[l[|G(z0) = G(zm)][-

By definition of N and since K < 1 we have that m|/v|| is appreciable, i.e. not infinitesimal,

and so finally A < ||v||||G(z¢) —G(zp)]], that is, G(a) —G(a+v) < ||v]|||G(a)—G(a+mv)|. O
Proposition 3.12. If I is D? for some choice of coordinates in W, then F is D*.

Proof. Given a € "W, in the given coordinates take some ball B around st(a). Define G =
F -1, ie G(z)= F(z)— x, then we must show for any v < A that G(a) — G(a +v) < A||v]|
(here v = b — a in Definition 3.5). If G(a) — G(a + v) << Aljv| then we are certainly done.
Otherwise \v < ||G(a) — G(a + v)|| so A||v||* < ||v||||G(a) — G(a + v)]||, and on the other
hand A} ,G(z) = A7 F(z) < Mv|* for all z, since A7 I(z) = 0, and by taking v = w in
Definition 3.6. Together we have A2 G(z) < [|v[|[|G(a) — G(a+v)||, so by Lemma 3.11 there
is m € *N such that a + mv € "B and

G(a) = Gla+v) < [lv[l[|G(a) = Gla+mv)|| < [jv] (IIG(a)II +1G(a+ mv)ll) < [[ol[A
since I is a prevector field and so G(z) = F(x) —x < A for all x. O
We need one more lemma before proving that D? is independent of coordinates.
Lemma 3.13. In given coordinates, F' is D? if and only if it satisfies
A% F(a) < A(max{|jo] [e]})°
for every a, and every v,w < .

Proof. Clearly D? implies the above condition. For the converse, say |[v| < |Jw]|. If w < ||v]|

then the two conditions are clearly equivalent. Otherwise let n = | ||w]|/||v]|], and w" = w/n.
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Then [|v|| < |Jw'|| < == ||v][, and so by the preceding remark the two conditions are equivalent
for v,w’, and so for every 1 < k < n,

A2 JF(a+ (k—1)w')
Al

Cr =
is finite. Let C' be the maximum of (1, ..., C, then C is finite and
Ay F(a+ (k= 1w') < CAljo][f]w’]
for every 1 < k <n. And so
1A% W F (@)l = |F(a) = Fla+v) = Fla+w) + Fla+v+w)|

Si”F(a%—(k‘—l)w’)—F(a+(k5—1)w'+v)—F(a+kw’)+F(a+kw’+v)||

—ZIIA Fla+ (k= Dw)|| < nCAlolllw]] = CAllv]l[Jwl]

Proposition 3.14. The definition of D? is independent of coordinates.

Proof. Let ¢ : U — W be a change of coordinates. Let F be a D? prevector field in U
and G the corresponding prevector field in W ie. Go¢ = @ o F. Given p € "W, and
z,y € *R™ with z,y < A, and say ||z|| < ||y||, then by Lemma 3.13 it is enough to show
A2 Gp) =Gp)—Gp+z)—Glp+y)+Gp+z+y) < Ayl* Let a,v,w be such that
pla) =p, pla+v) =p+x, p(a+w)=p+y. Then ||w|| < ||y| and so it is enough to show

(1) p(F(a)) = p(Fla+v)) = ¢(Fla+w) +Gp+a+y) < Aw|.
Since F'is D?, by Proposition 3.12 it is also D!, and so by Proposition 3.10 G is D*. So

(2) Gp+x+y)—Glplatv+w)—(p+z+y)+ela+v+w)
< ANp+z+y—plat+v+w)

= A = ¢la) + pla+v) +pla+w) — pla+v+w) < Alw]]?,
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by Remark 3.8 (assuming ¢ is C?) and since p+ 2 +y = —p(a) + p(a + v) + ¢(a + w) and
|v|l < [Jw||. In view of (3.2) we see that (1) holds if and only if

p(F(a)) — e(F(a+v)) — o(F(a+w)) + ¢(F(a+ v+ w))
—¢(a) + pla+v) +pla+w) —pla+v+w)
= A% (o F —)(a) < Awl?,
so we proceed to prove this last inequality. Let ¢ = ¢’ be the ith component of ¢. We have
3) o(Fla+wv))—o(F(a)) =
D(F(a+v) ~ Fla)) + 3 (F(a+v) ~ F(a)} Hy(F(a +v) ~ F(a)

where D = Dp, is the differential of ¢ at F'(a) and H; is the Hessian matrix of ¢ at some
point on the interval between F'(a) and F'(a + v), (recall Remark 2.5). Similarly

(4) o(F(a+w)) - ¢(F(a)) =
-MFW+W—FWD+;FW+M—FWWHAﬂa+M—FWD
and
(5) o(Fla+v+w)) - ¢(F(a)) =
JXFm+v+wy<ﬂ@y+;F@+v+wy—FmWHme+v+uo—F@»
with H,, Hy similarly defined. We have
b(a+v) — 6(a) = Dyv + %th{v

where D, is the differential of ¢ at a and Hj is the Hessian matrix of ¢ at some point on the
interval between a and a+v. Now let Y; = H] — H; then Y; < A (assuming the second partial

derivatives of ¢ are Lipschitz, e.g. if ¢ is C®), and we have

1
(6) dla+v) —¢(a) = Dyv + §Ut(H1 +Y1)v.
Similarly there are Y5, Y3 < A such that

(7) b(a+w) — ¢(a) = Daw + %wt(Hg  Ya)uw
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and

®) Bla+ v+ w) — 0a) = Dulo+w) + (o +w)'(Hy + ¥)(v + )

Furthermore, since by Proposition 3.12 the prevector field F' is D!, we have
F(a)— Fla+v)—a+ (a+v) < A|v]

ie. Fla+v)— F(a) =v+ 6 with §; < A|jv|| < A||w]]. Similarly there are ds, 03 < A||w|| such
that Fl(a+w) — F(a) = w+d2, F(a+v+w)— F(a) = v+ w+ d3. Substituting this into the
quadratic terms of (),(),() we get

(9) ¢(F(a+v)) = ¢(F(a)) = D(F(a+v) = F(a)) + %(v +01) Hi(v + 0y)
(10) ¢(F(a+w)) —o(F(a)) = D(F(a+w) — F(a)) + %(w +0) Hy(w + &)

(11)
d(Fla+v+w))—¢(F(a))=D(Fla+v+w)— F(a)) + %(v +w + 03) Hz(v + w + 63)

Now
A2 (60 F —)(a) =
B(F(a) = 6(F(a+v)) = (F(a+w)) + o(Fla+ v +w))
—¢(a) + dla+v) + ¢la+w) — pla+v+w)
=~ (6(F(a+v)) = 6(F(a)) = (6(F(a+w)) = (F(a))) + (6(F(a+v+w)) - o(F(a)))
+ (9la+v) = 6(@)) + (6(a+w) = 6(a)) = (#la+v+w) - 6(a))

Substituting (1),(1),(1),(1),(1),(1) for these six parenthesized summands, after all cancella-

tions we remain with
D(F(a) —Fla+v)—F(la+w)+ Fla+v+ w)>
1 1 1
— UtH151 — th252 + (U + w)tH353 — 5(55[‘[151 — 5(53[‘[252 + §5§H3(53

1 1 1
+ ithlv + iwt}@w — 5(1) +w)"Y3(v + w) < Mw|)?.
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This is true for all components ¢ = ¢' of ¢ and so it is true for . O

3.3. Operations on prevector fields. We now show that addition of the vectors corre-
sponding to D! prevector fields F, G is realized by their composition ' o G. More precisely,

we show the following.

Proposition 3.15. Let F' be a D' prevector field and G any prevector field. Then for every
a € "M,

\

a F(G(a))=a F(a)+a G(aj.

In particular if both F,G are D' then FoG =Go F.

\

Proof. In coordinates a F(aS +a G(a) = az where z = a+ (F(a) — a) + (G(a) — a) =
F(a)+G(a) —a. So F(G(a)) —x = F(G(a)) — F(a) — G(a) + a < N\||G(a) —al| << X. O

We next show that the composition of D' (resp. D?) prevector fields is D' (resp. D?).
Proposition 3.16. If F,G are D' then F o G is D*.
Proof. We have
[F7oG(a) = FoG(b) —a+bl
< |[[FoGla) = FoG(b) —Gla) + GOb)| + |G(a) = G(b) —a+ 1]
< AG(a) = GO)|| + Ala = bl < Aja = b
by Proposition 3.9. O

Proposition 3.17. If F,G are D? then F o G is D>

Proof. In some coordinates let p = G(a), © = G(a+v) — G(a) and y = G(a + w) — G(a), and
so by Propositions 3.12 and 3.9 we have z < ||v|| and y < ||w||. Also by Propositions 3.12 and
3.9 we have

IFlp+z+y)— F(Glat+v+w)| <|lp+z+y—Gla+v+w)

= —G(a)+ Gla+v)+Gla+w) — Gla+v+w)| < Av]]|w]].
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Now
|A2 ,(F o G)(a)]
=||FoG(a) —FoG(a+v)—FoG(a+w)+ FoG(a+v+w)
=[|F(p) = Flp+2) —Fp+y)+FoGla+v+uw)|
<|F(p)—Flp+a)—Fp+y) +Fp+tz+yl+[|Flp+z+y) — F(Gla+v+w)

< Allzllllyll + Allvflflwll < Afol{jw]-

4. GLOBAL PROPERTIES OF PREVECTOR FIELDS

The definition of D! and D? prevector fields relates to points in "M which are infinitely
close to each other, in fact of distance < ). In this section we establish properties of D! and

D? prevector fields valid on appreciable neighborhoods, or on the whole of "M

Proposition 4.1. Let F' be a prevector field.

(1) If W is a coordinate neighborhood with image U C R™ and B C U is a closed ball, then
there is a finite C' such that |F(a) — a|| < CX for all a € *B. (We use F' to denote
both the prevector field itself, and its action in coordinates.)

(2) If G is another prevector field, then there is a finite B such that ||F'(a) — G(a)|| < SA
for all a € *B.

(3) If furthermore F = G then an infinitesimal such [ exists.

Proof. The first statement is a special case of the second, by taking G(a) = a for all a. So we

prove the second statement. Let
A={ne€*N: ||F(a) — G(a)|| < n\ for every a € *B}.

Every infinite n € *N is in A and so by underspill * there is a finite C' in A.
For F =G, let

A={ne 'N:||F(a) — G(a)|] < % for every a € "B}.

4Recall that for *N, “underspill” is the fact that if A C *N is an internal set, and A contains all infinite n

then it must also contain a finite n.



DIFFERENTIAL GEOMETRY VIA INFINITESIMAL DISPLACEMENTS 23

Every finite n € *N is in A and so by overspill ® there is an infinite n € *N in A, and take

f=2<<1 O

Proposition 4.2. Let F' be a D' prevector field. If W is a coordinate neighborhood with
image U CR™ and B C U is a closed ball, then there is K € R such that

(1) [F7(a) = a = F(b) + bl < KA[la — b

for all a,b € *B.
It follows that

(2) (1= KENla—b <[[F(a) = FO) < (1+ KX)[la—b].

Proof. Let N = [1/A]. Given a,b € "B, for k = 0,...,N let a = a + &(b — a), then
ap — ap11 < M. Let Cy, be the maximum of

| F(ar) — ar — F(ag41) + apg|
Mlag — aps|

for k=0,...,N — 1, then Cy is finite. For every 0 < k < N — 1 we have

a—2>b
IF(o0) — o1~ Fonr) + apiall < Cudlon — an | = Cud 0L
So
N-1
IF(a) = a—F®)+b] <Y Flar) = ax — Flagpr) + arsr]| < CapAlla — b,
k=0
Now let

A={ne*N:||F(a) —a— F(b)+b|| <nA||la—10| forevery a,bec *B}.

Since each Cy, is finite, every infinite n € *N is in A, and so by underspill, there is a finite K
in A, and the first statement follows. The second statement follows from the first as in the

proof of Proposition 3.9. 0

Proposition 4.3. Let F' be a D? prevector field. If W is a coordinate neighborhood with
image U CR™ and B C U is a closed ball, then there is K € R such that

1A W F(a)]| < X [Jwl]

°If B C *N is internal, and B D N, then there must also be an infinite n € B.
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for all a € *B and v,w € *R"™ such that a +v,a 4+ w,a+ v+ w € *B.

Proof. The proof is similar to that of Proposition 4.2. Let N = [1/A]|. Given a € *B and
v,w € *R" such that a +v,a +w,a+v+w € *B, let ay, :a+%v+#w, 0<k/Il<N. Let

Cloow be the maximum of
1A 5oy F ()|
Alv/Nl[Jw/N|
for 0 < k,l < N —1, then C,,,, is finite. For every 0 < k,l < N — 1 we have

1 F (ak) — F(ars1) — Farier) + Flagrmll =
1A% N F(ar) || < CavAJo/N |l [[w/N]].
Summing over 0 < k, [ < N — 1 we get
|F(a) — Fla+v) — Fla+w)+ Fla+v+w)|| < Copul|v]]w].

By underspill as in the proof of Proposition 4.2, there is a single finite K which works for all

a,v,w. O

When speaking about local D' or D? prevector fields, whenever needed we will assume,

perhaps by passing to a smaller domain, that a constant K as in Propositions 4.2, 4.3 exists.

Corollary 4.4. If F is a D' prevector field then F is injective on "M .

Proof. Let a # b € "M. If st(a) # st(b) then clearly F(a) # F(b). Otherwise there exists a B

containing a, b as in Proposition 4.2, and (2) of that proposition implies F'(a) # F(b). O
We will now show that a D' prevector field is in fact bijective on "M. We first prove local

surjectivity, as follows.

Proposition 4.5. Let By C By C By C R" be closed balls centered at the origin, of radii
r1 <719 <rs3. If F:*By — *Bs is a local D' prevector field then F(*By) 2 *By.

Proof. Fix 0 < s € R smaller than ry —ry and r3 — . We will apply transfer to the following
fact: For every function f : By — Bs, if || f(z) — f(y)|| < 2|z — y]|| for all z,y € By and
| f(z) —z|| < sforall x € By then f(By) D By. This fact is indeed true since our assumptions

on f imply that it is continuous, and that for every = € 0B; the straight interval between x
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and f(z) is included in Bs— By, so f|sp, is homotopic in B3 — By to the inclusion of 0By. Now
if some p € By is not in f(B2) then f|sp, is null-homotopic in Bs — {p}, and so the same is
true for the inclusion of 0Bs, a contradiction. Applying transfer we get that for every internal
function f :*By — *Bs, if || f(x) — f(y)| < 2[|z — y|| for all z,y € *B; and || f(z) — x| < s for
all € *By then f(*By) D *B;. In particular this is true for a D! prevector field F : *By — *Bs,
by Proposition 4.2(2). O

The following is immediate from Corollary 4.4 and Propostion 4.5.
Theorem 4.6. If F: *M — *M is a D' prevector field then F o : "M — "M is bijective.

Remark 4.7. On all of *M, a D' prevector field may be noninjective and nonsurjective, e.g.
take M = (0,1) and F' : *M — *M given by F(z) = A for x < X and F(z) = 2 otherwise.
(Recall that the definition of D! prevector field imposes no restrictions at points of *M —"M).

Remark 4.8. For D' prevector field F', the map Flu, : "M — "M and its inverse (Fly,)~*
are not internal if M is noncompact, since their domain is not internal. On the other hand,
for any A C M, F|«4 is internal. Furthermore, on *B; of Proposition 4.5, F' has an inverse
F~':*B; — *B, in the sense that F' o F~!(a) = a for all a € *B;, and F~! is internal. So, for
a local D' prevector field F' : *U — *V we may always assume (perhaps for slightly smaller
domain) that =1 : *U — *V also exists, in the above sense. As mentioned, we will usually

not mention the range *V but rather speak of a local prevector field on *U.

Proposition 4.9. If F is D' then F~! is D'. (F~! exists by Remark 4.8.)

More in detail, if for v = F~'(a),y = F~(b) there is given K < 1 such that |F(z)— F(y) —
r+yl < KXz —yl, then |[F~(a) — F71(b) —a +b|| < K'A|a = b||, with K’ only slightly
larger, namely K' = K/(1 — K\).

Proof. Let x = F~'(a), y = F~'(b), then
1F~ (a) = F7(b) —a +b]| =

lz —y — F(z) + Fy)l| < KMz —yll < K'A|[F(z) = F(y)l| = K'Alla — b

by Lemma 3.9. O
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We conclude this section with the following observations.

Lemma 4.10. Let F,G be D' prevector fields. If F(a) = G(a) for all standard a, then
F(b) = G(b) for all nearstandard b, i.e. F = G.

Proof. Given b, let K be as in Proposition 4.2 for both F' and G, in a ball around a = st(b).
Then

IF(b) — G(b)|| = | F(b) — F(a) — b+ a+ F(a) — G(a) + G(a) — G(b) —a+b]
< [F(b) = Fla) =b+all +[[F(a) = Gla)|| + [|G(a) = G(b) —a+b]|

< KA|la =b|| + ||F(a) — G(a)|| + KX||a — b|| << A.
O

Recall that Definition 3.2, which defines when a prevector field F' realizes a classical vector
field X, involves only standard points. It follows from Lemma 4.10 that if Fis D! then this

determines F' up to equivalence. Namely, we have the following.

Corollary 4.11. Let U C R" be open, and X : U — R"™ a classical vector field. If F,G are
two D' prevector fields that realize X then F = G. In particular, if X is Lipschitz and G is
a D! prevector field that realizes X, then F' = G, where F is the prevector field obtained from
X as in Example 3.1.

5. THE FLOW OF A PREVECTOR FIELD

In this section we define and study the flow of global and local prevector fields. In our
definition of a prevector field as a map from *M to itself, we wish to view F' as its own flow
at time . The flow for later time ¢ should thus be defined by iterating F' the appropriate
number of times. (Thus the classical notion of a vector field being the infinitesimal generator
of its flow receives literal meaning in our setting.)

Thus, for a global prevector field F' : *M — *M and for 0 < t € *R, let n = n(t) = |t/A]
and define the flow F; of F' at time ¢ to be Fi(a) = F™(a), where F™ is given by the map
*Map(M) x *N — *Map(M) which is the extension of the map Map(M) x N — Map(M)
taking (f,n) to f* = fo fo---o f. The flow of a local prevector field is similarly defined,
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only a bit of care is needed regarding its domain. So, for local prevector field F': *U — *V/,
extend F' to F': *V — *V by defining F'(a) = a for all a € *V —*U, and let Y,, = {a € *U :
(F')"(a) € *U}. We set the domain of F} to be Y,,4), where it is defined by F(a) = F(a).

We would also like to consider F; for ¢ < 0. For global prevector field F' which is bijective
on *M, or for local prevector field which is bijective in the sense of Remark 4.8, in particular
a D' local prevector field, we define F} for ¢t < 0 to be (F'~1)_;.

Note that for any global prevector field F', F} is defined for all ¢ > 0, unlike the situation for
the classical flow of a classical vector field. Similarly F; is defined for all ¢ < 0 if F' is bijective.

Directly from the definition of a flow, we may immediately notice the following.

Proposition 5.1. A prevector field F' is invariant under its own flow Fy, where the action of

a map h on a prevector (a,x) is given, as in Definition 2.11, by (h(a), h(x)).

Proof. Let n = [t/\| then Fi((a,F(a))) = F"((a,F(a))) = (F"(a), F""(a)) = (b, F())
where b = F"(a) = Fi(a). O

5.1. Dependence on initial condition and on prevector field. We now establish bounds
on the distance in coordinates between two flows Fj(a), F;(b) of a given D! prevector field F,
and between the flows Fj(a),Gi(a) of two different prevector fields. These bounds can of

course be combined into a bound on the distance between Fi(a) and G(b).

Theorem 5.2. Let F be a local D' prevector field on *U. Given p € U and a coordinate
neighborhood of p with image W CR"™, let B C B C W be closed balls of radii v/2,r around
the image of p. Suppose ||F(a) —a — F(b) + b|| < KX||a —b|| for all a,b € "B, with K a
finite constant (such finite K exists by Proposition 4.2), then there is 0 < T € R such that
Fy(a) € *B for all a € *B’ and =T <t < T. Furthermore, for all a,b € *B" and 0 <t < T
1Fi(a) = F(0)]| < e*lla—b].

If we take a slightly larger constant K' = K/(1 — K\)2, then for all a,b € *B' and —T <
t<T:

e Mla—v|| < |F(a) = B®)] < e Mlla — b
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Proof. We first prove the statement for ¢ > 0. Let C' be as in Proposition 4.1(1). Take

T = 55, then 0 < T € R, and we have by internal induction 6foraec*B,0<t<T,and

n = [t/X], that [|[F"(a) —a| < >0 _ |F™(a) — F™ Ya)|]| < nCX < %, and so F"(a) € *B.

By Proposition 4.2(2) we have (1 — K\)|ja —b|| < ||F(a) — F(b)|| < (14 K\)|la — b]| for all

a,b € *B, and so by internal induction
(1= KXN)"la—0bl| < [[F*(a) = F"(b)[ < (14 KA)"[la —b]|.

For t > 0 we have (1 + K)\)" < ef! since 1 + K\ < X and letting h = ﬁ we have

e MKt < (1— K\)" since e M < 1— hEKA+ BB <1 KA+ hK2\2 =1— K\ Fort <0

we are considering F'~!. The same constant C' can be used, and by Proposition 4.9 K should

be replace by hK, and so hK is replaced by K’ = h?K. O

Theorem 5.3. Let F be a D' local prevector field on *U and let G be any local prevector field
on *U. Given a coordinate neighborhood included in U with image W C R"™, let A" C A C*W

be internal sets. Suppose

(1) [|[F(a) — G(a)|| < BA for all a € A, with some constant 5. (If F = G then an
infinitesimal such [ exists by Proposition 4.1(3)),

(2) [|[F(a) —a— F(b) +b|| < K\||a—10| for all a,b € A, with K a finite constant. (Such
finite K exists by Proposition 4.2),

(3) 0 < T € R is such that Fi(a) and Gi(a) are in A for alla € A" and 0 <t <T.

Then for alla € A" and 0 <t < T,
<P

[Fi(a) — Gi(a)] (e —1) < pte".

If G exists, e.g. if G is also D', and if Fy(a) and G(a) are in A for all a € A’ and
—T <t <T, then |Fi(a) — Gy(a)|| < £(eXM — 1) < BJt]|eXW for all =T <t < T.

Proof. Again it is enough to prove the statement for positive . We prove by internal induction

that
B

|7 (a) = G"(@)]| < (1 + KAy = 1)
6If A is an internal subset of *N that contains 1 and is closed under the successor function n — n + 1, then
A = *N. So, one can prove by induction in *N, as long as all objects under discussion are internal. This is

called internal induction.
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which implies the statement. By Proposition 4.2(2) we have
[F"* (a) = G™Ha)|| < |F(F"(a)) = F(G"(a)|| + [|F(G"(a)) — G(G"(a))
< (1 4+ KA)[|F"(a) = G"(a)|| + BA
from which the induction step from n to n + 1 follows. O
Corollary 5.4. For F' and T as in Theorem 5.2, if a = b then Fy(a) ~ Fy(b) for all0 <t <T.

Corollary 5.5. For F and G as in Theorem 5.3, if F = G, then Fi(a) = Gi(a) for all
0<t<T.

Proof. By Proposition 4.1(3) there is an infinitesimal 8 for the statement of Theorem 5.3,
which gives ||Fy(a) — Gy(a)|| < BteX, so Fy(a) ~ Gy(a). O

Our flow F; of a prevector field F' induces a classical flow on M as follows.

Definition 5.6. Let F' be a D! local prevector field. On a neighborhood B’ C R™ and interval
[—T,T] as in Theorem 5.2, we define the standard flow hf" : B — M induced by F' as follows:
hE(z) = st(Fi(z)).

The following are immediate consequences of Theorems 5.2 and Corollary 5.5.

Theorem 5.7. Given a D' prevector field F' the following hold:

(1) hf" is Lipschitz continuous with constant eX.

(2) hE is injective.

(3) If G is another D' prevector field and F = G then hf' = h¢.

Remark 5.8. If F'is obtained from a classical vector field X by the procedure of Example 3.1
then Keisler [7, Theorem 14.1] shows that our Al is in fact the flow of X in the classical sense.

By Theorem 5.7(3) this will be true for any prevector field F' that realizes X.
The results of this subsection have the following application to the standard setting.

Classical Corollary 5.9. For open U C R" let X,Y : U — R" be classical vector fields,
where X is Lipschitz with constant K, and || X (z) =Y (x)|| < b for allxz € U. If x(t),2'(t) are
integral curves of X then ||z(t) — 2/ (t)|| < eX|2(0) — 2/(0)||. If y(t) is an integral curve of Y
with 2(0) = y(0) then ||z(t) — y(t)|| < 2(eX — 1) < bteX™.
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Proof. Define prevector fields on *U by F(a) — a = AX(a) and G(a) — a = AY(a) as in
Example 3.1, and apply Theorems 5.2, 5.3, and Remark 5.8. U

To conclude this section we look at the flow of a prevector field in an infinitesimal neigh-
borhood of a fixed point. This corresponds to a zero of a vector field in the classical setting.
In a neighborhood of such zero, one often approximates the given vector field with a simpler
one (e.g. the linear approximation), to obtain an approximation of the original vector field’s
flow. We present the following approach for prevector fields, which we apply in Section 5.3 to

infinitesimal oscillations of a pendulum.

Corollary 5.10. Let F,G be local D* prevector fields on *U where U is a neighborhood of

p € R", and assume F(p) = G(p) = p. Fiz an infinitesimal a > 0 and let Q@ = {x € *U :
x —p=<a} (an external set).

(1) If F(z) — G(x) << Aa for all x € Q then Fy(x) — Gi(x) << a for all x € Q, and the

appropriate range of t, by which we mean finite t for which Fs(z) € @ for all0 < s < t.

(2) If F(x) — G(x) << ||F(z) — z|| for all z € Q, then Fy(z) — Gi(x) << ||Fi(x) — p|| for

all v € Q, and an appropriate range of t as above.

Proof. For convenience assume p = 0 so we have F'(0) = G(0) = 0 and z € @ simply means
r < a. We first note that F((z) —2 = F(z) —2 — F(0) +0 < M|z|| by D* and Proposition 4.2.
Now let F'(z) = 1F(ax), then F’ is defined for all z < 1 (ie. z € "R"). For = < 1,
F'(z) —x = Y(F(azx) — azx) < LMaz|| = Mz| < A so F' is a prevector field. We have
Fl(z) =z —F'(y) +y = 2(F(az) — az — F(ay) + ay) < 2\|laz — ay|| = A||z — y|| so F" is D"
Similarly define G.

For (1) we have F'(z) — G'(z) = 2(F(az) — G(az)) << tha = A so F’ = G'. We thus get
by Corollary 5.5 that F}(z) ~ G(z) for < 1 and for appropriate range of t. Now, for z < a
we have 1z < 1 s0 Fy(z) — Gi(z) = a(F/(2z) — Gj(1z)) << a. (We remark that though our
range of t gives F!(z) < 1 for all 0 < s < t, which is an external condition, in fact there is a
finite ball B such that F!(z) € *B for all 0 < s < ¢. This can be seen e.g. by underspill as in
the proof of Proposition 4.1.)

For (2), the statement holds for x = 0 since 0 << 0. Given a fixed 0 # = < a let
b = ||z]|. Then for all y < b we have F(y) — G(y) << [|[F(y) — y|| < Ally|]| < Ab, so by (1)
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applied to b we have Fi(x) — Gy (z) << b for appropriate range of t. By Theorem 5.2 we have
b= |lz = 0| < [[Fi(z) — F(0)|| = [[Fi(x)]], so together Fy(x) — Gi(z) << [[Fi(z)]|. O

Remark 5.11. We can slightly weaken the assumptions in Corollary 5.10 by replacing the
assumption that G is D' by the weaker assumption that all z < a satisfy G(z) — z < A||z||.

The proof remains unchanged.

Example 5.12. In Corollary 5.10 we take p = 0 € C. We further assume that 0 is the only
fixed point of F,G in @ (this corresponds to an isolated zero in the classical setting). For
0 # a,b € *C we will say that a and b are adequal if § ~ 1. Then Corollary 5.10(2) tells us
that if F'(x) — 2z and G(x) — z are adequal for all 0 # x € @) then F;(z) and G¢(z) are adequal
for all 0 # x € (), and an appropriate range of ¢t as in Corollary 5.10.

5.2. The canonical representative prevector field. Once we have the standard function
hI', we can extend it to the nonstandard domain as usual, and use it to define a new prevector

field F as follows.
Definition 5.13. F = hL.

The map F is indeed a prevector field, i.e. ﬁ(a) —a < X for all a. Indeed, for C € R
given by Proposition 4.1(1) we have ||F"(a) —al < >0 _ [[F™(a) — F™'(a)|]| < nCA, which
implies ||hF(a) — a|| < Ct, which by transfer implies ||F(a) — al| < CA.

By Theorem 5.7(3), if F' = G then F = G. We will show in Theorem 5.19 that F = F,
and so F is a canonical choice of a representative from the equivalence class of F. (Perhaps
in a smaller neighborhood of a given point, as required by Theorem 5.2.) We will show in
Propositions 5.15, 5.16 that if F is D' (resp. D?) then F is D' (resp. D?). That is, if a
given equivalence class contains some member which is D! (resp. D?) then the canonical
representative F of that equivalence class is also D' (resp. D?). We note that indeed not
all members of the given class are D' (resp. D?), for example for *R take F(x) = z for all
r € *R, and G(z) = x for all z # 0 and G(0) = A\2. Then F is D? F = G, but G is not even
D!, as is seen by taking a = 0,b = A%

Lemma 5.14. Let F be a local D' prevector field defined on *U. Assume

[F(a) = F(b) — a+ bl < KAlla — 0]
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for all a,b € *U. Then the flow of F' satisfies:

| F™(a) — F™(b) — a + b|| < K ne"™|la — b].

Proof. We have

[ (a) = F*(b) —a + || < Z 1F7(a) = F'(b) = F""(a) + F'7H(b)]
< ZKAHFZ"I(Q) — )

<Y KA1+ KN a—b]| < Kne o - b].

1=1

The third inequality is by internal induction as in the proof of Theorem 5.2. U
Proposition 5.15. If F is D' then F is D*.

Proof. Assume ||F(a) — F(b) —a+b| < KA||ja—b|| for all a,b in some *B as in Proposition 4.2.
Then for n = [t/A] we have by Lemma 5.14 ||[F"(a) — F™(b) — a + b]| < K nef*|a —
b|| < Kteft||a — b||. So for standard a,b we have ||hf'(a) — hE(b) —a + ]| < KteX||a — b]|.
Extending back to the nonstandard domain and evaluating at ¢t = A we get, by transfer,

|F(a) — F(b) —a+b|| < KXe"XM|a—b]. O
Proposition 5.16. If F is D? then F is D2

Proof. Assume [|A2  F(a)|] < KX|vl|||w]| for all a,v,w in some *B as in Proposition 4.3. We

prove by internal induction that

2n—2
A3, F(a)]| = [|F™(a) = F"(a+v) = F™(a+w) + F"(a+v+w)| < KX Y (1+ KN |lo|[|w].

i=n—1



DIFFERENTIAL GEOMETRY VIA INFINITESIMAL DISPLACEMENTS 33
Let p = F"(a), x = F"(a+v) — F"(a), y = F"(a + w) — F"(a). Then |z| < (1 + KX)"|v],
lyll < (1 + KA)"[[w], and
IF(p+z+y)—F""(a+v+w))
<A+ KN|p+z+y—F'(a+v+w)|

=1+KN|—-F"(a)+ F"(a+v)+ F'(a+w)— F"(a+v+w)|

2n—2 2n—1
<@+ ENEX Y (L+ KN ollw] = KA Y (1+ KX ollw],
i=n—1 i=n

by the induction hypothesis. Now

|F"(a) — F" ™ (a4 v) — F""Ya +w) + F" Y a + v+ w)||

<||F(p) - Fp+z)—Flp+y)+ Flp+z+y) |+ |Flp+z+y)— F" ' a+v+w)|

2n—1
<KX|z[llyll + KXY (1 + KX [loff|wl]

=n

2n—1 2n
<KL+ KX [[oll[lw]] + KXY (1 + KX)ol lwll = KA (1 + KA ollw],

which completes the induction.

So for n = |t/A] we have

|F"(a) — F"(a +v) — F"(a +w) + F"(a 4+ v+ w)||

2n—2
<KX DY (L+ KN ol[[w]| < Kxne®|jo][lw]| < Kte**!||v]|||w].

i=n—1

Thus for standard a, v, w we have
17 (@) = 1y’ (a +v) = b (a + w) + 1 (a + v +w)|| < Kte*o]l[Jw].
Extending back to the nonstandard domain and evaluating at t = \ we get:

|F(a) = F(a+v) = Fla+w) + Fla+v+w)| < KA o][|w].

Next we would like to prove that F = F. We first need two lemmas.
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Lemma 5.17. Let F' be a local prevector field defined on *U. Assume ||F(a) —al < CA
and ||[F(a) —a — F(b) + b|| < KM||a — || for all a,b € *U. Then the flow of F satisfies:
|F"(a) —a —n(F(a) —a)|]| < KCn?)\2.

Proof. We have

[F"(a) = a = n(F(a) = a)]| = || 3 (F'(a) = F'~ (@) = (Fla) ~ )|

< Z |E(F (@) = F'(a) = F(a) +all <Y KXN|F™(a) = af

i=1

< Y KXN|[F(a) = FF 7 (a)|| < n*KACA,

1<j<i<n

U

Lemma 5.18. Let v € *R™ with v < A, let g : [0,00) — R™ be the standard function
g(t) = st([t/A|v), and let V = st(v/X). Then g(t) =tV and the extension of g back to the

nonstandard domain satisfies g(\) = v.

Proof. Let n = [t/\]. Then
[8V = ol <tV = (/)| + [[t(v/A) = nA(0/ M| = IV = (/)| + [t = nAllo/Al << 1.
This shows that ¢g(t) =tV. So g(A) = AV, and we have [|A\V —o| = A||V —v/A|| << A. O
We are now ready to prove the following.

Theorem 5.19. If F is a local D' prevector field then F=F.

Proof. By Proposition 5.15 and Lemma 4.10 it is enough to show that F(a) = F(a) for all
standard a. So, for standard a let g;(a) = st(a + [t/ (F(a) — a)). Letting n = [t/\] we

have
177 (a) — gi(a)|| = ||st(F"(a)) — st(a +n(F(a) — a)) | = st||F"(a) — a — n(F(a) - a)|| < At?

for some A € R, by Lemma 5.17. Extending and evaluating at ¢ = A gives || F(a) — ga(a)|| <
AXN2 <<\ ie. F(a) = ga(a). Now g(a) — a = st({t/)\j (F(a) — a)) so by Lemma 5.18 we
have gx(a) —a = F(a) — a, so gx(a) = F(a), and together we get F(a) = F(a). O
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To conclude, Fisa canonically chosen representative from the equivalence class of F' (per-
haps in a smaller neighborhood of a given point), and if F is D' (resp. D2?) then F is D!
(resp. D?).

5.3. Infinitesimal oscillations of a pendulum. We now demonstrate and discuss some of
the concepts and results of this section in relation to a concrete physical problem, that of
small oscillations of a pendulum. (Compare Stroyan [14].)

Let x denote the angle between a pendulum and the downward vertical direction. By
considering the projection of the force of gravitation in the direction of motion, one obtains

the equation of motion

mli = —mgsinx

where m is the mass of the bob of the pendulum, ¢ is the length of its massless rod, and g
is the constant of gravity. Letting w = \/W we have & = —w?sinz. The initial condition
of releasing the pendulum at angle a is described by z(0) = a, #(0) = 0. We replace this
single second order differential equation with the system of two first order equations = = wy,
y = —wsinx, and initial condition (x,y) = (a,0). The classical vector field corresponding to
this system is X (z,y) = (wy, —wsinx).

We are interested in “small” oscillations in the classical setting, i.e. the limiting behavior
when the parameter a above tends to 0, and correspondingly, infinitesimal oscillations in the

hyperreal setting, i.e. when a is infinitesimal. To this end, if p,(t) is the classical motion

Pa(t)

with initial angle a, we look at the motion rescaled by the factor a, i.e. we look at =

This is the = component of the flow of the rescaled vector field Y (z,y) = 1X(az,ay) =

The initial condition (a,0) for X corresponds to initial condition (1,0) for

(wy7 _wsir;ax)

Y. We can incorporate the parameter a into our manifold and look at the vector field Z on

R3 given by Z(x,y,a) = (wy, —w“f%,O), and initial conidtion (1,0, a). Note that Z is well

; 2.3 4.5 .
d =% =7 — 5 + % — -+, and its value for

defined and analytic also for a = 0 (indee

a=0is Z(x,y,0) = (wy, —wx,0). The classical flow for a = 0 i.e. initial condition (1,0, 0) is

(coswt, sinwt,0), and so by Classical Corollary 5.9 we have pall) _y cogwt (in fact, uniformly

on finite intervals). It follows that for infinitesimal a, pT(t) ~ coswt, for all finite .
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The above computation was for the classical flow of a classical vector field, and was then
extended to the nonstandard domain. But we may also view the flow itself as occurring
in the nonstandard domain *R?, via the prevector field F(x,y) = (z + \wy,y — \wsinx)
with initial condition (a,0). This is the prevector field obtained from our classical vector
field X by the procedure of Example 3.1. After rescaling as before, we have the prevector
field G(z,y) = (z + Awy,y — A\w3™2%) and initial condition (1,0). Define the prevector field
E(z,y) = (z + \wy,y — Awz), then for infinitesimal a we have G = FE since E(x,y) —
G(z,y) = (0, w(2% — 1)z) and 2% — ] << 1. Let us define another prevector field
H(z,y) = (xcos \w + ysin Aw, —zsin A\w + ycos \w), then H is clockwise rotation of the
xy plane by angle \w, so H;(1,0) ~ (coswt,—sinwt). We have cos \w — 1 << Aw and
sin A w —Aw << Aw, so = H. Wehave G = E = H, so by Corollary 5.5, since F is evidently
D', G¢(1,0) ~ (coswt, —sinwt). (We have used arguments from the proof of Corollary 5.10
rather than quoting it.) So finally, the  component of G;(1,0) is & coswt for any infinitesimal

Fi(a,0)

a, which means that the x component of === is ~ coswt for any infinitesimal a. We may

thus say the following.

Corollary 5.20. The motion of a pendulum with infinitesimal amplitude a is practically
harmonic motion, in the sense that if rescaled to appreciable size, it is infinitely close to

standard harmonic motion, for all finite time.

Equivalently, one could say that the motion itself is harmonic with the given infinitesimal

amplitude a, with error which is infinitely smaller than a.

6. REALIZING CLASSICAL VECTOR FIELDS

Given a classical vector field on a smooth manifold M, we seek a prevector field realizing it.
Using Example 3.1 we can do this only locally, while by Proposition 3.3 these local prevector

fields are compatible up to equivalence. This leads to the following definition.

Definition 6.1. A D! (resp. D?) coherent family of local prevector fields on M is a family
{(F.,U,)}acs where {U,}acy is an open covering of M, and each F, is a local D! (resp. D?)
prevector field on *U,, such that for a;, 8 € J, F,

UanUs = FplUanu;,-
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Definition 6.2. A coherent family {(G,, V,)}ack is said to be a refinement of {(Fu, Us) }acss
if for each o € K there is 8 € J such that V,, C Uz and G, = Fp

/-

Definition 6.3. A refinement {(Ga, V) }acx Of {(Fa, Us)taes is said to be a flowing refine-
ment if there are 0 < T, € R for each o € K such that the flow htG‘* is defined on V,, for
0<t<T,.

By Theorem 5.2 any D! coherent family of prevector fields has a D! flowing refinement. By
Theorem 5.7(3), if V, N V3 # @ then Al = htGﬁ on V, N Vg for 0 <t < min{T,,Ts}. If we
can choose a single 0 < T' € R which is good for all a € K, then we will say that the original
family {(F,, Ua) }acs is complete. In that case we have a global well defined flow h; : M — M
for 0 < ¢t < T, and by iteration, for all 0 < t € R. Extending h; back to *M, let G = h,,
then G is a global prevector field. By Proposition 5.15, G is D! since {F,} is D', and by
Proposition 5.16, if {F,} is D? then G is D?. By Theorem 5.19 we have G|-p, = F,, for all
a € J. We will call G the globalization of the complete coherent family {(F,,U,)}acs. By
Theorem 5.7(3) if two complete coherent families have a common refinement, then they define
the same flow h; : M — M, and so they have the same globalization.

We note that if {(F,,Us)}aes has a finite flowing refinement, i.e. a flowing refinement

{(Ga, Vi) }aes for which J is finite, then {(Fy, U, )}acs is clearly complete.

Definition 6.4. A coherent family {(F,, Uy,)}acs has compact support, if there is a compact
C' C M such that {(Fy,Uy)taes U{(I, M — C)} is coherent, (recall I(a) = a for all a).

Clearly a coherent D! family with compact support has a finite flowing refinement, so the

following holds.
Proposition 6.5. A coherent D' family with compact support is complete.

Given a classical vector field X on M of class C! or C?, we would like to realize it by a
global prevector field on *M of class D! or D? respectively. In Proposition 3.7 we have shown
that this can be done locally. We now state and prove our global realization result.

In the following proof we use our assumption that our nonstandard extension satisfies
countable saturation. This means that for any sequence {A,},en of internal sets such that

A, # @ and A, ;1 C A, for all n, one has (| _y A, # 9.

neN
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Theorem 6.6. Let X be a classical C' (resp. C?) wvector field on M. Then there is a D*
(resp. D?) global prevector field F' on *M that realizes X, where the value of F in "M is
canonically prescribed. If X has compact support (in the classical sense), then the value of F'

throughout *M is canonically prescribed, with F(a) = a for a € *M — "M

Proof. Assume first that X has compact support. There is a family U,, of coordinate neighbor-
hoods for M, on each of which X is realized by F,, as in Example 3.1, and by Proposition 3.3
the family {(F,,U,)} is coherent. By Proposition 3.7, the family {(F,,U,)} is D' (resp. D?)
if X is C* (resp. C?). The vector field X having compact support C' C M in the classical
sense implies that {(F,,U,)} has compact support in the sense of Definition 6.4. Thus by
Proposition 6.5 it is complete, and let F' be its globalization. We first notice that the flow
hy : M — M which defines F' satisfies hy(a) = a for all a € M — C and so by transfer
F(a) = hy(a) = a for all a € *M —*C D *M — "M, proving the concluding statement regarding
X with compact support. Furthermore, by Propositions 5.15, 5.16, F' is D! (resp. D?) if
{(F,,U,)} is D! (resp. D?), which, as mentioned, holds if X is C' (resp. C?). By Propo-
sition 3.3 and Theorem 5.7(3) F' is uniquely determined by X. This completes the compact
support case.

If X does not have compact support, we proceed using countable saturation of our nonstan-
dard extension. Let {U,},en be a sequence of open sets in M with U,, compact, U, C U1,
and |JU, = M. Let f, : M — [0, 1] be a sequence of smooth functions with compact support,
such that f,|y,., = 1. Now let G,, be the realization of f,, X given by the compact support
case. Let A, = {F € *Map(M) : Fl|-y, = G,
G, € A,. We further have A, .1 C A, since G y1]-v, = G,

v, }, then A,, is nonempty for each n, since

«u,,, which is true since f,, 11 and

f,, are both 1 on U,.; 2 U, and so the same flow determines G, |-y, and G|y, . So, by
countable saturation (A, # @. An F in this intersection satisfies F' € *Map(M), i.e. it is
internal. Since |J*U,, ="M, F realizes X. The restriction F|y, is uniquely determined by X,

«y, 1s uniquely determined by X, again since f, is 1 on U,41 2 U,. O

since Fly, = Gy,

In the following example we demonstrate the need for {U,} and {f,} in the proof of The-
orem 6.6, and the fact that the values of F' on *M — "M may depend on the choice of {U,},

{/n}.
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Ezxample 6.7. Let M = (0,1), and let X be the classical vector field on M given by X (z) =
—1 for all x € (0,1). On *(0,1) X does not induce a prevector field via the procedure of
Example 3.1 since for A > = € *(0,1), x — A &€ *(0,1). However we can take the coherent
family {(F, (r,1))},s0 where F, is always defined by F,(a) = a — X. The standard flow hf"
is defined for 0 < t < 7 and always given by hi"(a) = a — t. But this family is not complete.
There is no common 7" > 0 for which the flow is defined on [0, 7], and so there is no global
flow h; @ (0,1) — (0,1) in which one can substitute ¢t = A. (Note that the global prevector
field that may seem to exist by naively substituting ¢ = X\ ignoring the problem of common
domain [0, 7], would be a +— a — A, which, as noted, is not defined on *(0,1).)

So, following the proof of Theorem 6.6, let {a,} be a strictly decreasing sequence with a,, —
0. Let U, = (an,1 —a,) and let f, : (0,1) — [0, 1] be a smooth function such that f,(z) =1
for a1 < <1—au41, and f,(z) =0for 0 < x < a,40 and 1 —a, 4o < x < 1. To realize f, X
as in Example 3.1 we do not need a covering {U, } as in the general case appearing in the proof
of Theorem 6.6, rather we can take one F,, defined on all (0,1). For a € *(ay41,1 — an11) we
have F,(a) = a — A, and so for a € (an,1 —a,) and 0 < t < a, — an41 We have hi"(a) = a —t,
and so finally for a € *U,, = *(a,, 1 — a,) the realization G,, of f, X satisfies G,,(a) = a — A.
Thus, a global F': *(0,1) — *(0,1) which is obtained from the sequence G,, as in the proof of
Theorem 6.6 will have F(a) = a — A for all a € "(0,1) = {a € *(0,1) : 0 < st(a) < 1}, and
this fact is independent of all choices involved in the construction. However, the values on
*(0,1) —9(0,1) may indeed depend on our choice of {U,} and {f,}, as we now demonstrate.

Suppose our nonstandard extension is given by the ultrapower construction on the index
set N with nonprincipal ultrafilter, and elements in the ultrapower are given by sequences in
angle brackets (z;)ien. © Assume A = (J;);eny Where {4;} is a strictly decreasing sequence with
6 — 0. Then G, = hi" = <h§;")ieN. Let F' = <h§})ieN, and we claim that F|-y, = G|+, for
all n, i.e. F € () A,. Indeed, the elements of *U,, are represented by sequences (u;);en such
that u; € U, for all 4, and so for ¢ sufficiently large so that ¢ > n and ¢; < a,, — a,+1 we have
hf;} (u;) = u; — 6; = h?"(uz) Now let = = (a;42)ien and y = (a; + 0;)ien, then F(x) = z and

F(y) =y — A. If we repeat our construction with a], = a,_s + d,,—2 in place of a,, producing

"Such extension always satisfies countable saturation.
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the realization F’, then for the same reason that F'(z) = z we will have F'(y) = y # F(y),

showing that F' indeed depends on our choices.

7. LIE BRACKET

Given two local prevector fields F,G for which F~! G™! exist, e.g. if F,G are D' (by
Remark 4.8), we define their Lie bracket [F,G] as follows. Its relation to the classical Lie
bracket will be clarified in Section 7.2.

Definition 7.1. [F,G] = (G"'oF'oGo F)L%J.

Since our fixed choice of A\ was arbitrary, we may have chosen it as % for some infinite

1

1 is in fact a hyperinteger and drop the | - | from the above

N € *N, and so we may assume
expression. In Theorem 7.12 below we will justify this definition, i.e. we will establish its
relation to the classical Lie bracket. We will show that if F, G are D! then [F,G] is indeed a
prevector field, and if F, G are D? then [F,G] is D'. Furthermore, we will show that if F, G
are D? and F = F', G = G’ then [F, G| = [F', G']. We will give an example showing that this
is not true if F, G are merely D'. We will show that the Lie bracket of two D? prevector fields
is equivalent to the identity prevector field if and only if their local standard flows commute.
In the present section our study will always be local, and so the quantifier “for all a” will

always mean for all a in *U where U is some appropriate coordinate neighborhood, and all

computations are in coordinates.

7.1. Fundamental properties of Lie bracket.

Theorem 7.2. If F,G are local D' prevector fields then [F,G] is a prevector field, that is,
[F,G](a) —a < X for all a.

Proof. Substituting x = a and y = F~'oGoF(a) in the relation F'(z)—z—F(y)+y < ||z —y/|
gives

Fla)—a—GoF(a)+ F'oGoF(a) < \Ma—F 'oGoF(a)| < A\
Now substituting z = F(a) and y = G"'o F~1oGo F(a) in the relation G(z) —x — G(y) +y <
M|z — yl| gives

GOF(a)—F(a)—F_loGOF(a)+G_1OF_1oGoF(a) < )\||F(a)—G_1oF_1oGoF(a)|| < A2
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Adding the above two expressions gives: Gt o F~1 o G o F(a) — a < A2, By underspill in an
appropriate *U there exists C' < 1 such that |[G™1o F~1oGo F(a) —a| < CA\? for all a € *U.
And so

(G 0 F™ 0 G o F)*(a) — dl|

>|=

<Y G oF T oGoF)a) — (G o F o GoF)F(a)| < OA.

k=1

O

Example 7.3. We give an example of two prevector fields F, G, where F is D? (so also D!)
and [F,G] is not a prevector field. Let M = R? and let F(z,y) = (z + \,y), G(z,y) =
(#,y 4+ Asin g52). Then [F,G](0,0) = (0,1) so [F,G](0,0) — (0,0) = (0,1) A X

To prove that if F, G are D? then [F,G] is D' we need the following lemma. A sum of eight

terms appears in its statement, namely
(F(a) - a) - (F(b) - b) - (F(G(a)) - G(a)) + (F(G(b)) - G(b))
which is similar to the sum
A} W (F = 1)(a) =
(F(a) —a) — (F(a—l—v) — (a—l—v)) — (F(a+w) — (a+w)) + (F(a—l—v—l—w) — (a+v+w)>

appearing in the general definition of D* applied to k = 2. As already noticed, the four terms
a,a+ v,a+ w,a + v+ w cancel, leaving the four terms appearing in Definition 3.6. In the
present sum the corresponding four terms a,b, G(a), G(b) do not cancel, and we remain with
all eight terms. We have already encountered a similar eight term sum A2 (¢ o F —¢)(a) =

A? (G o — p)(a) where no cancellation occurs, in the proof of Proposition 3.14.
Lemma 7.4. Let F be D? and G be D', then for all a,b with a —b < X,
F(a) — F(b) — F(G(a)) + F(G(b)) —a+ b+ G(a) — G(b) < X*||la — b].

Proof. Let v = b —a and w = G(a) — a. Since F is D' (by Proposition 3.12) we have
Fla+v+w)—F(G(b))—(a+v+w)+G(b) < Ma+v+w—G(b)||. But a+v+w = b+G(a)—a
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and so we have
Fla+v+w) — F(G(b) —b—G(a) +a+Gb) < b+ Ga) — a— GOb)|| < X2[|a—b|
since G is D'. So
[1F(a) = F(b) = F(G(a)) + F(G(b)) —a+ b+ Gla) = G(b)]|
= ||F(a)— F(a+v)—F(a+w)+ F(a+v+w)—Fla+v+w)+ F(G(b)) —a+b+G(a) — G(D)||
< ||F(a)—F(a+v)—F(at+w)+ Flat+v+w)|[+|| - Flatv+w)+ F(G(b)) —a+b+G(a) - G(b)||

< Ao = allllG(a) = af +A*la = b]| < A[la - b].
0
Theorem 7.5. If F,G are D? then [F,G] is D'.

Proof. By Propositions 3.12, 4.9, and 3.16, F~' o G o F'is D'. Now in Lemma 7.4 take G to
be F~'o G o F then we get for a — b < \:

F(a)—F(b)—GoF(a)+GoF(b)—a+b+F 'oGoF(a)— F'oGoF(b) < \|a—b|.

As above G7' o 7! o G is D! and now take in Lemma 7.4 a,b, F,G to be respectively
F(a),F(b),G,G7' o F7!1 o G then we get

GoF(a)—GoF(b)—F 'oGoF(a)+F 'oGoF()

—F(a)+F(b)+G 'oF 'oGoF(a)—G o F'oGoF(b) < N?||F(a)— F(b)|| < \||a—b|
by Proposition 3.9. Adding these two inequalities we get
G l'oF 1'oGoF(a)—G 'oF 1 oGoF(b)—a+b=N\|a—1

Denote H = G~ 'oF~'oGoF then [F,G] = HY and so we must show H%(a)—H%(b)—a%—b <
A||la — b]] and we know H (a) — H(b) — a+ b < N\?||a — b||. By underspill in an appropriate *U
there exists C' < 1 such that ||[H(a) — H(b) — a + b|| < CA?||la — b|| for all a,b € *U. So by
Lemma 5.14 with K = CX and n = §, we get HH%(CL) — H%(b) —a+b|| <Cxea—b||. O
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Ezxample 7.6. We give an example of two prevector fields F, G, where F is D? G is D' and
: 1 _ 2 _ _ 2 i T
[F,G] is not D'. Let M = R? and let F(z,y) = (z + A y), G(z,y) = (z,y + A\sin 5z).
Clearly F is D?, and we show G is D*:

.oT T
|G (21, 91) — (w1, 91) — G2, 92) + (22, 10) || = >\2‘ sin —~x1 — sin ——,|
2\ 2\
T T
= >\§|(x1 — I3) COS 59|

< >\\SC1 — SL’2| < )\||(x1,y1) - (x2,y2)!|,

where z; < 6 < xy. Finally we show [F,G] is not D': [F,G](0,0) = (0,)), [F,G](\,0) =
(A, =), so [F,G](0,0) — (0,0) — [F, G](A,0) + (A, 0) = (0,2X) £ A[[(0,0) — (A, 0)]|.

Our definition of Lie bracket involves an iteration % times of the commutator G~' o F~1 o
G o F. The following Proposition compares this with multiplication by % in coordinates. It

will be used in the proofs of Theorems 7.10, 7.12, 7.13.

Proposition 7.7. Let F,G be D?, then [F,Gl(a) = a + (G_l oF'oGoF(a)— a) for all

>

a.

Proof. Let H = G™' o F~1 0o G o F. The proof of Theorems 7.2 provides C’ < 1 such that
|H(a) — al| < C'A\? for all a. The proof of Theorem 7.5 provides C” < 1 such that ||H (a) —
H(b)—a+Db| < C"N?||a—0|| for all a,b. Taking C' = C’A, K = C"X and n = § in Lemma 5.17

we get [ H (a) — a— L(H(a) — a)|| < C'C"A? << A. 0

Next we would like to show that if F, F',G,G" are D? and F = F’, G = G’ then [F,G| =
[F’',G']. We will need the following two lemmas.

Lemma 7.8. If G, H are D* and G = H, (i.e. G(a) — H(a) << X for all a) then
(Ga) - H(@)) = (G1) = HEB)) <= Ala—1|
for all a,b with a —b < .

Proof. Let F(x) = G(z) — H(z) so F(xz) << X for all x. Assume F(a) — F'(b) is not <<
AJa — b|| for some a,b with a —b < A, then A|a — b|| < ||[F(a) — F(b)||. Let v = b — a then
Mo[* < |[olll[F(a) — F(a 4+ v)|, and since G, H are D? F satisfies A? F(x) < A|v||?* for
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all . Together we have A2 F(x) < |[v]|||F(a) — F(a +v)]|, so by Lemma 3.11 (taking some
ball around st(a)), there is m € *N such that F(a) — F(a +v) < ||v]|||F(a) — F(a 4+ mv)|| <
ol (IF @I+ 1 F(a + mv)]|) <= [[o]A 0

Lemma 7.9. IfG, H are prevector fields with G = H and G is D', then G™' = H™! (assuming
H™' exists).

Proof. Given a let x = G7'(a) and y = H~'(a) then we must show x —y << A. We have
G(z)=a= H(y) so |G(z) — G(y)|| = ||H(y) — G(y)|| = BA for some 8 << 1. Since G is D*,
|G(z) — G(y) — xz + y|| = K|z — y|| for some K < 1. So

[z —yll < N|G(z) = Gy) — =+ yll + |G(2) = G(y)l| = KAz -yl + BA.

So (1 — KNz —yl| < BAor ||z —y| < 725X <<\, O

1-KX

We are now ready to prove the following.
Theorem 7.10. If F, E,G,H are D*>, F = E and G = H then [F,G| = [E, H].

Proof. We first claim that it is enough to establish the statement with F' = F, that is, to show
[F,G] = |F, H]. Indeed it is clear from the definition that [G, F] = [F,G]™!, so if we know
[F, G| = [F, H| and similarly [H, F| = [H, E] then by Theorem 7.5 and Lemma 7.9 we have
[F,G) = [F, H) = [H, F| " = [H, B = [E, H].

So we proceed to show [F,G] = [F, H]. Given z let a = G(F(z)), b = H(F(z)), then by
assumption a — b << A. By Propositions 3.12, 4.9,

F~Ya)— F7Yb) —a+b=< Ma—b| << A\

Denote c = G 1o F~'o G o F(x). By Lemma 7.8

Fa) = H(e) = a+b = (G(e) = H(e)) = (G(F(2)) = H(F(x))) <= Alle = F(z)]| < \*
Combining the last two inequalities we get H(c) — F~1(b) << A? and so

GloF'oGoF(x)—H 'oF 'oHoF(x)=

H™(H(c)) = HTHFH(b) < [ H(e) = F(b)|| <= A
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by Propositions 3.12, 4.9, 3.9. So we have

%(G_loF_loGoF(xD —%(H_loF_loHoF(xD << A

and so by Proposition 7.7 [F, G](x) = [F, H|(z). O

Example 7.11. We give an example of F, H which are D? G is D' and G = H, and yet
|[F,G] # |F,H]. Let M = R* and let F(z,y) = (x + \,y), H(z,y) = (z,y), and G(x,y) =
(z,y + XN*sin £z). Then [F, H](0,0) = (0,0) whereas [F,G](0,0) = (0,)) # (0,0). Clearly
F,H are D?, and it has been shown in Example 7.6 that G is D*.

7.2. Relation to classical Lie bracket. The following theorem justifies our definition of

[F, G], by relating it to the classical notion of Lie bracket.

Theorem 7.12. Let X,Y be two classical C* vector fields and let [ X, Y], denote their classical
Lie bracket. Let F,G be D* prevector fields that realize X, Y respectively. Then [F, G| realizes
(X, Y]

Proof. By Remark 5.8, the flows hl", h coincide with the classical flows of X, Y. It is well
known that [X, Y], is related in coordinates to the classical flow as follows:

1

X, Y]a(p) = lim 2 (b))~ o (g) " 0 b o hf (p) = p).

By the equivalent characterization of limits via infinitesimals we thus have

X V]u(p) % 33 (G 0 F ' 0 G o F(p) ~ p).

Now, if v & w then Av = Aw, so by Example 3.1, [X, Y], can be realized by the prevector
field
1/~ - -~
A(a) :a+X<G_1OF_1OGOF(a) —a).
Thus it remains to show that [F,G] = A. By Proposition 5.16 F.G are D?, and so by

Proposition 7.7 [ﬁ, é] = A. By Theorem 5.19 F = F.G = G, and so by Theorem 7.10
[F,G] = A. O

The following theorem corresponds to the classical fact that the bracket of two vector fields

vanishes if and only if their flows commute.
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Theorem 7.13. Let F,G be two D? prevector fields. Then [F,G) = I (recall I(a) = a for all
a), if and only if hf o h% = h¥ o hf" for all 0 < t,s < T for some 0 < T € R.

Proof. Assume first that [F,G] = I, i.e. [F,G|(a) —a << X for all a. So by Proposition 7.7
%(G_l oF1toGoF(a)— a) <<\, 50 Gl o F7'oGo F(a) — a << A2, which implies by
Proposition 3.9 that G o F(a) — F o G(a) << A? for all a. Now let n = [t/\| and m = [s/\],
then we need to show F™ o G™(a) =~ G™ o F"(a) for all a. This involves nm interchanges of F'
and G, where a typical move is from F¥oGT o FoGm "o F" =1 to FkoG"Hlo FoGM—lo k-1,

Applying F o G(p) — Go F(p) << X2 to p=Gm "o F"*1(a) we get
FoGm o F"™ " (a) —GoFoGm™ " o F""(a) << N2

By Propositions 3.12, 4.2 there is K € R such that ||F(a) —a — F(b) + || < K\||a — b|| and
|G(a)—a—G(b)+b|| < KA||a—b|| for all a,b in an appropriate domain. Then by Theorem 5.2
applied to G and then to F*,

||Fk o Gr oFo Gm—r o Fn—k—l(a) . Fk o Gr+1 oFo Gm—r—l o Fn—k—l(a)H

< K F oGm0 FPF 1 a) — Go Fo G™ " o F"F 1 (a)|| << A%
Adding the nm contributions when passing from F" o G™(a) to G™ o F™(a) we get
FroG™(a) —G™o F"(a) << 1.

This is because among the nm differences that we add, there is a maximal one, which is say

BA? with 8 << 1, and so the sum of all nm contributions is < nmBA? < tsf << 1.
Conversely, assume hfoh® = hSohF . Then by transfer FoG = GoF,s0 G 'oFoGoF = I,

and so [ﬁ, é] = I. By Proposition 5.16 and Theorems 5.19, 7.10 we get [F,G] = I. O

We have the following application to the standard setting.

Classical Corollary 7.14. Let X,Y be classical C? vector fields. Then the flows of X and
Y commute if and only if their Lie bracket vanishes.

It follows that if X, ..., X} are k independent vector fields with [X;, Xj|q = 0 (classical Lie
bracket) for 1 <1i,j <k, then there are coordinates in a neighborhood of any given point such

that X1, ..., X} are the first k coordinate vector fields.
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Proof. Define prevector fields by F'(a) = a4+ AX (a) and G(a) = a+ AY (a) as in Example 3.1,
and apply Proposition 3.7, Remark 5.8, and Theorems 7.12, 7.13. The final statement is a

straightforward conclusion in the classical setting. U
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