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A CLASS OF SEMIGROUPS OF FINITE
REPRESENTATION TYPE

Thawat Changphas' and Vlastimil Dlab?

'Department of Mathematics, Khon Kaen University, Khon Kaen, Thailand
2School of Mathematics and Statistics, Carleton University,

Ottawa, Ontario, Canada

In their study of the class of standardly stratified algebras with n irreducible
representations, Agoston et al. (to appear) have introduced two operators £ and Q
acting on the class and satisfying the following relations:

=3, Q=0 and I(QI)"!'=(Qr)".

In this little note we are presenting a complete description of indecomposable linear
representations of the respective semigroups

S, = (a,b|a® = a, b* = b, (ab)"'a = (ab)"")U{1}

by constructing the graph semigroups T, (see Dlab and Pospichal, 2002) such that
the semigroup algebras KT, and KS, are isomorphic. The number of indecomposable
representations of S‘” is 22n—1) for n>1 (of which 4 are irreducible) and all
indecomposable representations of S, are uniserial.

Key Words: Finite representation type; Graph semigroups; Indecomposable representations; Linear
representations of semigroups.

2000 Mathematics Subject Classification: Primary 20M30, 16G20; Secondary 16G60, 16G70.

STRUCTURE OF KS,,

Given the semigroup
S, =(a,b|a*=a,b* =b, (ab)" 'a = (ab)"™"),
attach to S, the unity 1 and denote the resulting semigroup by

S, =58, U{l}.
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A CLASS OF SEMIGROUPS OF FINITE REPRESENTATION TYPE
Thus, S, has 2(2n — 1) elements

ary,_, = (ab)*'a,  a, = (ab)* forl1 <k <n-—1,
by, = (ba)*'b, by, = (ba)*  for 1 <k <n-1,
by,_; = (ba)"'b and 1.
Note that a;, = a and b; = b.

One can easily check the following multiplication table for S ,:
aja;, =a, foralll <s<2n-2,
Uy, a5 = Ay, 10 = d, where t = min(2r + s, 2n — 2),

foralll <r<n—-2and 1 <s<2n-2,

ay, 20, = a,, , foralll <s<2n-2;

ay,_ by = a,,b, = a,, where t = min(2r +s — 1,2n — 2)

for all 1

IA

r<n—2and 1 <s<2n-1,

b,,_a,=bya,=b,,  where t =min(2r +s—1,2n —2)

foralll <r<n-—land1<s<2n-2,
by,_1a, = by,_; forall 1l <s<2n—2;

bb,=b;, foralll<s<2n-1
and

b,,b, = b,, . b, =b,, where t = min(2r +s5,2n — 1)

foralll<r<n—1landl1<s<2n-1.

Now, let K be a field and

the semigroup algebra of S,.

1475

Forn =1, clearly, A, ~ K & K = Kb ® K(1 — b) is semisimple, and for n = 2,

A, is hereditary with a K-basis consisting of

€1=b1—b2, €2=a1—a2, e3=1_b1+b2_a1+a2_b3,

g=by—by; and h=a,— b

Thus A, is the path algebra of the quiver

34 = b3,
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For n > 3, define the following elements of A,,:

2n-2

e = Z(_l)i+lbi’
i=1

2n-2

Z (—1)i+1ai,
i=1

ey=1—e —e,—by,_4,

Q
[N)
|

ey =by,_y,

g = b, —bs,

83 = dy 3 — by,
It is a straightforward calculation to check the following multiplication table

(Table 1).
Moreover, we can show that

(8182)" > = by 53— by s+ (20— 5)by, ;.

Indeed, we can show that forany 1 <t <n—2,

n—2
(818) = by —byn + > %,(byp11 — byyin)  for suitable integers o, (%)
p=t+1
This is true for t = 1, since

818 = by — by + (—=1)(bs — by).

Observe that, in general,

(b21+1 - b2t+2)g1g2 = b21+3 - b2t+4 - 20((1721‘+5 - b2t+6) + ﬂ(b21+7 - b2t+8)7

Table 1

€ € 5} € 81 82 83
e e 0 0 0 1 0 0
e, 0 e 0 0 0 o 0
e3 0 0 ey 0 0 0 &
ey 0 0 0 ey 0 0 0
81 0 81 0 0 0 8182 0
& & 0 0 0 8281 0 0
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where o and f equal to 0 or 1, and thus, proceeding by induction, (x) follows. In
particular, for t = n — 2, we have

(818)" > =byy 3 — by + 2n—5)b,, ;.

Furthermore, one can verify easily that

(£18))" 728 = by s — by, 4,
(218)"'=0 and  g(g8)" " = (£8)" g =0.

Remark here that (g,8,)" > = @y, 3 — ay,_»-
As a result, we can formulate the following theorem.

Theorem. For every n > 3,
A, ~AD @A,

where AV = KQ,/{(g,8))" g, is a factor algebra of the path algebra over the quiver

1 g 2
Q1=.<_.
&2

and A® is the path algebra over the quiver

3 4
Q2=o—3>o.

Thus, A, is of finite representation type: There are 4n —5 indecomposable
representations of A" and 3 indecomposable representations of AP. All these

representations are uniserial.
Proof. 1t is easy to see that
By ={e1, 8,88 8&81 - (28)" 781 €1 82> £:81> £8182- - -» (828"}
is a K-basis of A\ and the set
B, = {e3, &, ey}
is a K-basis of A?. Thus, dimy A, = dimg AV + dim; A® and the theorem follows.

Remark 1. Denoting by S, and S, the simple representations of A" corresponding
to the idempotents ¢, and e,, respectively, we can display the Auslander-Reiten
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quiver as follows:

P =Usp—2
N
Py =Vop3 Uan—3
U2{4( o V2/(—4
e
S
U, / o V2/
So =/V: \;1 ={

where U,,1 <t <2n—2, are the uniserial modules with the composition series
S158,, 81, 8,,... of length + and V,, 1 < <2n — 3, are the uniserial modules with
the composition series S,, S|, S,,S,,... of length 7. Here, P, and P, are the
indecomposable projective representations.

Remark 2. Note that A, is isomorphic to the semigroup algebra of the graph
semigroup T, defined by the set E = {ey, e,, 3, ¢,} of the orthogonal idempotents
and the set G = {g, g,, g3} of the generators in the terminology of Dlab and
Pospichal (2002).

Remark 3. Let us describe the (unique) expressions for the generators a and b of
S, in terms of the basis B, U B;:

a=e 48+ 5888 +15(08) 6+ + K, 3(28) 6t ate
with suitable integers x,, 1 <t <n —3, and
b=e +g+h&i28 + /4888 + + 4 3(88)" 8+ (218)" 78 + e
with suitable integers 4,, 1 <t <n —3.

The expressions follow immediately using the relations

n—3

©0(818)" =y — Ay + Y K, (Arp00 — arpy3)
p=t+1

and

n—3

(8182)'81 = Doy = bys + Y Ap(bayis — byyi3)

p=t+1

that can be easily derived from (x).
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Table 2
a1 ayr by, by,
Arg1 ap_3 ap_ Ap_2 ap_1
Qs ap_y aj ap_> ap_y
by by by b3 by
by, by by by by,

FINAL REMARKS

Defining formally a, to be the product abab... with p factors (resulting in
the equalities a, = a,, , for all p > 2n —2) and b, to be the product baba ... with
g factors (and thus having b, = b,,_, for all ¢ > 2n — 1), we obtain the following
simple multiplication table (Table 2) with & = 2(r + s).

From Table 2, one can get immediately the following formulae (for all ¢ > 1):

2t—1

2t —1
(818)' = Z(—l) ( i ) (b2(t+i)+1 - bz(t+i)+z),
i=0

2t

;[ 2t
(8182)'e1 = Z(_l) ( i) (b2(t+i)+2 - bz(t+i)+3)»

i=0

Lo (-1
(828" = Z(—l) i (a2(t+i)+1 - a2(t+i)+2)’

i=0

and
2t ] 2I
(2:81)'8 = Z(—l)’ ( i ) (a2(t+i)+2 - a2(t+i)+3)'
i=0

It is then a matter of simple computations to write down the formulae for a
and b in terms of e, e,, 3, €4, &1, &, and g5 explicitly. The reader may find easily

that x, = 4, for all p > 1 with x; = /; = 1 and that, writing ¢ = p — [pT_l],

q—1 .
w1 (2(p—q+1i)
i+1
K, = 1+l§(_1)q++ ( g i K, g forall p>2.
Thus, for instance, x5 = 273 and x,, = 1430715.
Added December 13, 2007: In a recent letter, Prof. J6zsef Pelikdn of Eotvos
Lorand University in Budapest informs us that

1 3p
p = 2p+1 (p) '
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