The scheme of connected components of the Néron–Raynaud model of an algebraic torus

Boris Kunyavskii^∗

Given a local field K with ring of integers O and perfect residual field k, and an algebraic torus T over K, one can construct a model of T over O satisfying all the properties of Néron models except of being of finite type ([1], Chapter 10). We call such a model T the Néron– Raynaud model of T . It is a smooth group scheme over O locally of finite type. (One can mention other approaches to constructing integer models of algebraic tori [2], [3]; their interrelations with Néron–Raynaud models will be described elsewhere).

Let T^∘ denote the identity component of T . Denote by i: Spec k → Spec O the natural closed immersion, and let ϕ = i^∗(T /T^∘) be the scheme of connected components of the reduction of T . This scheme was studied by Xarles [4]. Let G_K = Gal (K̄/K) and G_k = Gal (k̄/k) be the Galois groups of K and k, respectively, and let X = Hom(T¯_K, G_{m,}¯_K ) be the G_K -module of characters of T . Xarles [4] described the G_k-module ϕ in terms of the module X. To be more precise, it is shown ([4], Corollary 2.18) that ϕ fits into an exact sequence of G_k-modules 0 → Hom_Z(H^1(I, X), Q/Z) → ϕ → Hom_Z(X^I , Z) → 0, (1)

where I denotes the inertia subgroup of G_K and X^I denotes the module of I-invariants. Moreover, an important observation of [4] is that the sequence (1) determines ϕ in the case when dimT ≤ 2, but there exist 3-dimensional tori T_1 and T_2 having isomorphic G_k-modules H^i(I, X_1) ∼= H^i(I, X_2)(i = 0, 1), with non-isomorphic G_k-modules ϕ_1 and ϕ_2. Unfortunately, the example given in [4], §4, to confirm this statement, is wrong. In fact, with the notation of [4], we have H^1(I, X_1) = Z/2Z × Z/2Z (and not Z/2Z, as stated in [4]), while H^1(I, X_2) = Z/2Z, so 1-cohomology groups do not coincide.

Below we give a correct example.

Let K be a local field, and let L/K be a finite Galois extension with Galois group G ∼= Z/2Z × Z/2Z and the inertia subgroup I ∼= Z/2Z. We consider two 3-dimensional tori T_1 and T_2 defined over K and splitting by L whose character modules X_1 and X_2 are defined by the Galois representations ρ_i : G → GL(3, Z), i = 1, 2, ∗Research partially supported by Israel Ministry of Absorption.

ρ_i(σ) =

−1 0 0 0 0 −1 0 −1 0 , i = 1, 2,

ρ_1(τ) =

1 0 0 0 −1 0 0 0 −1

, ρ_2(τ) = −1 −1 −1 0 0 1 0 1 0 , where σ and τ stand for the generators of G, and σ generates I.

Proposition. Let T_1 and T_2 be as above. Then we have ϕ_i ∼= Z ⊕ Z/2Z(i = 1, 2) with the splitting action of G_k=< τ̄ > on ϕ_1 : τ̄(a, b̄) = (−a, b̄) and the non-splitting action on ϕ_2 : τ̄(a, b̄) = (−a, a + b). Proof. As in [4], we consider the exact sequences 0 → X_i^{αi}−→ M_i^{βi}−→ N_i → 0, i = 1, 2, (2) where M_i = Ind^1_{ρi(G)}(X_i) is the induced module and α_i is the natural inclusion. The module M_i is cohomologically trivial. We have ϕ_i ∼= Coker((N^I_i )^∨ → (M^I_i )^∨), where^∨ denotes Hom(·, Z) [4].

As a basis of M_i, choose E_{j,g} = e_j ⊗ g, (3) where e_j(j = 1, 2, 3) denotes the basis of X_i corresponding to the representation ρ_i, and g runs over G; we have α_i(e_j) = ∑ g∈G E_{j,g}. (4) Take F_{j,g} = β_i(E_{j,g})(g ≠ στ) for a basis of N_i; one deduces from (3), (4) that G acts on N_i as follows:

σ :

F_{1,1} → −F_{1,σ} F_{1,σ} → −F_{1,1} F_{1,τ} → F_{1,1} + F_{1,σ} + F_{1,τ} F_{2,1} → −F_{3,σ} F_{2,σ} → −F_{3,1} F_{2,τ} → F_{3,1} + F_{3,σ} + F_{3,τ} F_{3,1} → −F_{2,σ} F_{3,σ} → −F_{2,1} F_{3,τ} → F_{2,1} + F_{2,σ} + F_{2,τ}

(i = 1, 2); (5)

For i = 1:

τ : F_{1,1} → F_{1,τ} F_{1,σ} → −F_{1,1} − F_{1,σ} − F_{1,τ} F_{1,τ} → F_{1,1} F_{j,1} → −F_{j,τ} F_{j,σ} → F_{j,1} + F_{j,σ} + F_{j,τ} F_{j,τ} → −F_{j,1} (j = 2, 3); (6)

For i = 2:

τ :

F_{1,1} → −F_{1,τ} F_{1,σ} → F_{1,1} + F_{1,σ} + F_{1,τ} F_{1,τ} → −F_{1,1} F_{2,1} → −F_{1,τ} + F_{3,τ} F_{2,σ} → F_{1,1} + F_{1,σ} + F_{1,τ} − F_{3,1} − F_{3,σ} − F_{3,τ} F_{2,τ} → −F_{1,1} + F_{3,1} F_{3,1} → F_{1,τ} + F_{2,τ} F_{3,σ} → F_{1,1} + F_{1,σ} + F_{1,τ} − F_{2,1} − F_{2,σ} − F_{2,τ} F_{3,τ} → −F_{1,1} + F_{2,1}.

(7)

It follows from (3), (4) that for the modules of I-invariants we have M^I_i = < E_{1,1} − E_{1,σ}, E_{1,τ} − E_{1,στ} , E_{2,1} − E_{3,σ}, E_{2,σ} − E_{3,1}, E_{2,τ} − E_{3,στ} , E_{2,στ} − E_{3,τ} > = < A_1, . . . , A_6 >, N^I_i = < F_{1,σ} + F_{1,τ} , F_{1,1} + F_{1,τ} , F_{2,1} − F_{3,σ}, F_{2,σ} − F_{3,1}, F_{2,σ} + F_{2,τ} + F_{3,σ} + F_{3,τ} > = < B_1, . . . , B_5 > . (8)

Taking into account (3), (6), (7), we obtain that G_k =< τ̄ > acts on the modules of I-invariants as follows:

For i = 1:

τ̄ :

A_1 → A_2 A_2 → A_1 A_3 → A_5 A_4 → A_6 A_5 → A_3 A_6 → A_4

B_1 → −B_1 B_2 → B_2 B_3 → B_4 − B_5 B_4 → B_3 + B_5 B_5 → B_5 (9)

For i = 2:

τ̄ :

A_1 → −A_2 A_2 → −A_1 A_3 → −A_2 − A_6 A_4 → A_2 − A_5 A_5 → −A_1 − A_4 A_6 → A_1 − A_3

B_1 → B_1 B_2 → −B_2 B_3 → −B_1 − B_2 + B_3 + B_5 B_4 → B_1 + B_2 + B_4 − B_5 B_5 → 2B_1 − B_5

(10)

Taking I-cohomology of (2), we obtain an exact sequence

0 → Z → M^I_i → N^I_i → Z/2Z → 0.

According to (8), the map of dual modules γ_i : (N^I_i )^∨ → (M^I_i )^∨ is given by

γ_i(x_1, . . . , x_5) = (−x_1 + x_2, x_1 + x_2, x_3, x_4, −x_4 + x_5, −x_3 + x_5). (11)

Denote by (ε_i, δ_i) the basis of ϕ_i ∼= Cokerγ_i ∼= Z⊕Z/2Z. Take for ε_i the class of E^∨_6 (generating the first direct summand Z), and for δ_i the class of E^∨_1 (generating the second direct summand Z/2Z), where^∨ denotes the dual basis. One can calculate the action of G_k on ϕ_i from (9), (10), (11) :

τ̄ :

ε_1 → −ε_1 δ_1 → δ_1 ε_2 → −ε_2 + δ_2 δ_2 → δ_2

Hence ϕ_1 and ϕ_2 are not isomorphic as G_k-modules. This proves the proposition.

Q.E.D.

References

[1] S. Bosch, W. Lütkebohmert, and M. Raynaud, Néron Models, Springer-Verlag, Berlin–Heidelberg–New York, 1990.

[2] T. Sekiguchi and N. Suwa, Théories de Kummer–Artin–Schreier–Witt, C. R. Acad. Sci.

Paris, Sér. I, 319 (1994), 105–110.

[3] V. E. Voskresenskiĭ and T. V. Fomina, Integer structures in algebraic tori, Izv. Ros.

Akad. Nauk Ser. mat. , to appear. (Russian).

[4] X. Xarles, The scheme of connected components of the Néron model of an algebraic torus, J. reine angew. Math. 437 (1993), 167–179.

Bar-Ilan University Department of Mathematics and Computer Science Ramat Gan 52900 ISRAEL

e-mail: kunyav@bimacs.cs.biu.ac.il