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Abstract:We study Banach representability for actions of topological groups on groups by automorphisms (in
particular, an action of a group on itself by conjugations). Every such action is Banach representable on some
Banach space. The natural question is to examine when we can find representations on low complexity Banach
spaces. In contrast to the standard left action of a locally compact second countable group G on itself, the con-
jugation action need not be reflexively representable even for SL2(ℝ). The conjugation action of SLn(ℝ) is not
Asplund representable for every n ≥ 4. The linear action of GLn(ℝ) onℝn , for every n ≥ 2, is not representable
on Asplund Banach spaces. On the other hand, this action is representable on a Rosenthal Banach space (not
containing an isomorphic copy of l1). The conjugation action of a locally compact group need not be Rosenthal
representable (even for Lie groups). As a byproduct, we obtain some counterexamples about Banach represen-
tations of homogeneous G-actions G/H.
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1 Introduction

1.1 Main question

To every Banach space V , one may associate the topological group Iso(V) of linear isometries (in its strong
operator topology) and its canonical dual action on the weak-star compact unit ball BV∗ of the dual Banach
space V∗. The main idea of the present work is to study which actions G × X → X by automorphisms on topo-
logical groups X can be obtained as a “subaction” of

Iso(V) × BV∗ → BV∗ .

Question 1.1. Which actions of a topological group G on a topological group X by group automorphisms can
be represented on low complexity Banach spaces V (e.g., Hilbert, reflexive, Asplund, Rosenthal)? In particular,
what about the actions of groups on itself by conjugations?

This is a particular case of a question about general actionswhich leads to an interesting hierarchy of topological
groups and their actions. For some concrete results in this direction, we refer to [9–13, 16, 24, 25].
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1.2 Preliminaries

All topological spaces are assumed to be Tychonoff. We call X a G-space when we have a continuous action
G × X → X of a topological group G on a topological space X.

The dual V∗ of a Banach space V is the Banach space of all continuous linear functionals on V .

Remark 1.2. The topological group G := Iso(V) of linear isometries acts naturally on the dual space V∗ as fol-
lows:

Iso(V) × V∗ → V∗ , ((gu∗)(v) = u∗(g−1v)), g ∈ G, v ∈ V, u∗ ∈ V∗ .

Moreover, the induced action on every norm bounded G-invariant subset Y of V∗ (e.g., on the unit ball BV∗

of V∗) is continuous, where Y is endowed with the weak-star topology.

Definition 1.3 ([11, 24]). A representation of a G-space X on a Banach space V is an equivariant continuous pair
(h, α), where h : G → Iso(V) is a continuous homomorphism and α : X → V∗ is aweak-star continuous bounded
G-equivariantmap. Proper representationmeans that α is a topological embedding. A G-space X is representable
in a classK of Banach spaces if there exists a proper G-representation of X on some V ∈ K.

Reflexive representability of the G-space X means that in the setting of Definition 1.3 onemay choose a reflexive
space V . Hilbert, Asplund and Rosenthal representability can be defined similarly.

Recall that a Banach space V is Asplund if the dual W∗ of every separable Banach subspace W of V is
separable. The definition of Rosenthal Banach spaces comes directly fromRosenthal’s celebrated dichotomy [35].
According to this dichotomy, every bounded sequence in a Banach space either has a weak Cauchy subsequence
or admits a subsequence equivalent to the unit vector basis of l1 (an l1-sequence). A Banach space V does not
contain an l1-sequence (equivalently, does not contain an isomorphic copy of l1) if and only if every bounded
sequence in V has a weak-Cauchy subsequence [35]. As in [10, 11, 14], we call a Banach space satisfying these
equivalent conditions aRosenthal space. Every reflexive space is Asplund, and everyAsplund space is Rosenthal.

A G-compactification of a G-space X is a G-equivariant continuous dense map ν : X → Y into a compact
G-space Y . If ν is a topological embedding, then ν is said to be a proper compactification. A G-space is G-
compactifiable if it admits a proper G-compactification.

For every compact G-space K, there exists a canonical Banach G-representation on the Banach space
C(K,ℝ) = C(K) (see, for example, [30]). Together with Remark 1.2, this explains the following basic fact.

Fact 1.4. A continuous actionG×X→ X is Banach representable if and only if theG-space X isG-compactifiable.

Alexandrov’s 1-point compactification X ∪ {∞} for a locally compact noncompact space X is the smallest proper
compactification of X. For every continuous topological group action on X, the canonical extension on X ∪ {∞}
is continuous [4]. For more information about G-compactifications, we refer to [4, 5, 17, 22, 23, 25, 31].

Remark 1.5. For every representation (h, α) of a G-space X on V , every vector v ∈ V induces the function
fv : X → ℝ, x → ⟨v, x⟩. This is an important source to obtain functions on G-spaces. For example, varying v ∈ V
and V in the class of all reflexive Banach spaces, we get the class of all reflexively representable functions on X.
By [24], it is exactly the algebraWAP(X) of allweakly almost periodic functions. The algebrasAsp(X) and Tame(X)
can be characterized similarly, using the corresponding classes of Banach spaces, i.e., Asplund and Rosenthal
[10, 11].

By Fact 1.4, a necessary (and sufficient) condition of Banach representability of a G-space X is the G-compactifi-
ability. The corresponding algebra of all “Banach representable functions” is RUC(X). Recall that a bounded
continuous function f : X → ℝ is (generalized) right uniformly continuous (in short, RUC) if for every ε > 0 there
exists a neighborhood O of the unity e ∈ G such that |f(gx) − f(x)| < ε for every (g, x) ∈ O × X.

For every topological group G, we have a canonically defined left action of G on itself. In this case, RUC(G)
is the usual algebra of all bounded right uniformly continuous functions on G. It is well known that RUC(G)
separates the points and closed subsets and this action is always G-compactifiable. The greatest ambit βGG of G
is its (proper) maximal G-compactification.
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Notation 1.6. Consider now the action of G on itself by conjugation:

πc : G × G → G, (g, x) → gxg−1 .

We denote by Gc the G-space G with the conjugation action πc .

The importance of the action πc is well-understood. However its Banach K-representability (in the sense of
Definition 1.3) has not been studied yet even for locally compact (classical) groups.

Important algebras of functions on G, like WAP(G), Asp(G) and Tame(G), are defined for the left regular
action. Members of these algebras are exactly the functions on G which come as generalized matrix coefficients
induced by representations h : G → Iso(V) of G, where the Banach space V is Rosenthal (resp. Asplund and
reflexive); see [9–11, 24].

For every locally compact topological group G, the algebraWAP(G) of all weakly almost periodic functions
separates points and closed subsets, and G admits a proper representation h : G → Iso(V) on a reflexive Banach
space V . In fact, onemayfindaHilbert representation ofG as it follows by a classical result of Gelfand andRaikov
[8, p. 314]. If G, in addition, is separable metrizable, then we can require more; namely, that there exists even an
equivariant representation, in the sense of Definition 1.3, of the standard G-space (with left translations) X := G
on a Hilbert space. This can be done using [26, Lemma 4.5].

1.3 Main results and some open questions

It is a less known fact (see [22, 23]) that the G-space Gc (conjugation action) is Banach representable (in the sense
ofDefinition 1.3) for every topological groupG. By Fact 1.4, it is equivalent to say thatGc isG-compactifiable.More
precisely, the Roelcke compactification is a (proper) G-compactification of Gc (Corollary 2.3). The significance of
Roelcke compactification is now well understood due to several papers of Uspenskij [36, 38] and many other
authors.

In contrast to the standard left action of a locally compact second countable group G on itself, the conjuga-
tion action need not be reflexively representable even for natural matrix groups. This happens among others
for the special linear group SL2(ℝ); see Theorem 3.3, which uses Grothendieck’s double limit criterion. Moreover,
by Theorem 3.10, the G-space Gc for G := SLn(ℝ) is not Asplund representable for every n ≥ 4. Here we use the
weakmixing argument by Dani and Raghavan [3] together with the concept of hereditarily non-sensitive actions
[9]. We should note that dynamical non-sensitivity is a necessary condition for Asplund representability of com-
pact G-spaces by joint results with Glasner [9]. Moreover, hereditary non-sensitivity is a sufficient condition of
Asplund representability of metrizable compact G-spaces.

The natural linear action of GLn(ℝ) on ℝn , for every n ≥ 2, is not Asplund representable (Proposition 3.9
and Theorem 3.10). On the other hand, this action is Rosenthal representable (Theorem 3.12). Here we use the
enveloping semigroup characterization of tame compact dynamical systems (see Section 3.3). Recall that the
enveloping (Ellis) semigroup of an action G × X → X on a compact space X is the pointwise closure of all g-
translations X → X (g ∈ G) in the compact space XX .

A compact G-system X is said to be tame (regular, in terms of Köhler [19]) if for every f ∈ C(X) the orbit fG
does not contain a combinatorially independent sequence in the sense of Rosenthal [35]. Tame dynamical sys-
tems naturally occur in geometry, analysis and symbolic dynamics [12]. They play an important role in view
of a dynamical Bourgain–Fremlin–Talagrand dichotomy [11], NIP-formulas in logic [16] and Todorc̆ević’ tri-
chotomy in topology [14]. In [13], a generalized amenability was examined substituting, in the definition, the
existence of a fixed point by some tame dynamical G-subsystem.

Every hyperbolic toral automorphism defines a cascade which is not tame, and hence not Rosenthal repre-
sentable (Theorem 3.14). Moreover, using Lebedev’s recent result [20], one may show that the same is true for
every infinite order automorphism of the torus 𝕋n . One of the conclusions is that the conjugation action need
not be Rosenthal representable even for Lie groups (Corollary 3.16). This is unclear for SL2(ℝ).

Like for locally compact groups, also for non-archimedean second countable groups G, the standard left
action on itself is Hilbert representable. Corollary 3.18 shows that there exist Polish non-archimedean locally
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compact topological groups G (which are elementary in the sense of Wesolek [39]) such that the conjugation
action is not Rosenthal representable.

Problem 1.7. For the conjugation action G × Gc → Gc , study the following:
(i) The greatest G-compactification βGGc of Gc .
(ii) The algebras RUC(Gc), Tame(Gc), Asp(Gc) andWAP(Gc).
(iii) When is the conjugation action Rosenthal representable?
What about the following concrete groups?
(a) GL2(ℝ), SL2(ℝ).
(b) Unitary group Iso(l2).
(c) Symmetric group S∞.
(d) Iso(𝕌).
(e) Iso(𝕌1)

Here 𝕌 is the Urysohn universal metric space (see, for example, [30]), 𝕌1 is the Urysohn sphere and Iso(M)
means the topological group of all isometries with the pointwise topology.

As a byproduct, we illuminate some counterexamples about Banach representations of homogeneous
G-actions G/H in Section 4. Among others, we prove (Corollary 4.1) that there exists a two-dimensional Lie
group G and its cocompact discrete subgroup H := ℤ such that the compact two-dimensional homogeneous
G-space G/H is not Rosenthal representable.

We hope that BanachK-representability for the conjugation actionswill foster some new ideas and open up
interesting research lines in the realm of (Polish) topological groups even for the subclass of (classical) locally
compact second countable groups.

2 Some properties of actions by automorphisms

2.1 Compactifiability

Let α : G × X → X be a continuous action of a topological group G on X. A topologically compatible uniform
structure U on X is said to be bounded (see [2, 4, 5, 31]) if for every entourage ε ∈ U there exists a neighborhood
U ∈ Ne(G) such that (x, ux) ∈ ε for every u ∈ U and every x ∈ X. If, in addition, every g-translation is a uniform
map, thenU is an equiuniformity (in the terminology of [21]). According to Brook [2], the Samuel compactification
(X,U)→ sX of an equiuniformity U is a (proper) G-compactification of X.

We say that U is quasibounded (introduced in [21, 22]) if for every ε ∈ U there exist δ ∈ ε and U ∈ Ne(G)
such that (ux, uy) ∈ ε for every (x, y) ∈ δ and u ∈ U .

The G-compactifiability of X is equivalent to the existence of a quasibounded uniformity on X. As it was
proved in [22, p. 222] and [27], there exists a natural construction to obtain a bounded compatible uniformity
on X for a given quasibounded uniformity on a G-space X.

Fact 2.1 ([23]). Let G and X both be topological groups, and let π : G × X → X be a continuous action by group
automorphisms of X. Then the G-space X is G-compactifiable (and it admits a Banach representation in the sense
of Definition 1.3).

Proof. Since the given continuous action is by automorphisms of X, it is straightforward to observe that the
right (and also left) uniformity on X is quasibounded (but not always bounded).

An additional possibility proving Fact 2.1 is to use Fact 2.5 below taking into account that (according to de
Vries [4]) every cosetG-spaceG/H isG-compactifiable. The reason is that the right uniformity ofG/H is bounded.

Recall that the Roelcke compactification ρ : G → ρ(G) of a topological group G is the compactification
induced by the algebra UC(G) = RUC(G) ∩ LUC(G), where LUC(G) is the algebra of all bounded left uniformly
continuous functions.
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Fact 2.2 ([23]). Let G be a (Hausdorff ) topological group. Consider the following continuous action of P := G × G
on G:

P × G → G, (s, t)(g) = sgt−1 .

Then the Roelcke compactification is a proper P-compactification of G.

Proof. One may easily verify that the Roelcke uniformity UC(G) on G is always an equiuniformity on the
P-space G, and hence, according to [2], its Samuel compactification ρ : G → ρ(G) is a (proper) P-compactification
of G.

The action of G on itself by conjugations is a subaction of the diagonal subgroup G ≃ Δ := {(g, g) : g ∈ G} ≤ G × G
on G. In particular, we get the following corollary.

Corollary 2.3. The Roelcke compactification of G defines a proper G-compactification of the G-space Gc .
(i) Gc is a G-compactifiable G-space.
(ii) The Roelcke compactification ρ : Gc → ρ(G) is a G-factor of βG(Gc).
(iii) UC(G) ⊂ RUC(Gc).

Remark 2.4. Let α : G × X → X be a continuous action of a topological group G on a topological group X by
group automorphisms. Denote by X ⋊α G the corresponding topological semidirect product. As usual, iden-
tify G with {eX} × G and X with X × {eG}. Then X is a normal subgroup of X ⋊α G, and the action α of G on
X is a subaction of the conjugation action of X ⋊α G on itself.

One of the conclusions of Remark 2.4 is that Corollary 2.3 (i) infers in turn Fact 2.1.

Fact 2.5 ([23, Lemma 1.1]). Let α : G × X→ X be a continuous action by group automorphisms and let P := X ⋊α G
be the corresponding topological semidirect product. Then the triple (G, X, α) naturally is embedded into the
homogeneous action (P, P/G, α∗), where α∗ is the natural action of P on P/G.

Proof. Themapping j : X → P/G, j(x) = xG, is a restriction of the natural projection P → P/G on X ⊂ P. Accord-
ing to [34, Proposition 6.17 (a)], j is a homeomorphism. Moreover, it is straightforward to check that

(e, g)j(x) = (eX , g)((x, eG)G) = (gx, eG)G = j(gx).

So, the restriction of α∗ on G × X := G × j(X) is α.

Roughly speaking, every action by automorphisms is a subaction of a coset G-space. The converse is not true in
general. By Example 2.6 below, the homogeneous action of the full homeomorphism Polish group Homeo(S) on
the sphere S is not a part of any continuous action by group automorphisms.

2.2 Which actions are automorphizable?

For every G-space X, there exists the free topological G-space FG(X) of X. This concept was introduced in [23]
and has several nice applications; among others for epimorphism problems. Resolving a longstanding impor-
tant problem by K. Hofmann, Uspenskij [37] has shown that in the category of Hausdorff topological groups,
epimorphisms need not have a dense range. Dikranjan and Tholen [6] gave a rather direct proof. Pestov gave
a beautiful useful criterion [29, 30] which is based on the concept of a free topological G-group. More precisely,
the inclusion i : H → G of topological groups is an epimorphism if and only if the free topological G-group FG(X)
of the coset G-space X := G/H is trivial. Triviality means isomorphic to the cyclic discrete group (“as trivial as
possible”).

In contrast to the case of trivial G (when FG(X) is just the usual free topological group F(X)), the universal
G-morphism i : X → FG(X) need not be a topological embedding even for a compact G-space X, as it follows
directly from the following example.
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Example 2.6 ([23]). Not every compact G-space K is a subaction of an action by group automorphisms; for
example, the cube K = [0, 1]n or the n-dimensional sphere K = Sn (n ∈ ℕ) with the homeomorphism group
G = Homeo(K), which is Polish in the compact-open topology.

In the case of the circle K = S, the corresponding homogeneous action of the Polish group G = Homeo(S) on S
can be identified with the compact coset G-space G/H, where H = St(z) is the stabilizer for a point z ∈ S. The
corresponding free topological G-space FG(G/H) is trivial (by [23]), and Pestov’s criterion implies that the closed
inclusion H → G is an epimorphism.

Moreover, a much stronger result follows by the earlier paper of Uspenskij [37]. Namely, in fact, for every
compact connected manifold X, its Polish homeomorphism group G = Homeo(X) and a stability subgroup
H = St(z), the embedding H → G is an epimorphism. Equivalently, any continuous G-map from X into any
G-group is constant. A self-contained elegant explanation of the latter fact can be found in a recent work by
Pestov and Uspenskij [32, p. 5].

Remark 2.7. (i) It is well known that such examples are impossible for locally compact G because, in this case,
every Tychonoff G-space X is even G-linearizable on a locally convex linear G-space.

(ii) Another sufficient condition is (uniform) U-equicontinuity of the action with respect to some compatible
uniformity on X. One may assume that U is generated by a system of G-invariant pseudometrics {ρi : i ∈ I}
with ρi ≤ 1. Nowobserve that theArens–Eells embedding defines aG-linearization of X into a locally convex
G-space.

For details, see [23, 27].

3 Representations on low complexity Banach spaces

3.1 Reflexive representability

According to a classical definition, a continuous bounded function f ∈ Cb(X) on a G-space X is said to beweakly
almost periodic (WAP) if the weak closure of the orbit fG = {fg : g ∈ G} is weakly compact in the Banach space
Cb(X) (with the sup-norm). A compact G-space X is WAP if every f ∈ C(X) is WAP.

Fact 3.1 ([24]). Every reflexively representable G-space is embedded into a WAP compact G-space. A compact
metric G-space X is reflexively representable if and only if X is a WAP G-system.

The following result, based on Grothendieck’s criterion, can be derived by combining [24, Theorem 4.6] and
[24, Fact 2.4]

Fact 3.2 ([24]). Let X be a (not necessarily compact) G-space and let f ∈ RUC(X). The following conditions are
equivalent:
(i) f ∈ WAP(X).
(ii) f has Grothendieck’s double limit property.
(iii) f is reflexively representable (Remark 1.5).
(iv) f comes from a G-compactification ν : X → Y of X such that Y is WAP.

Theorem 3.3. Let G := SLn(ℝ), where n ≥ 2. Then the conjugation G-space Gc is not reflexively representable.

Proof. Assume, to the contrary, that the G-space Gc is reflexively representable. Then, by Fact 3.1, there exists
a proper G-compactification Gc → X such that the G-space X is WAP. Then every G-factor of X is again WAP.
In particular, Alexandrov’s 1-point compactification (smallest proper G-compactification of Gc) Y := Gc ∪ {∞} is
WAP.

We claim that Y is not WAP. It is enough to show that for every compact neighborhood U of the identity
e ∈ G and for every continuous bounded function f : G → ℝwith f(e) = 1 and f(x) = 0 for every x ∉ U , we have
f ∉ WAP(Gc). By the Grothendieck double limit criterion for G-spaces (as in Fact 3.2), it suffices to show that
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there exist two sequences gn ∈ G and xm ∈ Gc such that the double sequence f(gnxmg−1n ) (n,m ∈ ℕ) has distinct
double limits.

Now for n = 2, define the following sequences (for general n ≥ 2 the proof is similar):

gn := (
n−1 0
0 n
) , xm := (1 m

0 1
) .

Then

gnxmg−1n = (
1 m

n2
0 1
) ,

lim
n
lim
m
(gnxmg−1n ) =∞ ̸= limm lim

n
(gnxmg−1n ) = (

1 0
0 1
) .

Hence,
lim
n
lim
m

f(gnxmg−1n ) = 0 ̸= 1 = limm lim
n
f(gnxmg−1n ).

Proposition 3.4. Let ℝ× be the multiplicative group of all nonzero reals.
(i) The natural action α : ℝ× ×ℝ→ ℝ is not reflexively representable.
(ii) For the “ax + b-group” G := ℝ ⋊α ℝ×, the G-space Gc is not reflexively representable.
(iii) Let X = ℝ ∪ {∞} be the 1-point compactification ofℝ. Then the enveloping semigroup E(X) of the action ofℝ×

on X is the semigroup ℝ× ∪ {0} ∪ {∞}, with 0 ⋅ ∞ =∞ and∞ ⋅ 0 = 0 (other cases are understood).

Proof. (i) Choose gn := n−1 and xm := m, where n,m ∈ ℕ. Then

lim
n
lim
m
(gnxm) = limn lim

m
m
n =∞ ̸= 0 = limm lim

n
(gnxm) = limm lim

n
m
n .

The rest is similar to the proof of Theorem 3.3.
(ii) This follows from (i) because α is a subaction of the action G × Gc → Gc by Fact 2.5.
(iii) This is straightforward.

3.2 Asplund representability

First, recall the classical concept of non-sensitivity. An action of G on a uniform space (X,U) is said to be
non-sensitive if for every entourage ε ∈ U there exists a nonempty open subset O in X such that gO remains
ε-small for every g ∈ G.

According to [9], hereditarily non-sensitive (in short, HNS) means that every (equivalently, every closed)
G-subspace Y of X is non-sensitive with respect to the induced subspace uniformity.

Fact 3.5. (i) Every Asplund representable G-space is embedded into an HNS compact G-space. A compact
metric G-space X is Asplund representable if and only if X is HNS [9].

(ii) A compact metric G-space X is HNS if and only if the enveloping semigroup E(X) is metrizable [15].

Every expansive action G × X → X on a uniform space (X,U) without an isolated point is sensitive. Expansive-
ness means that there exists ε ∈ U such that for every distinct pair of point x ̸= y in X we have (gx, gy) ̸= ε
for some g ∈ G. Many compact groups K admit expansive automorphisms σ : K → K. For instance, the cascade
induced by a hyperbolic toral automorphism is expansive (also topologically mixing), and hence not Asplund
representable. In fact, it is not even Rosenthal representable (see Theorem 3.14).

Example 3.6. The action ℝ× ×ℝ→ ℝ from Proposition 3.4 (i) is Asplund representable by Fact 3.5 (ii). Indeed,
the enveloping semigroup of the 1-point compactification action is metrizable (see Proposition 3.4 (iii)).

Recall for an action of G on X the following definitions:
(i) G is (algebraically) transitive if for every x, y ∈ X there exists g ∈ G such that gx = y.
(ii) G is 2-transitive if for all ordered pairs (x1 , x2) and (y1 , y2) in X with x1 ̸= y1 and x2 ̸= y2, there exists g ∈ G

such that x2 = gx1 , y2 = gy1.
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(iii) G is topologically transitive if, for every pair of nonempty open subsets U and V of X, there is an element
g ∈ G such that gU ∩ V is nonempty.

(iv) G is weakly mixing if the induced diagonal action of G on X × X is topologically transitive.

Lemma 3.7. Let G × X → X be a 2-transitive action such that X has no isolated point. Then this action is weakly
mixing.

Proof. Let O1 and O2 be nonempty open subsets in X × X. Choose nonempty open rectangles U1 × V1 ⊂ O1 and
U2 × V2 ⊂ O2. Since X has no isolated points, there exist x1 ∈ U1, y1 ∈ V1, x2 ∈ U2 and y2 ∈ V2 such that x1 ̸= y1
and x2 ̸= y2. The 2-transitivity implies that x2 = gx1 and y2 = gy1 for some g ∈ G. Then, clearly, gO1 ∩ O2 is
nonempty.

Fact 3.8 ([9, Corollary 9.3]). Let (X,U) be a uniform space and let X be a weakly mixing G-space that is non-
sensitive with respect to U. Then X is trivial.

Note that the affine group ℝn ⋊ GLn(ℝ) can be embedded into GLn+1(ℝ) as follows:

ℝn ⋊ GLn(ℝ)→ GLn+1(ℝ), M → (M v
0 1
) ,

where M is an n × n matrix from GLn(ℝ) and v is an n × 1 column.

Proposition 3.9. (i) The action of GL2(ℝ) on ℝ2 is not Asplund representable.
(ii) The conjugation action of the affine groupℝ2 ⋊ GL2(ℝ) (and thus also ofGL3(ℝ)) is not Asplund representable.

Proof. (i) Assuming the contrary, let ν : ℝ2 → K be a proper GL2(ℝ)-compactification of ℝ2 such that K is
Asplund representable. Hence, the compact GL2(ℝ)-space K is HNS (Fact 3.5 (i)). By the definition of HNS, every
(not necessarily compact) G-subspace X is non-sensitive with respect to the induced (from K) precompact uni-
formity for every subgroup G of GL2(ℝ). We claim that there exist a subgroup G ⊂ GL2(ℝ) and a weakly mixing
G-subspace Y in K, where Y is topologically homeomorphic to ℝ. By Fact 3.8, this will provide the desired
contradiction. Consider

Y = {(y
1
) : y ∈ ℝ}, G = {(a b

0 1
) : b ∈ ℝ, a ̸= 0} ≃ ℝ ⋊ℝ× .

It is easy to see that the natural restricted action of G on Y is 2-transitive, and hence also weakly mixing by
virtue of Lemma 3.7. Since ν is an equivariant and topological embedding, we conclude that ν(Y) is a weakly
mixing G-subspace of K.

(ii) Use (i) and Remark 2.4.

Theorem 3.10. (i) The action of SLn(ℤ) on ℝn is not Asplund representable for every n ≥ 3.
(ii) The conjugation action of SLn(ℝ) is not Asplund representable for every n ≥ 4.

Proof. (i) By a result of Dani and Raghavan [3], the natural linear action of SLn(ℤ) on ℝn is weakly mixing for
every n ≥ 3. Now Facts 3.5 and 3.8 imply that this action is not Asplund representable.

(ii) The special affine group ℝn ⋊ SLn(ℝ) can be embedded into SLn+1(ℝ) as follows:

ℝn ⋊ SLn(ℤ)→ SLn+1(ℝ), M → (M v
0 1
) ,

where M is an n × n matrix from SLn(ℤ) and v is an n × 1 column. Now use (i).

3.3 Rosenthal representability and the tameness

For definitions of tame systems and the enveloping semigroup, we refer to Section 1.
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Fact 3.11 ([9, 10]). For a compact metric G-space X, the following conditions are equivalent:
(i) The G-space X is representable on a (separable) Rosenthal Banach space.
(ii) The G-space X is tame.
(iii) The enveloping semigroup E(X), as a (compact) topological space, is Fréchet.
(iv) card(E(X)) ≤ 2ℵ0 .

The following theorem was obtained very recently in a joint work with Glasner [14]. We include the proof for
the sake of completeness.

Theorem 3.12 ([14]). The linear action GLn(ℝ) ×ℝn → ℝn is Rosenthal representable.

Proof. By results of [10], every Rosenthal representable G-space is embedded into a tame compact G-space and
the tameness is preserved by the G-factors of compact G-spaces. Hence, by Fact 3.11, it is enough to show that
the 1-point compactification X := ℝn ∪ {∞} is a tame GLn(ℝ)-system, or, equivalently, that the cardinality of the
enveloping semigroup E(X) is not greater than 2ℵ0 . Let p ∈ E(X). Define

Vp := p−1(ℝn) = {v ∈ ℝn : p(v) ∈ ℝn} = {v ∈ X : p(v) ̸=∞}.

Claim. Vp is a linear subspace (and hence closed) inℝn and the restriction p| : Vp → ℝn is a (continuous) linear
map.

Indeed, let gi be a net in T such that lim gi = p in E. If u, v ∈ Vp , then

lim giu = p(u) ∈ ℝn and lim giv = p(v) ∈ ℝn .

Then by the linearity of the maps gi , we obtain

lim gi(c1u + c2v) = c1p(u) + c2p(v) ∈ ℝn .

Since Vp is finite-dimensional, the linear map p|Vp : Vp → ℝn is necessarily continuous.
Using this claim, we obtain that card(E(X)) ≤ 2ℵ0 .

Remark 3.13. The enveloping semigroup E(X) of the action from Theorem 3.12 can be identified with the semi-
group of all partial linear endomorphisms of ℝn . To see this, observe that the claim from the proof of Theo-
rem 3.12 can be reversed. Namely, every partial linear endomorphism f : V → W of ℝn defines an element
p ∈ E(X) such that

V = p−1(ℝn), p(V) = W, p(x) = f(x) for all x ∈ V, p(y) =∞ for all y ∉ V.

Moreover, that assignment is a semigroup isomorphism: (partial) composition corresponds to the product of
suitable elements from the enveloping semigroup.

Theorem 3.14. For every n ≥ 2, there exists a topological group automorphism σ : 𝕋n → 𝕋n on the n-dimensional
torus 𝕋n such that the corresponding action of the cyclic group ℤ on 𝕋n by the iterations is not Rosenthal
representable.

Proof. For every hyperbolic toral automorphism σ : 𝕋n → 𝕋n , the corresponding cascade has positive entropy.
Hence, it cannot be tame by a result of Kerr and Li [18] because tameness implies zero entropy. Therefore, such
a cascade is not Rosenthal representable according to Fact 3.11.

Remark 3.15. By a recent paper of Lebedev [20], for every σ ∈ SLn(ℤ) the corresponding cascadeℤ ×𝕋n → 𝕋n

is tame (if and) only if σk = I for some natural k. So, in the proof of Theorem 3.14 one may consider any
σ ∈ SLn(ℤ) with infinite order.

Corollary 3.16. For the two-dimensional Lie group𝕋2 ⋊ℤ, its conjugation action is not Rosenthal representable.

Proof. Use Theorem 3.14 (for n = 2) and take into account Remark 2.4.

Theorem 3.17. There exists ametrizable profinite (compact zero-dimensional) topological group X and a topolog-
ical group automorphism a : X → X such that the corresponding action of the cyclic groupℤ on X is not Rosenthal
representable.
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Proof. Consider a compactmetrizable zero-dimensionalℤ-space K which is not tame. For example, take the full
Bernoulli shift K := {0, 1}ℤ. It is well known that the enveloping semigroup of the ℤ-space K is βℤ. Hence, K is
not tame according to Fact 3.11.

Consider the free profinite group X := FPro(K) of the Cantor space K. Then FPro(K) is a compact metrizable
group (see [33] and [28, Theorem 5.1]). Moreover, we have a continuous action

α : ℤ × FPro(K)→ FPro(K)

by group automorphisms. This action is not tame because its subaction ℤ × K → K is not tame. Therefore, the
dynamical ℤ-system X is not Rosenthal representable.

We denote by S∞ the symmetric topological group endowed with the pointwise topology acting on the discrete
setℕ. A topological group G is non-archimedean if open subgroups form a local topological basis.

Corollary 3.18. There exists a locally compact Polish non-archimedean group G such that the G-space Gc is not
Rosenthal representable.

Proof. Let α : ℤ × FPro(K)→ FPro(K) be the action from the proof of Theorem 3.17. The corresponding topolog-
ical semidirect product G := X ⋊α ℤ is the desired group, where X is a ℤ-group from Theorem 3.17. Indeed, the
conjugation action G × Gc → Gc of this group is not Rosenthal representable (otherwise, by Remark 2.4, the
same is true for its subaction α : ℤ × X → X).

This locally compact group G from Corollary 3.18 is an extension of a profinite group by a discrete group. In
particular, G is elementary in the sense of Wesolek [39].

Corollary 3.19. For the symmetric topological group G = S∞, the conjugation action on Gc is not Rosenthal
representable.

Proof. Use Corollary 3.18 and the well-known fact (see [1, Theorem 1.5.1]) that every second countable non-
archimedean group G is embedded into S∞.

In contrast, the left action of S∞ on itself is always Hilbert representable, and the topological group S∞ is
unitarily representable on a Hilbert space.

Question 3.20. Is it true that for G = SL2(ℝ) the G-space Gc is Rosenthal representable?

4 Banach representations of homogeneous actions

For every locally compact second countable group G, its regular left action on itself is Hilbert representable.
However, as we already have seen, the conjugation action of G might not even be Rosenthal-representable.
For homogeneous G-spaces G/H, we have the same phenomenon (for nontrivial H). Our results above shed
some light also on Banach representations of homogeneous actions. Representability of the G-space G = G/{e}
on nice Banach spaces sometimes cannot be decisive about the representations of the G-space G/H even for
locally compact, as well as for Lie, groups G.

Corollary 4.1. Let G := 𝕋2 ⋊ℤ be the Lie group from Corollary 3.16. Then for its cocompact discrete subgroup
H := ℤ, the compact two-dimensional homogeneous G-space G/H is not Rosenthal representable.

Proof. The original (nontame) actionℤ ×𝕋2 → 𝕋2 fromTheorem 3.14 is a subaction of the homogeneous action
G × G/ℤ→ G/ℤ (Fact 2.5). So, the compact G-space G/ℤ is also nontame.

Corollary 4.2. There exists a non-archimedean elementary locally compact group G and a cocompact discrete
subgroup H such that the compact coset G-space G/H is not Rosenthal representable.

Proof. Let G := X ⋊α ℤ be the group from Corollary 3.18 with H := ℤ. For the rest of the proof, as above, apply
Fact 2.5.
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Corollary 4.3. There exists a closed subgroup H of G := SL2(ℝ) such that the corresponding locally compact coset
G-space G/H is not reflexively representable.

Proof. Indeed, in Theorem 3.3 we deal, in fact, with the restricted action by conjugations of G := SL2(ℝ) on the
G-orbit of x1. This orbit, containing every (in terms of Theorem 3.3)

xm := (1 m
0 1
)

is locally compact and it can be represented as the topological coset G-space G/H, where H is the stabilizer
subgroup

St(x1) = {g ∈ SL2(ℝ) : gx1g−1 = x1}.

This concludes the proof.

Results of the present section suggest the following general questions.

Question 4.4. Which interesting homogeneous G-spaces G/H are Rosenthal representable? What about the
SLn(ℝ)-spaces SLn(ℝ)/H? In particular, what if H = SLn(ℤ)?

The “Asplund version” of Question 4.4 seems to be less attractive than the present “Rosenthal version”. The
reason is that, by [24, Theorem 6.10] and Fact 3.5, Asplund representable compact metrizable coset G-spaces
G/H are necessarily equicontinuous. Therefore, they are even Hilbert representable. Many geometric compact
coset G-spaces are sensitive, and hence not Asplund representable. For example, this is true for the projective
action which is 2-transitive. On the other hand, results of Ellis [7] show that the action of G = GL(d,ℝ) on the
projective space ℙd−1, d ≥ 2, is tame (and hence Rosenthal representable).

Funding: This research was supported by a grant of the Israel Science Foundation (ISF 1194/19).

References
[1] H. Becker and A. S. Kechris, The Descriptive Set Theory of Polish Group Actions, London Math. Soc. Lecture Note Ser. 232, Cambridge

University, Cambridge, 1996.
[2] R. B. Brook, A construction of the greatest ambit, Math. Systems Theory 4 (1970), 243–248.
[3] S. G. Dani and S. Raghavan, Orbits of Euclidean frames under discrete linear groups, Israel J. Math. 36 (1980), no. 3–4, 300–320.
[4] J. de Vries, Can every Tychonoff G-space equivariantly be embedded in a compact Hausdorff G-space?, Math. Centrum 36,

Amsterdam, 1975.
[5] J. de Vries, On the existence of G-compactifications, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 26 (1978), no. 3, 275–280.
[6] D. Dikranjan and W. Tholen, Categorical Structure of Closure Operators with applications to topology, algebra and discrete mathematics,

Math. Appl. 346, Kluwer Academic, Dordrecht, 1995.
[7] R. Ellis, The enveloping semigroup of projective flows, Ergodic Theory Dynam. Systems 13 (1993), no. 4, 635–660.
[8] I. Gelfand and D. Raikov, Irreducible unitary representations of locally bicompact groups, Mat. Sb. 13(55) (1943), 301–316.
[9] E. Glasner and M. Megrelishvili, Hereditarily non-sensitive dynamical systems and linear representations, Colloq. Math. 104 (2006),

no. 2, 223–283.
[10] E. Glasner and M. Megrelishvili, Representations of dynamical systems on Banach spaces not containing l1, Trans. Amer. Math. Soc.

364 (2012), no. 12, 6395–6424.
[11] E. Glasner and M. Megrelishvili, Representations of dynamical systems on Banach spaces, in: Recent Progress in General Topology. III,

Atlantis Press, Paris (2014), 399–470.
[12] E. Glasner and M. Megrelishvili, More on tame dynamical systems, in: Ergodic Theory and Dynamical Systems in Their Interactions with

Arithmetics and Combinatorics, Lecture Notes in Math. 2213, Springer, Cham (2018), 351–392.
[13] E. Glasner and M. Megrelishvili, Circular orders, ultra-homogeneous order structures, and their automorphism groups, in: Topology,

Geometry, and Dynamics—V. A. Rokhlin-Memorial, Contemp. Math. 772, American Mathematical Society, Providence (2021), 133–154.
[14] E. Glasner and M. Megrelishvili, Todorc̆ević’ trichotomy and a hierarchy in the class of tame dynamical systems, Trans. Amer. Math.

Soc. 375 (2022), no. 7, 4513–4548.
[15] E. Glasner, M. Megrelishvili and V. V. Uspenskij, On metrizable enveloping semigroups, Israel J. Math. 164 (2008), 317–332.
[16] T. Ibarlucía, The dynamical hierarchy for Roelcke precompact Polish groups, Israel J. Math. 215 (2016), no. 2, 965–1009.



12  M. Megrelishvili, Topological group actions by group automorphisms and Banach representations

[17] T. Ibarlucía and M. Megrelishvili, Maximal equivariant compactification of the Urysohn spaces and other metric structures, Adv.
Math. 380 (2021), Paper No. 107599.

[18] D. Kerr and H. Li, Independence in topological and C∗-dynamics, Math. Ann. 338 (2007), no. 4, 869–926.
[19] A. Köhler, Enveloping semigroups for flows, Proc. Roy. Irish Acad. Sect. A 95 (1995), no. 2, 179–191.
[20] V. Lebedev, Tame semicascades and cascades generated by affine self-mappings of the d-torus, Proc. Amer. Math. Soc. 149 (2021),

no. 11, 4739–4742.
[21] M. Megrelishvili, Equivariant completions and compact extensions, Soobshch. Akad. Nauk Gruzin. SSR 115 (1984), no. 1, 21–24.
[22] M. Megrelishvili, Compactification and factorization in the category of G-spaces, in: Categorical Topology and its Relation to Analysis,

Algebra and Combinatorics, World Scientific, Singapore (1989), 220–237.
[23] M. Megrelishvili, Free topological G-groups, New Zealand J. Math. 25 (1996), no. 1, 59–72.
[24] M. Megrelishvili, Fragmentability and representations of flows, Tpology Proc. 27 (2003), no. 2, 497–544.
[25] M. Megrelishvili, Topological transformation groups: Selected topics, in: Open Problems in Topology II, Elsevier Science, Amsterdam

(2007), 423–438.
[26] M. Megrelishvili, Reflexively representable but not Hilbert representable compact flows and semitopological semigroups, Colloq.

Math. 110 (2008), no. 2, 383–407.
[27] M. Megrelishvili, Topological Group Actions and Banach Representations, unpublished book, 2021.
[28] M. Megrelishvili and M. Shlossberg, Free non-Archimedean topological groups, Comment. Math. Univ. Carolin. 54 (2013), no. 2,

273–312.
[29] V. Pestov, Epimorphisms of Hausdorff groups by way of topological dynamics, New Zealand J. Math. 26 (1997), no. 2, 257–262.
[30] V. Pestov, Topological groups: Where to from here?, Topology Proc. 24 (1999), 421–502.
[31] V. Pestov, Dynamics of Infinite-Dimensional Groups. The Ramsey–Dvoretzky–Milman Phenomenon, Univ. Lecture Ser. 40, American

Mathematical Society, Providence, 2006.
[32] V. G. Pestov and V. V. Uspenskij, On epimorphisms in some categories of infinite-dimensional Lie groups, J. Lie Theory 31 (2021),

no. 3, 871–884.
[33] L. Ribes and P. Zalesskii, Profinite Groups, 2nd ed., Ergeb. Math. Grenzgeb. (3) 40, Springer, Berlin, 2010.
[34] W. Roelcke and S. Dierolf, Uniform Structures on Topological Groups and Their Quotients, McGraw-Hill, New York, 1981.
[35] H. P. Rosenthal, A characterization of Banach spaces containing l1, Proc. Natl. Acad. Sci. USA 71 (1974), 2411–2413.
[36] V. Uspenskij, Compactifications of topological groups, in: Proceedings of the Ninth Prague Topological Symposium (2001). Topology

Atlas, North Bay (2002), 331–346.
[37] V. V. Uspenskij, The epimorphism problem for Hausdorff topological groups, Topology Appl. 57 (1994), no. 2–3, 287–294.
[38] V. V. Uspenskij, The Roelcke compactification of groups of homeomorphisms, Topology Appl. 111 (2001), 195–205.
[39] P. Wesolek, Elementary totally disconnected locally compact groups, Proc. Lond. Math. Soc. (3) 110 (2015), no. 6, 1387–1434.


	Topological group actions by group automorphisms and Banach representations
	1 Introduction
	1.1 Main question
	1.2 Preliminaries
	1.3 Main results and some open questions

	2 Some properties of actions by automorphisms
	2.1 Compactifiability
	2.2 Which actions are automorphizable?

	3 Representations on low complexity Banach spaces
	3.1 Reflexive representability
	3.2 Asplund representability
	3.3 Rosenthal representability and the tameness

	4 Banach representations of homogeneous actions


