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ABSTRACT. We shall present Banach and Brouwer fixed point theorems and some
of their applications in analysis and differential equations. We shall also discuss
some of the generalizations of Brouwer fixed point theorem for general topological
spaces.

1. THE BANACH FIXED POINT THEOREM

Definition 1.1. Let (X, d) be a metric space, let f: X — X
be a function, then we say that f is a contraction mapping

on X if f satisfies the following condition:

There is a real number 0 < ¢ < 1 such that, for every x,y € X

d(f(z), f(y)) < qd(z,y).

Ezxamples 1.2. 1. Every differentiable function f : R — R
which satisfies | f'(x)| < ¢, Vx € R for some real ¢, (0 < g < 1)
is a contraction.

(This follow immediately by Lagrange mean value theorem).
2. Let A:R" — R” be a n X n matrix, suppose that A satisfies
SE L R)|? < g < 1 where R; is the 4 row of A, then A is a
contraction with respect to the usual norm on R".

(This follows from the Cauchy-Schwarz inequality).

3. Define F': C|0,1] — C0, 1] (Where o, 1] iS equipped with

the sup norm) by the formula F/(f)(z) = [ f(
deﬁne G o F., then G is a Contractlon one can see that
fo fo s)dsdt.

we shall see that ||G( W< LI, VS € Clo,1].
(This is sufficient by the linearity of ), indeed, we have:

|G()]| = SUPe[0,1] ’fo fo s)dsdit| < SUPe(0,1] fo fo | f(s)|dsdt
< SUp:ie Ot,l fo fo || f]ldsdt = [ 1] SUPze(0,1] fo fo dsdt =
LA fy Jo dsdt = 5lIf1].

Theorem 1.3. Let (X,d) be a complete metric space, if
f: X — X is a contraction, then f has a fixed point.
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(i.e. a point x € X which satisfies f(x) = x) and this point
1S UNLque.

Proof. If f is a contraction, then there is a real number 0 < ¢ <
1 which satisfies d(f(x), f(y)) < qd(z,y) for every x,y € X.
Choose a point xy € X and define a sequence (z,,),-; by the
recursion 1 = f(x,), for every n we have d(x,, ,1) <
q"d(xg, x1), hence, for k > n > 0 we get:

0< d(xn, ZCk) < d(xn, $n+1) + ..+ d(ﬂ?k_l, ZCk) <

q"d(xg, 1)+ +¢" td(zg, 21) = ¢"(14+q+..+¢" " Dd(zg, 71) <
¢"(1+q+ ¢+ ..)d(zy, 1) = ¢"d(zy, xl)l%q =q" -«

Where « is independent of n, thus ¢" - o — 0 as n — oc.
Thus (z,),- ; is a Cauchy sequence, but we have assumed that
X 1s complete, hence the sequence converge.

Assume that z,, — z, then f(z) = f(lim x,) = limf(x,) =
lim z,.1 = x. (Every contraction is in particular continuous.)
Thus x is a fixed point of f. To prove uniqueness let’s as-
sume that f(z) = x, f(y) = y, where z,y € X, then we
have d(z,y) = d(f(x), fy)) < qd(x,y), so we must have
d(x,y) = 0 which means that x = y. ]

We shall give now an important application of the previous
theorem.

Theorem 1.4. Let [ : |a,b] X (—o00,00) — R be a continu-
ous function, suppose that f also satisfies Lipschitz condi-
tion in the y variable, i.e, there exist M > 0 such that

[f(@,91) = fz,92)] < Mlys — 3| Vo € [a, 0]
If (b—a)M < 1, then for every xy € [a,b],yy € (—00, 0)
there exist a unique solution to the following differential
equation:

/

Yy = f(as,y) 7y(x0) = Yo (a:,y) < [CL, b] X (—O0,00)
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Proof. The differential equation vy = f(z,y) ,y(xg) = yo is
equivalent to the following integral equation:

—yo+/fty

Define the map A : Cla, b] — Cla, b] by the formula

(A(y))(x) = o + / it y()dt ,y € Cla,b].

We will show that A is a contraction (with Cla,b] equipped
with the sup norm), Let y1, yo € Cla, b], then:

[1A(y1) = Aly2)ll = supsepa | [ [f (& () = f(£ ya(t))]dE] <
SUPgefay] Juy [t y1 (1) — f(L, ya(t))]dt
< supefo ) foy My (t) — ()] dt

< Msup,epap [, 1v1 — yzlldt < M(b— a)llyr — 2|
But (b —a)M < 1 thus A is a contraction.
Since C'la, b] is complete (with the sup norm), by the previous
theorem we get that A has a unique fixed point y. This y will
satisfies the integral equation y(x) = yo + f;) f(t,y(t))dt.

[

2. THE BROUWER FIXED POINT THEOREM

Before introducing the Brouwer fixed point theorem we shall
give a few definitions and lemmas.

Definition 2.1. A function f : A — R™(A C R" an open
set) is differentiable at a € A if we can write

fla+z) = fla) + (Ds")(x) + ro(z)



where D" : R" — R™ is a linear map and r,(x) = o(||z||). In
general, a function f : A — R™ is of class C' if f is differen-
tiable at every point of A and the function

Dy: A— Hom(R",R™) a— (D) is continues.

Remark 2.2. From advanced calculus it is known that

(D) = (%(a)),j —1.n,i=1.m.

Hence, f is of class C! in A if and only if f have continues
partial derivatives in A.

Lemma 2.3. If A is an open convex set of R" ,f : A — R™
differentiable in A and sup{||D;"|| :a € A} = M < oo,
then we have the following tnequality:

1f(y) = f@)]| < Mlly = xf| Va,y € A

Lemma 2.4. (The open mapping theorem) If A C R" is
an open set and f : A — R™ is of class C' and satisfies
rank(Ds") =m for all x € A, then f is an open mapping.
(i.e for every open set G C A, f(G) is an open set in R™).

Lemma 2.5. If A is a n X n matrix and ||A|| < 1 then
Det(I + A) > 0.

Proof. Define the polynomial g(x) = Det(I + xA), if

Det(I + A) < 0,then we have g(0) = Det(I) =1 and

g(1) < 0. Hence we have xy € (0, 1] which satisfies g(z() = 0,
or Det(I + x9gA) = 0. Hence we have v € R", v # 0 which
satisfies (I + zgA)v = 0, or —v = xyAv, thus we have

v|| = [|xoAv]| < xol|Alll|v|| < xol|v|| which is a contradic-
tion.
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Theorem 2.6. (The Brouwer fixed point theorem)

Let B(0,1) C R" be the closed unit ball. Then if

f: B(0,1) — B(0,1) is a continuous function, then f has
a fized point.

Proof. Tt turns out that it suffice to prove the theorem only for
C' functions which are defined on a neighborhood of B(0,1)
(i.e, function which are defined on B(0,r),r > 1, where r is
dependent on the function).

Indeed, if the theorem true for C! functions and false for some
continuous function g : B(0,1) — B(0, 1), then we denote

e = sminepo1)||9(x) — x|, from our assumption & > 0.
From Weierstrass approximation theorem we can find a
polynomial i : R" — R" such that:

llg(x) — h(x)|| <e Vx e B(0,1)

Define f(z) = %, then f map B(0, 1) to itself (because
g map B(0,1) to itself). Now f is defined on all of R" and

is of class C!, and for x € B(0,1) we have:

[|f () = z|| = [|(g(x) —2) = (g(x) — h(x)) — (h(x) = f(2))]| =
lg(x) — || = [lg(x) — h(x)]] — [|h(z) — f2)|] =

lg(x) =zl —lg(z) = hz)|| —ellf(2)]] = [lg(z)—z|[ -2 > 0.
So f also does not have a fixed point. Contradiction.

Now we have arrived to the main step of the theorem, we will
prove that there is no f of class C'!, defined on a neighborhood

of B(0,1) and satisfying

F(B(0,1)) = dB(0,1), f(z) = Yz € dB(0,1)

For if such f exist, we define (on the domain of f) the functions

hz) = f(z) -
fl) =z + th(z) = (1 — )z +tf(z), t €0, 1].



Now A is zero on dB(0,1) and hence f(x) =z on 0B(0,1).
Since h is of class C' we have M = maz,epo.1)||Dr’]] < oo.
From Lemma 2.3 ||h(z) —h(y)|| < M||z—vy|| (z,y € B(0,1)).
Hence, for t € |0, ﬁ), f*is one to one on B(0, 1), because

if fi(x)= f'(y) then:

1o — gl = th(x) — Aly)I| < tM]Jz — |, but £M <1

and hence we must have xr = y.

From the definition of f* we have for all ¢ € [0,1], z € B(0,1)

D" =1 +tD)".

If t € [0,57), |[tDy"]] < 1, hence from Lemma 2.5, J ;1" > 0,
which means that Rank(D ") = n, hence from Lemma 2.4,
for all ¢ € [0, 77) f*(By(0,1)) is an open set which contained in
B(0,1) and hence f*(By(0,1)) € By(0,1).

We will in fact prove that f'(By(0,1)) = By(0,1), otherwise,
there is some point e € By(0,1)\ f1(By(0, 1)), suppose J is the
segment which connect e with some point g € f1(By(0,1)).
There is some point b in this segment such that

be aft(BO(Ov 1)) = let<B0(Ov 1))\ft(BO<07 1))

from the continuity of f we have C1f(By(0,1)) C f(B(0,1)).
Hence

b e fH (B0, D)\f'(Bo(0,1)) = f/((B(0,1)\Bo(0, 1))

= f1(0B(0,1)) = 0B(0,1)

(where in the first passage we use the fact that f is one to one
when ¢ € [0, ﬁ) and in the third passage we use the fact that
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f* is the identity on the boundary).

Hence we have e, g € By(0,1) and b a point between e and g
such that b € 0B(0, 1) which is a contradiction to the convexity
of BQ(O, 1)

Now, for every ¢t € [0, ;) f'(By(0,1)) = By(0,1) and
f1(0B(0,1)) = 0B(0,1), thus, for those t, f* is a homeomor-
phism from B(0, 1) to itself. We have shown also that

Jity" >0 Vo € B(0,1), hence:

=[5 T de = V(f1(B(0,1))) = V(B(0, 1)). Hence

P(t) is a constant polynomial for ¢ € [0, ;) hence P is con-
stant for every t E [O 1]. In particular, for t = 1 we have:

V(B(0,1)) = [0 dx = [p) Js dz. But we
have assumed that f(B(0, )) 88(0, 1), thus:

< f(z), f(x) >=1, Vo € B(0,1),

hence:

0f(x)

<
83:2-

flx) >=0, 1<i<n

(here we use the fact that f is of class C1). But f(x) # 0 and
hence J¢" = 0 and [ Bo1) 7 #'dx = 0 which is a contradiction.
Now, the proof of our theorem is immediate, for if

f:B(0,7) — B(0,1) (r > 1)is of class C'! and doesn’t have a
fixed point in B(0, 1), we can define a function h from B(0, )
to B(0, 1) such that h(B(0,1)) = 0B(0,1), h =1 on 0B(0,1)
which correspond to each x € B(0, 1) the intersection point of
0B(0, 1) with the ray starting at f(x) and passes through x.
It is casy to see that h is of class C'! and can be defined on a
neighborhood of B(0, 1) which contradicts our main step. [



3. GENERALIZATIONS OF BROUWER FIXED POINT
THEOREM

Definition 3.1. A topological space X is said to have the fixed
point property, if for every continuous mapping f : X — X,
there exist a p € X with f(p) = p.

Examples 3.2. If we define the Hilbert cube as

C = {(zn)nlzn € R, 2, < 2}, then C has the fixed point
property. Indeed, let T": C' — C' be a continues map.

Define P, : C' — C be the map defined by:

P([z1, ..., Tpy Tpgt, -0]) — (21,00, 20, 0,0, 1]

The set C,, = P,(C) is homeomorphic to the closed unit ball in
R™. Since the mapping p, o T|¢, : C,, — C,, is continuous, the
Brouwer theorem implies that it has a fixed point y,, € C,, C C.
Hence if T'(y,) = [T1, ..., Ty, Thi1, -], then

T, .., 10,0, ...] = [Yn1s s Yn s 0...] = Y, s0 we have

’yn - T(yn)’ = \/Z;ﬁnﬂ Ti2 < \/ Zznﬂ %2

Since C'is compact, vy, has a convergent subsequence. The limit
of this sequence is clearly a fixed point of T

We turn now to prove the main theorem in this section, the
Kakutani theorem, but first we need a definition.

Definition 3.3. A family F' of linear transformations on a
linear topological space X is said to be equicontinuous on a
subset K of X if for every neighborhood V' of the origin in X
there is a neighborhood U of the origin such that if ki, ks € K
and ky — ko € U then F(ky — ko) C V| that is:

T(kl — ka) e Viorall T € F.

Theorem 3.4. (Kakutani) Let K a be non empty compact
conver subset of a locally convex linear topological space X,
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and G be a group of linear mappings which is equicontinuous
on K and such that G(K) C K. (i.e, T(K) C K, VT € G).
Then there is a point p € K such that T(p) =p VT € G.

Proof. By Zorn’s lemma, K contains a minimal non-empty
compact convex subset K7 such that G(K;) C Kj.(for every
chain of non-empty compact convex sets A; D Ay D Az D ...
which satisfies G(A4;) C A; we can define B = N;A; which is
convex, compact, non-empty and satisfies G(B) C B and hence
B can be taken as an upper-bound).

If K; contains only one point, then our proof is complete. If
this is not the case, the compact set K1 — K contains some
point other than the origin, thus there is a neighborhood V' of
the origin such that V' does not contain K; — K.

X is locally convex, hence there is a convex neighborhood V; of
the origin such that aV; C V for |a| < 1. By the equicontinu-
ity of G on the set K7, there is a neighborhood U; of the origin
such that if ]ﬁ, ko € K and k1 — ko € Uj then G(lﬁ —]€2) C V.
Define Uy = convexhull(G(Uy)), since G is a group G(Us) =
U, and by the linearity of G we have G(CI(Us)) = Cl(Us).
Let 6 =inf{ala > 0,aU; O K; — K3}, and define U = §Us.
[t follows that for each 0 < € < 1 the set K7 — K7 is not con-
tained in (1 — €)Cl(U), while K1 — K71 C (1 +¢)U.

The family of open sets {2U + k}, k € K is a covering of Kj.
Let {%U + ki, ..,%U + k,} be a finite sub-covering and let
p = (k1+..+k,)/n. If kis any point in K, then k;—k € U for
some ¢ between 1 and n. Since k; —k € (1+&)U for 1 <i <n
and € > 0, we have p € n”'(3U + (n — 1)(1 + &)U) + k.

Substituting e = ﬁ we have p € (1 — --)U + k for each

ke Ki. Now let K9 = K1 N (mkef(1<(1 — ﬁ)Cl(U) + /{))

Ky # 0 because p € K> and since (1 — £-)CI(U) does not
contain K7 — K1,Ks # K.

Since K is closed it is compact and it’s clearly convex. Further,
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since T'(aCl(U)) C aCl(U) for T € G, we have
T@ClU)+k) CaCl(U)+ Tk for T € G}k € K,

but T(K;) C Ki, hence, Tk = k' for some k € K; and thus
T(aClU)+ k) CaCl(U) + k', and for every k' € K there is
some k € K such that T'(k) = k' (T'(K,) = K1, because G is
a group). Hence T'(aCl(U)+ k) C aCl(U) + k" and in the end
we get that Nper, T'(aCl(U) + k) C Niker,aClU) + k.

This implies that G(K3) C Ko, which is a contradiction to the
minimality of Kj.

Thus K contains only one point and this point is a fixed point
for the group G. ]
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