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Abstract

Motivated by Rosenthal’s famous /!-dichotomy in Banach spaces, Haydon’s theorem, and
additionally by recent works on tame dynamical systems, we introduce the class of tame
locally convex spaces. This is a natural locally convex analogue of Rosenthal Banach spaces
(for which any bounded sequence contains a weak Cauchy subsequence). Our approach is
based on a bornology of fame subsets which in turn is closely related to eventual fragmentabil-
ity. This leads, among others, to the following results:

e extending Haydon’s characterization of Rosenthal Banach spaces, by showing that a Ics
E is tame iff every weak-star compact, equicontinuous convex subset of E* is the strong
closed convex hull of its extreme points iff cov” (K) = co(K) for every weak-star
compact equicontinuous subset K of E*;

e E is tame iff there is no bounded sequence equivalent to the generalized /! -sequence;

e strengthening some results of W.M. Ruess about Rosenthal’s dichotomy;

e applying the Davis—Figiel-Johnson—Pelczynski (DFJP) technique one may show that
every tame operator T : E — F between a Ics E and a Banach space F can be factored
through a tame (i.e., Rosenthal) Banach space.

Keywords Asplund space - Bornologies - Double limit property - Haydon theorem -
Reflexive space - Rosenthal dichotomy - Rosenthal space - Tame locally convex - Tame
system
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1 Introduction

In the present work, we introduce and study a locally convex analogue of Rosenthal Banach
spaces. Asin [15, 16, 18], we say that a Banach space V' is Rosenthal if any bounded sequence
contains a weak Cauchy subsequence, or equivalently, if V does not contain an isomorphic
copy of I'. Such Banach spaces appear in many publications (especially, after Rosenthal’s
classical work [48]), usually without any special name.

In order to better understand our approach and related classes, we present our definition
in the framework of the smallness hieararchy for bounded subsets in Ics. In this way, we also
provide natural locally convex analogues of Asplund and reflexive Banach spaces.

Smallness hierarchy of bounded subsets. The relationship between a space E and its
topological dual E*, via various classical bornologies on E, is one of the central themes in
the theory of locally convex spaces. For every bounded subset B of E and an equicontinuous
weak-star compact subset K of E* (notation: K € eqc (E*)), we can think of B as a bounded
family of real-valued functions over K (via the canonical bilinear map E x E* — R). This
“tango" between B and K is a source of many interesting properties of the entire space.

Namely, we want to study whether the family B := {l;: K — R}pep is small (in some
sense), and then study the locally convex spaces whose all bounded subsets are small in the
same way.

This is related to the general topological question: what might be a hierarchy of smallness
for a bounded family B C RX of real functions on an abstract compact space K ? We present
a framework for this kind of comparisons using the concept of bornological classes (Sect. 3).

We suggest three cases which seem to be very natural. They are very important in the
theory of dynamical systems and their representations on widely known classes of Banach
spaces. See Sect. 11 and joint works of the second author with Eli Glasner [15, 18]. Consider
the following three conditions on B:

(1) B istame on K (does not contain any sequence which is combinatorially independent in
the sense of Rosenthal, Definition 2.21);

(2) B is a fragmented family (Definition 2.12) of functions on K;

(3) B has the Grothendieck’s double limit property (DLP) on K (Definition 2.28).

Remark 1.1 These three conditions do not seem immediately comparable. However,
3) = (2) = (1). As it follows from results of [17, 39], every tame (fragmented, DLP)
bounded family B of continuous functions on a compact space X can be represented on a
Rosenthal (Asplund, reflexive) Banach space.

These results are based on the Davis—Figiel-Johnson—Pelczynski factorization technique
[6]. See also Lemma 9.7 and Theorem 9.8.

The tameness can be expressed also in terms of eventual fragmentability (Definition 2.12
and Lemma 2.24). This gives an alternative explanation of (2) = (1). As to (3) = (2), note

@ Springer



Tameness and Rosenthal type locally convex spaces Page3of53 113

that B has DLP on K iff the natural image of B into the Banach space C(K) is relatively
weakly compact.

Recall that a representation of a bounded map B x K — R on a Banach space V is a
pair (v, «) of bounded mapsv: B — V, «: K — V* where o is weak-star continuous and
f(x) = w(f),ax))forall f € B,x € K.

BxK—R

A
VxV*—R

For the converse direction (justifying these representations above), note that a Banach space
Vis:

(1) Rosenthal (not containing a copy of / 1 iff the closed unit ball By of V is a tame family
of functions on the weak-star compact unit ball By« of V*;

(2) Asplund iff By is a a fragmented family of functions on By+;

(3) reflexive iff By has DLP on By+x.

These three characterizations and Remark 1.1 suggest corresponding locally convex ana-
logues via three bornologies of tame, Asplund and DLP subsets, as defined below.

Definition 1.2 Let E be a Ics.
(1) We say that a bounded subset B C E is:

(a) tame if B is a tame family on every weak-star compact equicontinuous subset
K € eqc (E*);

(b) Asplund if B is a fragmented family on every K € eqc (E*);

(c) DLPif B is DLP on every K € eqc (E™).

(2) We say that alcs E is:

(a) tame (E € (T)) if every bounded subset in E is tame, Definition 5.3;

(b) Namioka-Phelps (E € (NP)) if every bounded subset in E is Asplund, Definition
4.10;

(c) DLP (E € (DLP)) if every bounded subset in E is DLP, Definition 4.2.

Asplund subsets play a major role in Banach space theory (sometimes under different
names); see [5, 9]. The class (NP) was first defined in [33] using a different but equivalent
approach.

Properties and examples. The class (T) is quite large. First of all, note that
(DLP) C (NP) C (D).

This can be derived from Remark 1.1. Using results of Diestel-Morris—Saxon [7], we show in
Proposition 5.7 that (T) is properly larger than the variety generated by all Banach Rosenthal
spaces. Furthermore, (T) has nice stability properties (Theorem 5.5). Among other results,
we show that (T) is closed under: subspaces, arbitrary products, locally convex direct sums
and bound covering continuous linear images.

These properties are verified using the concept of fragmentability (which originally comes
from Namioka—Phelps [41], Jayne—Rogers [27]) and its natural generalization for families
(borrowed from recent study of tame dynamical systems).
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Fragmented families (Definition 2.12) are closely related to tameness, providing an important
sufficient condition. Beyond representation theory (Remark 1.1), a more direct reason is that
B is tame on K iff B is eventually fragmented in the sense of [15] (i.e., every sequence in
B contains a subsequence which is fragmented on K'). We apply here some useful results of
Rosenthal [48] and Talagrand [53], synthesized in Lemma 2.24.

One of the challenges is to find when standard constructions lead to NP or tame Ics. For
Ics of the type C (X) we have a concrete (and somewhat expected) criterion, Proposition 5.9,
which (up to some reformulations) is quite close to a known result by Gabriyelyan—Kakol—
Kubis—Marciszewski [12, Lemma 6.3].

Free locally convex spaces. Another important construction producing Ics is the classical
free locally convex space L(X), defined for every Tychonoff space X.

For every compact space K, its free Ics L(K) is multi-reflexive (i.e., embedded into a
product of reflexive Banach spaces), as it was proved in a very recent paper by Leiderman
and Uspenskij [32]. Since multi-reflexive lcs (by Theorem 4.6) is (DLP), we obtain that
L(K) is (DLP).

More generally, in Theorem 8.4 we show that L(X) is (DLP) (hence, (NP) and (T)) for
every Tychonoff space X. In particular, we get that L(NY) is (DLP) for the Polish space N~
of all irrationals. In contrast, another result from [32] shows that L(NN ) is not multi-reflexive.
Moreover, while every semi-reflexive Ics is (DLP), the spaces L(X), which are (DLP), are
very rarely semi-reflexive (Theorem 8.8).

Rosenthal type properties. Recall that a sequence {x,},cn in a Ics E is weak Cauchy if
the scalar sequence u(x,) is convergent for every u € E*. Rosenthal’s celebrated dichotomy
theorem (see [48]) asserts that every bounded sequence in a Banach space either has a
weak Cauchy subsequence or a subsequence equivalent to the unit vector basis of /; (an
[1-sequence).

Definition 1.3 We say (asin[15, 16, 18]) thata Banach space V is Rosenthal if every bounded
sequence in A has a weak Cauchy subsequence.

Definition 1.4 Let E be a Ics. Define the following properties of E:

(Ros) Every bounded sequence in E has a subsequence which is weak Cauchy.
(R1) There is no bounded sequence in E which is equivalent to the / !_basis (in the sense
of Definition 6.1).
(Ry) The Banach space [ I cannot be embedded into E.

All these three properties are equivalent in Banach spaces by Rosenthal’s classical results,
[48].

Note that [13] uses some similar notation ((R;) and (R>)) to represent similar concepts
((Ros) and (Ry), respectively). Some authors (e.g., [13] and [11]) say that a Ics E has the
Rosenthal property if it satisfies the Rosenthal dichotomy (every bounded sequence has a
subsequence that is either weak Cauchy or equivalent to the /!-basis). In this paper, we always
refer to Definition 1.4.

In Sect. 7 we prove the following theorems:

Theorem 1.5 (7.5) For any lcs we have (Ros) = (T) = (Ry) = (Ry).

Note that (Ros) # (T) (Theorem 1.9) and (Ry) # (R1) (Example 6.4). For every locally
complete Ics we have (R;) = (Ry) (Lemma 6.7).
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Theorem 1.6 (7.2) [Tame dichotomy in lIcs] Let E be a locally convex space. Then every
bounded subset in E is either tame, or has a subsequence equivalent to the ['-sequence.

Theorem 1.7 (7.7) If all bounded sets of a lcs E are metrizable, then (Ros) = (T) = (Ry),
and the following generalized Rosenthal’s dichotomy holds: any bounded sequence in E
either has a weak Cauchy subsequence or an I'-subsequence.

The latter result gives, as a corollary, a well-known result of Ruess which extends Rosen-
thal’s non-containtment of /!-criteria to a quite large class of Ics.

Fact 1.8 (Ruess [49, Thm 2.1 a7nd Prop. 3.3]) Let E be a locally complete lcs with metrizable
bounded sets. Then (Ros) = (Ry) and the following dichotomy holds: any bounded sequence
in X either has a weak Cauchy subsequence or a subsequence which spans an isomorphic

copy of 1.

The following result shows the limitations in general Ics for the existence of a Rosenthal
type dichotomy.

Theorem 1.9 (7.8) There exists a tame, complete (even reflexive) lcs which:

(1) is not a Rosenthal Ics;
(ii) does not contain any ' -subsequence;
(iii) contains a dense, Rosenthal subspace.

As a corollary: Rosenthal’s dichotomy does not hold for such locally convex spaces.

This also shows that (Ros) is not closed under the completion. The same is unclear for
().

For every Ics E, there exists the strongest topology between all locally convex tame
topologies which are weaker than the original topology. This is proved in Theorem 7.13
using the bipolar theorem. In fact, it is proven for every polarly compatible bornological
class (Definition 3.21).

In Theorem 9.8 we apply the DFJP technique [6] and show that every tame (NP, DLP)
operator T: E — F between a Ics E and a Banach space F' can be factored through a tame
(Asplund, reflexive) Banach space.

Haydon’s theorem for tame locally convex spaces. Recall that, according to Mazur’s the-
orem, weak and norm closures are the same for convex subsets in Banach (or, even in locally
convex) spaces. This property for weak-star closure in the dual is not true in general. Hay-
don’s theorem comes as an important compromise. It generalizes an earlier result for separable
Banach spaces which was proved by Odell and Rosenthal in [43].

In Sect. 10, we prove a generalized version of Haydon’s theorem for locally convex spaces.

Theorem 1.10 (10.12) For a locally convex space E, the following are equivalent:

(1) E is tame.

(2) Everyweak-star compact, equicontinuous convex subset of E* is the strong closed convex
hull of its extreme points.

(3) For every weak-star compact, equicontinuous subset K of E* we have:

0" (K) =co (K).

Open questions. See 5.6, 7.14, 8.7.

@ Springer



113 Page60of53 M. Komisarchik, M. Megrelishvili

2 Definitions: fragmentability, independence and tameness

Topological concepts. All topological spaces below are assumed to be completely regular
and Hausdorff (that is, Tychonoff). Recall that a function f: X — Y between topological
spaces is said to be a Baire class 1 function [28] if the inverse image of every open set is Fy.
f has the point of continuity property (in short: PCP) if for every closed nonempty A C X
the restriction fj4: A — Y has a continuity point.

Locally convex spaces. We include the following standard definitions. In this work E will
usually denote a real locally convex space. A subset B C E is said to be bounded if for
every neighborhood O of the zero in E there exists ¢ € R such that B C cO. For every
linear continuous operator u: E1 — E, and every bounded subset B C E its image u(B)
is also bounded in E;. Also, B is bounded if and only if it is weakly bounded (see, [25, Thm.
8.3.4]). The boundedness is countably determined. That is, B is bounded iff all its countable
subsets are bounded.

Definition 2.1
(1) A subset S C E is said to be

(a) convex if whenx,y € Sand 0 <« < 1then ax + (1 —a)y € S. The convex hull
co S of S is defined as the smallest convex set containing S. Explicitly:

N N
co(S) ;= Zanxn [IVi<n<N:x,€8,a,cl0, 1],Zan = 1}.

n=1 n=1

(b) balanced if aS C S for every « € R satisfying |«| < 1. The balanced hull bal Sof
A is defined as the smallest balanced set containing A. Explicitly:

balS :={ax |x e S,aa e[—1,1]}.

(c) adisk (or absolutely convex) if it is both balanced and convex. The absolutely convex
hull acx S of S is defined as the smallest disked set containing S. Explicitly:

acx S =co(bal §).

(2) A barrel is a closed disk S which is absorbing, meaning that E =  J,,.y nS.

(3) The gauge gs: E — R of § is defined as: gs(x) := inf{r > 0| x € rS}.

(4) E is said to be locally complete if for every closed bounded disk S C E, the linear span
Span(S) C E of § is complete with respect to gs.

(5) Asin [25], we denote the polar of a subset S of a locally convex space E as:

SC:={pc E*|Vxe€S§:|pkx)| <1}
Similarly, for every S C E* its polar is:
SPi={xeE|Vpes:|pk) =<1}

Now, for every S C E its bipolar S°° is defined as (5°)°.
(6) A subset M C E* is said to be equicontinuous, if there exists some neighborhood
0e U C E suchthat M C U°.

Fact2.2 (Bipolar Theorem) [25, p. 149] For every S C E the bipolar §°° C E is equal to
the weak closed absolutely convex hull acx ™ S.
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Fact 2.3 (Mazur’s Theorem [52, p. 65, Cor. 2]) For every convex subset of a lcs E, its closure
is identical with its weak closure. Hence, co(S) = co(S)w forevery S C E.

Denote by eqc (E*) the system of all equicontinuous weak-star compact subsets in E*
(equicontinuous compactology in terms of [25]). It is a basis of the system of all equicontin-
uous subsets in E* as it follows from Alaouglu—Bourbaki’s theorem.

Fact 2.4 (Alaouglu-Bourbaki) For every equicontinuous subset A C E*, its weak-star
closure is equicontinuous and weak-star compact.

Let f: E; — E; be a continuous linear operator between lcs. Write
"1 Ex — Ey (v, 5 (@) = (f(v), ¢)
for its adjoint, where
E x E* > R, (u, ) = (v, ¢) = ¢(v)

is the canonical bilinear form.

Definition 2.5 Recall that the strong topology on the dual E* of a Ics E is the topology of
bounded convergence. The standard uniformity of E* has the uniform basis {U[B, ¢]}, where
& > 0 and B runs over all bounded subsets of E. Here

UIB, el :=={(¢1,92) € E* x E* : |g1(b) — ¢2(b)| < & Vb € B},

Fact2.6 [42, Thm. 8.11.3] Supposethat T : E — F is alinear continuous operator between
lcs. Then it is also weakly continuous. Moreover, T* is both weak-star and strongly contin-
uous.

A (dense) subspace F of alcs FE is said to be large in E (see [45, p. 254]) if every bounded
setin E is contained in the closure of a bounded set in F. Every dense subspace in a normed
space V is large. Also, the same is true for every separable metrizable Ics V.

Lemma 2.7 Let F be a large dense subspace of E and i: F < E be the inclusion map.
Then i*: E* — F* is a topological isomorphism with respect to the strong topology.

Proof Tt is easy to see that i* is a bijection since F is dense in E. Applying Fact 2.6, all that
is left is to show that i * is strongly open. For every bounded subset B C E and ¢ > 0 define:

WEg(B, &) :={p € E* |Vx € B : |p(x)| < ¢&}.

We define W (B, ¢) analogously. We will show that i *(Wg (B, ¢)) is always an open neigh-
borhood of zero in F* JBy definition, for every bounded B < E there exists a bounded
B’ C F such that B C B’. Itis easy to see that:

Wr <B’, %8) Ci*(Wg (B,¢).
O

Lemma28 Let F C E be a subspace and i: F — FE is the inclusion map. If
M C F* is a weak-star compact equicontinuous subset, then there exists a weak-star com-
pact, equicontinuous subset N C E* such that M = i*(N).
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Proof A consequence of [25, Cor. 8.7.2] and the Alaouglu—Bourbaki’s Theorem (Fact 2.4).
O

It is well-known that if B is a bounded disk, then its gauge ¢gp is a norm.

Fact 2.9 [45, Proposition 3.2.2] Let B € E be a bounded disc in E. Then (Ep,qp) is a
normed space and its topology is finer than that induced by E.

The following is a consequence of Fact 2.9 and [25, p. 105 Prop. 1].

Lemma 2.10 Let E be a locally convex space. If A C E is bounded, closed and absolutely
convex, then A = B, (the unit ball of the semi-normed space (E4, qa)).

Fragmentability. The following definition is a generalized version of the fragmentability
concept.

Definition 2.11 [26, 33] Let (X, t) be a topological space and (Y, u) a uniform space. X
is (t, u)-fragmented by a (not necessarily continuous) function f: X — Y if for every
nonempty subset A of X and every ¢ € u there exists an open subset O of X such that O N A
is nonempty and the set f(O N A) is e-small in Y. We also say in that case that the function
f is fragmented and write f € F(X, Y), whenever the uniformity p is understood. If ¥ = R
with its natural uniformity, then we write simply F(X).

When ¥ = X, f = idyx and pu is a metric uniformity, we retrieve the usual definition
of fragmentability (more precisely, (7, ©)-fragmentability) in the sense of Jayne and Rogers
[27]. Implicitly, it already appears in a paper of Namioka and Phelps [41].

If f: (X, 7) = (Y, ) has PCP then it is fragmented. If (X, 7) is hereditarily Baire (e.g.,
compact, or Polish) and (Y, 1) is a pseudometrizable uniform space, then f is fragmented iff
f has PCP. If X is Polish and Y is a separable metric space, then f: X — Y is fragmented
iff f is a Baire class 1 function. See [14, 15].

Definition 2.12

(1) [14] We say that a family of functions F = {f: (X, t) — (Y, )} is fragmented if the
condition of Definition 2.11.1 holds simultaneously for all f € F. Thatis, f(O N A)is
e-small for every f € F.

(2) [15] F is an eventually fragmented family if every sequence in F has a subsequence
which is a fragmented family on X.

Definition 2.12.1 was introduced in arxiv preprints of [14] and also independently (under
the name: equi-fragmented) in the Ph.D. Thesis of M.M. Guillermo [22].

Lemma2.13 Let F = {f: (X, 1) — (Y, n)} beafamily of functions. Then F is a fragmented
family iff the mapping wp: X — Y, np(x)(f) = f(x) is (z, py)-fragmented, where uy
is the uniform structure of uniform convergence on the set Y of all mappings from F into
Y, ).

Proof Straighforward. O

Lemma2.14 Let o: X — X' be a continuous map between compact spaces, (Y, i) be a
uniform spaceand F C YX' be afamily of functions. If F is fragmented, then so is Foa C Y X,
If a is surjective, then the converse is also true.
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Proof Combination of Lemma 2.13 and [15, Lemma 2.3.5]. O

Lemma 2.15

(1) Let F be a fragmented family of real-valued functions on a topological space X. Then
acx (F) is also fragmented.

(2) [15, Prop. 4.15] Let F be an eventually fragmented family of real-valued functions on a
compact space X. Then co(F) is also eventually fragmented.

Proof (1) If f;(D) is e-small for every i = 1,...,n and >_/_,lci| < 1, ¢; € R, then
Yoiny ¢i fi(D) is e-small. .

Lemma2.16 Let F C X be a fragmented family of functions from a topological space X
into a uniform space Y. Then the pointwise closure F Pis also a fragmented family.

Proof Let A C X be a nonempty subset and & € . Choose 8 € u such that 83 C &. There
exist an open subset O C X such that O N A # @ and f(O N A) is é-small for every
feF.Lethe F'. Forthishanda given pair x, y € O N A (by definition of the pointwise
topology), there exists fo € F such that

(h(x), fo(x)) €8, (fo(y), h(y)) € 4.

Since fo(O N A) is §-small, we have (fo(x), fo(y)) € 8. So, we obtain (h(x), h(y)) € e.
Therefore, (O N A) is e-small, as desired. O

The following lemma is inspired by results of Namioka and it can be deduced after some
reformulations from [40, Theorems 3.4 and 3.6].

Lemma 2.17 [19, Theorem 2.6] Let F be a bounded family of real-valued continuous func-
tions on a compact space X. The following conditions are equivalent:

(1) F is a fragmented family of functions on X.

(2) Every countable subfamily C of F is fragmented on X.

(3) For every countable subfamily C of F the pseudometric space (X, pc) is separable,
where

pc(x1, x2) == sup | f(x1) — f(x2)].
feC

Lemma 2.18 Let X be a topological space. If F < C(X) is a (eventually) fragmented family,
then so is its closure F in the uniform topology of C(X).

Proof The case of fragmented families is a consequence of Lemma 2.16. We are left with
the case of eventually fragmented families.
Suppose that { f;; },en € F € C(X). By definition, we can find {g, },en € F such that

1
Ve e X | fa(x) = gn(0)] < .

Since F is eventually fragmented, we can find a subsequence {ns }ren € Nsuchthat {g,, }ren
is fragmented. We claim that { f;;, }xen is also fragmented.

Let A C X be non-empty and ¢ > 0. By definition, there exists some open O C X such
that AN O # Pand g,, (AN O) is %8-small forevery k € N. Choose x € AN O andng € N
such that % < %s. Since { fu}nen € C(X), we can find a neighborhood x € U <€ O such

that for every 1 < m < ng, f;,(U) is e-small.
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(1) If ng < no, then f,, (U N A) C fp, (U) is e-small by our construction.
(2) Otherwise, || fn, — gnill < és. Moreover, g,, (U N A) C g, (0 N A)is %e—small.
Therefore, we conclude that f,,, (U N A) is e-small.

In either case, f,, (U N A) is e-small, as required. Also, note that x € U N A # @. O

Corollary 2.19 Let X be a compact space. If F € C(X) is a (eventually) fragmented family,
then so is acx ' F, where the closure is taken with respect to the weak topology induced by
the supremum norm.

Proof By Mazur’s Theorem (Fact 2.3), acx ¥ F = acx F. Now, we can apply Lemma 2.15
and Lemma 2.18 to get the desired result. O

Remark 2.20 An important example for the use of fragmented families (Definition 2.12) is
in the case of bounded sets in Banach spaces. If B € V is a bounded subset of a Banach
space and K € V™ is a weak-star compact subset, then we can view B as a family of
functions over K. In this case, B is fragmented iff for every non-empty subset A € K and
& > 0 there exists a weak-star open subset O C V* such that O N A is not empty and
diam{(v,x):x € ONA,v e B} <e.

For some other properties of fragmented maps and fragmented families, we referto [14, 15,
17,26, 33, 34, 40]. Basic properties and more applications of fragmentability in topological
dynamics can be found in [15, 17, 18, 33, 34].

Independent and tame families of functions. A sequence of real functions { f, : X — R},en
onaset X is said to be (combinatorially) independent (see [48, 53]) if there exist real numbers
a < b (bounds of independence) such that

) £ (—oe.ayn () £ (b, 00) # 0

neP neM

for all finite disjoint subsets P, M of N.

Definition 2.21 [17, 19] A bounded family F of real-valued (not necessarily, continuous)
functions on a set X is a rame family if F does not contain an independent sequence.

Lemma2.22 [19, Lemma 6.4] Suppose that w: X — Y is a map and F C RY is a family
of bounded functions. If F is tame then F o 1 is tame. Moreover, if 7w is onto, the converse
is also true.

The following fact from [30] can easily be derived using the finite intersection property
characterization of the compactness.

Fact 2.23 Suppose that {f,,}nen is an independent family of continuous functions over a
compact X. Then there are a < b € R such that for every disjoint, possibly infinite P,
M C N:

() £ (=o0.ayn (1) £ (b, oo) # 0.
neP neM
By [37], every bounded family of (not necessarily continuous) functions [0, 1] — R with
total bounded variation (e.g., Haar systems) is tame. This remains true replacing the set [0, 1]
by any circularly (e.g., linearly) ordered set.
As to the negative examples. The sequence of projections on the Cantor cube and the
sequence of Rademacher functions on the unit interval both are independent (hence, nontame).
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A critically important example of a nontame sequence is the standard basis sequence
{ex :n € N}in ! as a family of functions on the unit ball of (/')* = [*°.

The following useful lemma synthesizes some known results. It is based mainly on results
of Rosenthal and Talagrand. The equivalence of (1), (3) and (4) is a part of [53, Thm. 14.1.7].
For the case (1) < (2), note that every bounded independent sequence {f,: X — R},en
is an ll—sequence (in the sup-norm), [48, Prop. 4]. On the other hand, as the proof of [48,
Thm. 1] shows, if { f;; },en has no independent subsequence then it has a pointwise convergent
subsequence. Bounded pointwise-Cauchy sequences in C(X) (for compact X) are weak-
Cauchy as it follows by Lebesgue’s theorem. Now Rosenthal’s dichotomy theorem [48]
asserts that { f,,} has no /!-sequence. In [15, Sect. 4] we show why eventual fragmentability
of F can be included in this list (item (5)).

Lemma 2.24 Let K be a compact space and F is a bounded subset in the Banach space
C(K). The following conditions are equivalent:

(1) F does not contain an 1! -sequence.

(2) F is a tame family on K.

(3) Each sequence in F has a pointwise convergent subsequence in R,
(4) The pointwise closure cl (F) of F in RX consists of fragmented maps.
(5) F is an eventually fragmented family on K.

Rosenthal’s dichotomy and Rosenthal’s Banach spaces. For every topological space X
denote by C(X) the vector space of all continuous real functions. When X is compact, as
usual, we suppose that C(X) is endowed with the supremum norm. So, it will be a Banach
subspace of [*°(X).

Let{f,: X — R}, cn beabounded sequence of functions on a set X . Following Rosenthal
[48], we say that this sequence is an I!-sequence if there exists a constant § > 0 such that
for all n € N and choices of real scalars ¢y, ..., ¢,, we have

n n
53 el = | cif;
i=1 i=1

Then the closed linear span of { f;,},en in [°°(X) is linearly homeomorphic to the Banach
space 1. In fact, in this case the map [! — [%°(X), (cp)peny — D nen Cnfn is a linear
homeomorphic embedding.

A sequence of vectors in a Banach space can be defined to be equivalent to an /!-sequence
analogously. According to Rosenthal’s dichotomy, every bounded sequence in a Banach space
either has a weak Cauchy subsequence or admits an /'-sequence. Thus, a Banach space V
does not contain an /! -sequence (equivalently, does not contain an isomorphic copy of /1) iff
every bounded sequence in V has a weak Cauchy subsequence, [48]. As in [15, 18], we call
a Banach space satisfying these equivalent conditions a Rosenthal Banach space.

o0

Definition 2.25 Let V be a normed space and M C V* be a subset in the dual space V*. A
bounded subset F of V is said to be rame for M if F, as a family of functions on M, is a tame
family. If F is tame for the unit ball By+ of V* (equivalently, for every bounded subset), then
we simply say that F is a tame subsetin V.

Lemma2.26 Let V be a normed space, A €V and M C V* be bounded subsets. If A is not
tame over M, then A contains an 1'-sequence in V.

Proof Itis aknown consequence of the Hahn—Banach theorem that V is isometrically embed-
ded into C(By+). Applying Lemma 2.24, we get the desired result. O
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The following characterization of Rosenthal Banach spaces is a reformulation of some
known results (see, in particular, [51] and Lemma 2.24).

Lemma 2.27 Let V be a Banach space. The following conditions are equivalent:

(1) V is a Rosenthal Banach space;

(2) each x™* € V** is a fragmented map when restricted to the weak* compact ball By« of
V*. Equivalently, By C F(Byx);

(3) the unit ball By is a tame subset of V;

(4) any bounded subset of V is tame for any bounded subset of V*.

Proof (1) = (4) A consequence of Lemma 2.26.
(4) = (3) Trivial.
(3) = (2) Suppose that By is a tame family over
By+. Using Lemma 2.24, we can conclude that cl ,(By) € F(By+).
On the other hand, By« = cl,(By) by Goldstein’s theorem. Hence, By« C F(By+).
(2) = (1) Use [51, Thm. 3]. m}

The Double Limit Property (DLP). Recall Grothendieck’s double limit property.

Definition 2.28 Let F C RX be a family of real functions on a set K. Then F is said to
have the double limit property (DLP) if for every sequence { f;, },en in F and every sequence
{xn}nen in K, the limits

limlim f,(x,) and limlim f,(x;)
n m m n
are equal whenever they both exist.
‘We will often write that a subset is DLP rather than the more correct “has the DLP".

Lemma 2.29
(D) If { fin}men is a bounded sequence of functions on K and {x,}nen C K, then there exist
subsequences {ni}ren, {m:}ten S N such that

lim lim Xm, ) and lim lim X,
keN teN fnk( m') teN keN fnk( mt)

exist.

(2) If A C I®°(K) is a bounded family of functions over K satisfying the DLP, then so does
the balanced hull bal A (see Definition 2.1).

3) If Ay, Ay are bounded sets of functions over K satisfying the DLP, then so does A + B.

(4) Suppose that ¢: K1 — K> is a continuous map and F C C(K3) is DLP. Then F o ¢
C (K1) is DLP. Moreover, if ¢ is surjective, then the converse is also true. Namely, if
Foo C C(Ky)is DLP thensois F.

Proof

(1) We will show a more general fact. Suppose that A and B are setsand (-, -): Ax B — Ris
amap. Also, let {a,},en € A and {b,,,}meny S B be sequences such that (-, -) is bounded
over them. Then there exist subsequences {ny}renN, {m:}:en S N such that the limit

lim lim{a,, , b
keNteN< > m'>

exist. By applying this fact twice we will get the desired result.
First, note that the sequence {(a,, b;;)}men < R is bounded for every n € N. We can
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thus use induction and a diagonal argument to construct a subsequence {m;},cn such
that {{a,, bm,)}sen converges for every n € N. Write o, := lim;en(an, by, ). Note that
{an}nen € Ris a bounded sequence so there exist a subsequence {ny}xeny S N such that
{orn, Yken converges. However:

lim oy, = lim lim{ay, , b, ),
keN keN reN

as required.
(2) Suppose that {o;, f;}nen € bal A and {x;, }meny S K such that

lim lim « X)) and lim lim o X
neNmEN l’lff’l( "l) meNneN Ylfn( m)

exist. By definition, {o,},eny € [—1, 1] and is therefore bounded. Thus, we can apply
Lemma 2.29 and the Bolzano-Weierstrass theorem to find subsequences {ny}reny S N
and {m,};en C N such that:

lim ¢, , lim lim X, ) and lim lim X,
keN "’ keN reN S Com,) 1eN keN Fo Cem,)
exist. Moreover, since A is DLP, we know that

lim lim f,, (x = lim lim Xm,).
keN reN Joa Cem,) teNkeank( me)

Together we get:

lim lim a, f, () = im lim a,, fr, (6n,) = [ lim @, ) im lim £, (X,)
neNmeN keN teN keN keN teN

=|lime lim lim f;;, (x;;,) = lim lim «, (Xm,)
(keN e ) MO0 MO0 o On ) = 0Ty i o o, (o
= lim lim « X

meNneN nfn( m)

as required.
(3) and (4) are easy to check.

[m}

Fact2.30 (N.J. Young [57, Thm. 2]) Let E and F be topological vector spaces and
A C E, B C F. Furthermore, let (-, -): E x F — R be a bilinear map bounded on A x B.
If A has the DLP as a family of functions over B, then so does the bipolar A°°.

If E is locally convex, we can apply the Bipolar Theorem (Fact 2.2) to conclude that
acx " A is DLP over B.

Lemma 2.31 Suppose that K is compact and A C C(K) is a bounded family of functions
that satisfies the DLP. Then so does acx * A.

Proof Suppose that A € C(K) is a bounded family with the DLP over K. Now, consider
K as a subspace of the free topological vector space L(K). By definition, every f € A can
be extended uniquely to a continuous linear operator on L(K). This gives a bilinear pairing
(-,+): A x K defined by (f, x) := f(x).

Also, since A is bounded, so is the image of A x K under this bilinear map. By applying
Fact 2.30, we conclude that acx ” A is DLP over K. O
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Additional preliminaries. Suppose that E is a vector space and A C E is a subset. The
open segment between two distinct points x, y € E is defined as

x,y)={ax+(1—-a)y|0<a<1}.

A point x € A is said to be an extreme point of A if it does not belong to any open segment
contained in A, [25]. If A is convex, x € A is extreme in A if and only if x = %(a + b) for
a,b € Aimplies x = a = b. We write ext A for the set of all extreme points of A.

Lemma 232 LetT: E — F be a continuous and linear map between locally convex spaces
and A C E be compact. Then:

(1) extT(A) C T(extA);

(2) if T, in addition, is injective then ext T (A) = T (ext A),
(3) suppose that M C F*. Then

T(T*(M)°) = Am T) N M°.

Proof (1) Write K :=ker T. Let y € ext T'(A). Since T is continuous, Ky, := AN 71 {ybH
is a closed, non-empty subset of A. It is also compact because A is compact. We claim that
ext Ky C ext A. Indeed, suppose that x € ext K, and x = %(a + b) fora,b € A. As a
consequence,

1
y=T&=5T@+T0).

However, since y € ext T (A), we conclude that y = T (a) = T (b). By definition, a, b € K.
Finally, since x € ext K, we conclude that x = a = b, proving that x € ext A.
Applying the Krein-Milman Theorem, ext Ky, # #. Choose xg € ext K, C ext A. By
definition, y = T (xg) € T (ext A), as required.
(2) [42, Thm. 9.2.3].
(3)
yeT(T*(M)°) < Ix € T*(M)°:y=T(x)
& IxeE:y=Tx)andVeo e M : |(T*(p))(x)| <1
< IxeE:y=Tx)andVep e M :|p(Tx))| <1
<— yelmTandVo e M :|p(y)| <1
s ye(ImT)N M°.

Definition 2.33 Let M € eqc (E*) and pj be the continuous seminorm on E defined by

pm(x) = sup|p(x)|.
peM

We say that M is (RY) if there is no bounded / _sequence in E with respect to py.

Lemma 2.34 Let M C E* be an equicontinuous compact subset. There exist: a continuous,
onto and open linear map w: E — V to a normed space V and a weak-star continuous
linear operator A: Span M — V* with dense image, such that By+ = acx “(A(M)) and
idM =a*oA.
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Proof Write N := acx " M and consider the space W := Span N with the gauge gy as
norm. For every x € E, consider the evaluation e, : N — R defined by e, (¢) := ¢(x).

By Lemma 2.10, By = N. Also, N is weak-star compact, so ex (N) = N (x) is a bounded
subset of R for every x € E. As a consequence, ex € W* is a bounded functional.

Write Vi := W* and define the linear map n;: E — V; by m1(x) := e,. Consider the
continuous seminorm py (Definition 2.33). We claim that 7| is a seminorm preserving map
from (E, pn) to (W*, [[).

Indeed, for every x € E we have:

w1 (o) := sup|(w1(x))(@)| := sup|p(x)| := pn(x).
@peN peN

Thus, 71 is necessarily continuous and open onto its image.
Let Aj: W — W** = V}* be the canonical map. Note that it is not necessarily weak-star
continuous. We claim that idys = 7 o Ay. Suppose that 9 € M and x € E:

(] 0 A (@) (x) = (] (A1 (p))(x)
= (A1(p) (71 (x))
= (m1(x)) ()
= p(x) = (idp (@) (x).

Also, by Goldstine’s theorem [4, p. IV.17 Proposition 5]:

By = Byw = (A1(Bw)" =A1(N)" .

Finally, define V := Im 7r; and the onto operator 7 : E — V induced by ;. It is easy to
see that 7 remains continuous and open onto its image. Also, leti: V — V| be the inclusion
map. Define A: Span N — V*by A =i* o Aj.

We claim that A is weak-star continuous. For the purpose of this proof, write:

Ux(ai,...,an;e)={feX|Vl<i<n:|f(a)l <e}

Suppose that y1, ...y, € V and ¢ > 0. By definition, we can find x, ..., x, € E such that
m1(xj) = y; forevery 1 <i < n. We will now show that:

A (Uspan N (X1, -+ Xn3 €)) S Uy (Y1, -+ Yus €).
Indeed, for every ¢ € A (UspanN (X1, -0y Xn; 8)) and 1 <i < n we have:
I(A(@) ()] = [(A(@) (1 (x)] = [((7} 0 A) (@) ()] = (x| < e.
Now:
7*oA=n%ci*oAj=(ionm) o Al =70 A =idy.
In virtue of the Hahn—Banach theorem, By+ = i*(BVI*). Moreover, it is easy to see that
A(M) = i*(A((M)) S i*(A1(Bw)) Si*(Byy) = By,

and therefore

Bye =i*(By) =i (MiN)") € Toan)” =AW

—_— W %
=A@x¥ M) Cacx” AM) C By=.

@ Springer



113 Page 16 of 53 M. Komisarchik, M. Megrelishvili

Note that we used the continuity of i* and A. In other words: By* = acx w* A(M). Finally,
acx M is dense in N and therefore A(acx M) is dense in A(N). Since A(N) is absorbing in
V*, A(Span M) is dense in V*. O

Lemma 2.35 (Equicontinuous Factor Lemma) Let M C E* be an equicontinuous compact
subset. There exist: a continuous, dense and open onto its image linear map w: E — V to
a Banach space V and a linear operator A: Span M — V* with dense image, weak-star
continuous over M, such that By = acx *(A(M)) andidy; = 7% o A.

Proof Let A: SpanM — V* and w: E — V be the maps described in Lemma 2.34.
Consider the completion V and the inclusion mapi: V — V. Note that A(M) is weak-star
compact as a continuous image of a compact set.

Also, V is normed so we can use the Banach-Steinhaus Theorem to conclude that A (M) is
equicontinuous. Using Lemma 2.8, we can find a weak-star compact, equicontinuous subset
M C V* such that A(M) = i*(ﬁ). As a consequence, i* is a closed map on M. Also,
since V is dense in \7, i* is injective. Therefore, i* is a weak-star homeomorphism on M.
We define 7 :=i o and A := (i*)"! o A.

Forgetting the earlier notations of V, 7 and A, we can define V := V 7 := 7 and
A:=Ato get the desire result. O

Remark 2.36 Note that unlike in Lemma 2.34, we can’t guarantee that A is weak-star con-
tinuous over Span M, but only over M.

Lemma2.37 Let D C E be adisk, ¢ € E* and & := ¢~ ((—1, 1)). Suppose that for some
disk neighborhood § € E we have § N D C & N D. Then there exists ¢ € §° such that

@D = P|D-
Proof 1t is easy to see that for every x € Span(D) we have |p(x)| < gs(x), where
gs(x) ;== inf{r > 0 | x € ré}

is the gauge of §. By the Hahn—Banach Theorem, we can find a continuous functional ¢ on
E which agrees with ¢ on Span(D) and for every x € E : |¢(x)| < gs(x).

Clearly, this also implies that ¢ is continuous and therefore belongs to E*. Moreover, for
every x € 8 we have |9(x)| < gs(x) < 1. By definition of the polar, ¢ € §°. |

Fact2.38 [25, p. 131, Corollary 5] Suppose that A, B C E are non-empty subsets. If A is
closed and absolutely convex, B is compact and A N B = (}, then there exists ¢ € E* such
that:

suple(x)| < inf [p(y)].
X€A yeB

The following is a probably well known consequence of the Banach-Grothendieck theorem
[25, p. 147 Thm. 2] and Fact 2.38.

Lemma 2.39 Let K be a compact space, and leti: K < C(K)* be the standard weak-star
embedding. Then acx” i(K) = Bc(k)*.

3 Bornological classes

A bornology B on alcs E is a family of subsets in £ which covers E, and is hereditary under

inclusion (i.e. if A € 6 and B C A then B € ®B) and finite unions. So, every bornology
contains all finite subsets.
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A vector bornology [24, Definition 1:1°2] is a bornology B on E such that whenever
A, B € Band o € R we have:

(1) A+ B e B;
(2) bal A € B.

If B is closed under taking convex hulls, it is said to be a convex bornology. It is said to
be saturated if the closure of sets in B remains in B. Moreover, it is separated if it has no
non-trivial bounded subspaces.

Definition 3.1 A bornological class B is an assignment
Comp — {Bornologies}, K +— Bg

from the class of all compact spaces Comp to the class of vector bornologies such that B x
is a separated convex vector bornology on the Banach space C(K) satisfying the following
properties:

(1) boundedness: B consists of bounded subsets in C(K).
(2) consistency: Suppose that ¢ : K1 — K3 is a continuous map.

(a) If A € Bg,,then Ao ¢ € By, .
(b) If ¢ is surjective, then the converse is also true, namely that A o ¢ € B, implies
Ae %Kz-

(3) Bipolarity: If A € B, then A°° =acx" A € Bk where the polar is taken with respect
to the dual C(K)* (note that we use the Bipolar Theorem).

We write [T], [NP] and [DLP] for the classes of tame, fragmented and DLP function
families, respectively. Recall that by Lemma 2.24, [T] coincides with the class of eventually
fragmented families.

Proposition 3.2 [T], [NP] and [DLP] are bornological classes.

Proof First, it is obvious that all three of these classes consist of vector bornologies. We

organize the rest of the proof in the following table: O
Property [T] [NP] [DLP]
Boundedness By definition By definition By definition
Consistency Lemma 2.22 Lemma 2.14 Lemma 2.29.4
Bipolarity Corollary 2.19 Corollary 2.19 Lemma 2.31

The following is easy to see.

Lemma 3.3 The only separated, convex, vector bornology on R is the Euclidean bornology
B, (i.e. the bornology of bounded subsets with respect to the Euclidean norm).

Definition 3.4 Let B be a bornological class. A bounded subset B C F is said to be B-small
ifry(B) € By forevery M € eqc (E*), where ryy: E — C(M) is the restriction operator.
A locally convex space is said to be B-small if every bounded subset is B-small.
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Lemma3.5 Let E be a locally convex space and B a bornological class. The family of
B-small subsets in E is a saturated, convex vector bornology, denoted by small (|8, E).

Proof The only non-trivial assertion is that small (B, E) is saturated. Suppose that
A e small (B, E). We show that A € small (B, E). Let M € eqc (E*) andr: E — C(M)
be the restriction operator. By definition, r(A) € B)s. Also, since B satisfies bipolarity,
r(A) r(A)w C (r(A)®° € By. By continuity, r(A) < r(A). Hence, r(A) € By.
Therefore, A € small (B, E). u]

Lemma 3.6 Suppose that T: E — F is a continuous linear map between locally convex
spaces, B C E is bounded and M € eqc (F*).

Let rr+y: E — C(T*(M)) and ryy: F — C(M) be the restriction maps. Then
rr=m)(B) € Br=) if and only if ry (T (B)) € By

Proof We will show that:
ru(T(B)) = rr+uy(B) o T™.

The claim is then obvious from the consistency
property (which we apply for the map M — T*(M)). Indeed, foreveryx € Bandg € M,
we have:

(rm(T ) (@) = (T (x)) = (T*(9)(x) = (rr=y (T (@) = (rr=ny (x) 0 T*) ().

[m}

Lemma 3.7 Suppose that T: E — F is a continuous linear map and A € small (B, E).
Then T (A) € small (B, F).

Proof Let M € eqc (F*). By definition, rg(A) € Bg. Applying Lemma 3.6, we conclude
that rp (T (A)) € B . This is true for every M € eqc (F*), proving the desired result. O

Recall that a continuous linear (onto) map f: E1 — E; is said to be bound covering if
for every bounded B, C E» there exists a bounded subset By C Ej such that f(B1) = B;.

Corollary 3.8 The class of B-small locally convex spaces is closed under bound covering
maps.

In Proposition 5.7, we show that “bound covering" is really essential.

Proposition 3.9 The class of B-small locally convex spaces is closed under taking linear
subspaces. In fact, if E is a locally convex space, F C E is a subspace and B C F is a
bounded subset, then B € small (B, E) if and only if B € small (B, F).

Proof First, if B € small (B, F) then clearly B € small (8, E) in virtue of Lemma 3.7.
Conversely, suppose that B € small (B, E). We will show that B € small (B, F). Let
M € eqc (F*). By Lemma 2.8, we can find N € eqc (E™). such that i*(N) = M where
i: F — Eistheinclusion map. Letrg: E — C(N)andrr: F — C(M) be the restriction
maps. B = i(B) € small (B, E) by definition, and therefore rg(i(B)) € ‘By. Applying
Lemma 3.6, we conclude that rr(B) € B;xn) = By . This is true for every M € eqc (F*)
and therefore B € small (B, F). O
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Suppose that E := []i_; E; is the product of topological vector spaces {E;}"_,. Write

i=1
m;: E — E; for the projection map. Also, let A;: E; — E be the dissection map sending an
element x € E; to an element of £ whose i’th entry is x and the rest are 0. Finally, consider
the adjoint map A} : E* — E defined by Af(p) := ¢ o A;.

Lemma3.10 Let Eq, ..., E, be locally convex spaces, A; C E; fori € {1,...,n} and
M C E* be subsets. Consider E = [|;_, E; and A = []}_, A;. For every 1 <i < n, let
ri: Ei — C(AT(M)) andr: E — C(M) be the restriction maps. Then

r(A) S Y ri(A) o A}

i=1

Proof Indeed, suppose thata = (ay, ..., a,) € A, meaningthata; € A; forevery 1 <i <n.
We claim that

n n
r(a) =Y ri(a)o Af € > ri(A;)o A},
i=1 i=1
Let ¢ € M. For every x € E we can write

x =) Ai(mi(x),

i=1

and therefore

p(x)=¢ (Z Ai (i (x))) = (9o AN () = Y (AF (@) (mi(x)).
i=1 i=1

i=1

In particular,

r@)(e) = g(a) = Y (AF@)(@) =) _(ri(a) o A} ().

i=1 i=1

Remark 3.11

(1) [52, 1V 4.3, Theorem] Let E = ]_[iel E; be a product of Ics E;. Then its dual E* is
algebraically the locally convex direct sum €, .; E; with the corresponding duality

EXE" >R, (v,u)= ((vi)iel, Zm) = D (v ).
iel iel
[25, Section 8.8, Proposition 1] A basis of the equicontinuous compactology eqc (E*)
on E* is obtained by taking all sets of the form ) jes Hjs where J is finite and H; €
eqc (E).
(2) [52, IV 4.3, Corollary 1] Similarly, if £ = @ie[ E; is a Ic sum then its dual E* is
algebraically the locally convex product [[;.; £} with the corresponding duality

ExXE* >R, (v,u)= (Z v;, (”i)iel) — Z(vi, u;).

iel iel
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A basis of the equicontinuous compactology eqc (E*) on E* is obtained by taking all
sets of the form ]—[id H;, where H; € eqc (E;).

By [52, 11, 6.3], for every bounded subset B of a locally convex direct sum @i cr Eis
there exists a finite set J C I such that pr;(B) is zero for every i ¢ J.
Lemma3.12 Let Ey, ..., E, be locally convex spaces and let A; C E; fori € {1,...,n} be

B-small subsets. Then A = [[}_, A; is B-small in E = [[/_, E;.

Proof LetM € eqc (E*).ThenM; := A} (M) € eqc (E}), where AT : E* — E7 are defined
as in Lemma 3.10. As before, let r; : E; — C(M;) be the restriction map. By definition,
ri(A;) € By, . Since B is a bornological class, this implies that r; (A;) o A} € By for every
1 <i < n. Also, By is a linear bornology and therefore A" := " | ri(A;) o A¥ € By.
By Lemma 3.10, r(A) € A’, proving the desired result. O

The following remark is a consequence of the previous lemma and Lemma 3.3.

Remark 3.13 1If %8 is a bornological class and F is finite, then B is simply the Euclidean
bornology.

Corollary 3.14 Arbitrary products and direct sums of B-small spaces are B-small.

Proof First consider the case of products. Let {E;};c; be a family of 2B-small spaces. Let
BCFE:= ]_[l-el E; be bounded, M € eqc (E*) and r: B — C(M) be the restriction map.
We show that r(B) € B,. Indeed, using Remark 3.11.1, we know that there is a finite J C [
and H; € eqc (E;f) suchthat M C Zjej H;.Thus, the system (B, M) where B is considered
as a family of functions over M can be isomorphically embedded in (] jes Ejs I jeJ E;f).
However, this family is ‘*B-small as a consequence of Lemma 3.12.

For the case of direct sums, we use a very similar technique, this time leveraging Remark
3.11.2 by factoring the bounded set to finite components rather than the equicontinuous
family. O

Corollary 3.15 If ®B is a bornological class, then every locally convex E with the weak
topology is B-small.

Proof First, recall that E,, can be embedded in RE *In virtue of Theorem 3. 17, E,, is B-small
as a subspace of the product of B-small spaces. O

Lemma 3.16 Suppose that *5 is a bornological class and F is a dense large subspace of a
les E. Then F is B-small if and only if E is B-small.

Proof If E is B-small then so is F in virtue of Proposition 3.9. Conversely, assume that F
is B-small. Suppose that B C E is bounded. By definition, there is a bounded C C F such
that B C C. Since F is B-small, C € small (B, F). Applying Proposition 3.9, we conclude
that C € small (%8, E). Finally, using Lemma 3.5, we conclude that B C C € small (B, E).
O

Theorem 3.17 The class of B-small locally convex spaces is closed under:

(1) subspaces

(2) bound covering maps

(3) products

4) direct sums

(5) inverse limits.

Moreover, if F is a large, dense subspace of the locally convex space E, and F is B-small,
then so is E. In particular, if V is a normed B-small space, then so is its completion.

Proof Apply Corollary 3.8, Proposition 3.9, Corollary 3.14 and Lemma 3.16. O
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3.1 Relation to the Mackey topology

Definition 3.18 Let B be a bornological class. A bounded subset B C E is said to be Mackey
$B-small if for every absolutely convex weak-star compact, (not necessarily equicontinuous)
subset M C E*, B viewed as a bounded family of functions on M belongs to B . A locally
convex space is said to be Mackey B-small if every bounded subset is B-small.

Recall that the Mackey topology on alcs (E, 7) is the strongest topology compatible with
its dual E*. We will often denote it as 7. It is exactly the polar topology induced by all
weak-star compact, absolutely convex subsets of E* [52, p. 131]. E is said to be a Mackey
space if T =1,

Proposition 3.19 A bounded subset B in E is Mackey B-small if and only if it is B-small
with respect to the Mackey topology. The same can be said for the entire space E.

Proof Recall ( [25, p. 158, Thm. 5]) that the Mackey topology is compatible with the dual
E*. As a consequence, it has the same absolutely convex, weak-star compact subsets as the
usual topology. Therefore, if B is Mackey B-small, then B is B-small with respect to the
Mackey topology.

Conversely, suppose that B is B-small with respect to the Mackey topology, and let
M C E* be an absolutely convex weak-star compact subset.

By definition, the polar M° is an open neighborhood of zero in the Mackey topology. Thus,
M°° is equicontinuous. As a consequence, B is B-small over M°°. However, M C M°°,
and therefore B is B-small over M, as required. O

A lcs E is said to be barreled if every barrel (Definition 2.1) is a neighborhood of zero.
This class includes all reflexive and complete metrizable (i.e., Frechet) spaces. By [52, p. 132,
Lemma 3.4], every barreled or metrizable space is a Mackey space.

Corollary 3.20 If E is a Mackey space (e.g., barreled or metrizable), then it is B-small if and
only if it is Mackey B-small.

For basic information about Mackey topologies and related topics, we refer to [25, 52].
For some generalizations see [1].

3.2 The co-bornology and strongest topologies

Definition 3.21 A bornological class B is said to be polarly compatible if whenever A € By
for compact K, then TBekys (A) € %ch* where TBegys - C(K) — C(Bck)~) is the
canonical map defined by:

(rBey (FN(@) :=0(f).

For every Ics (e.g., Banach space) (E, t) and a bornological class 8, one may define the
strongest locally convex $B-small topology s on E. We mean the supremum of all $B-small
locally convex topologies on E which are coarser than 7. Since the class of *B-small spaces
is closed under products and subspaces (by Theorem 3.17), we obtain that Tes is well-defined
and it is a ®B-small locally convex topology on E (such that 7sg C 7). The weak topology 1,
on E is always B-small (by Corollary 3.15), and therefore

w STy ST
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Asaconsequence, Ty is always a Hausdorff locally convex topology on E. Below, in Theorem
3.36, we give a description of this topology for polarly compatible classes as a naturally
defined polar topology.

Lemma 3.22 [15, Prop. 4.19] Let K be a compact space and F C C(K) is bounded. Then
F is a tame family for K if and only if F is a tame family for the weak-star compact unit ball
Bc(ky+. Equivalently, F is a tame subset (in terms of Definition 5.1) of the Banach space
C(K).

Corollary 3.23 The class [T] is polarly compatible.

Remark 3.24 [NP] is also polarly compatible. In fact, an analogous statement to Lemma 3.22
holds about fragmented maps [39].

Lemma 3.25 Ww*(M) € eqc (E*) for every M € eqc (E™).

Proof By definition, there is a neighborhood ¢ C E of zero such that M C ¢°. Note that £°
is convex and weak-star compact by Alaouglu—Bourbaki’s theorem.
Finally note that acx ™ (M) is a weak-star closed subspace of &°. o

Lemma3.26 Let M C E* be an equicontinuous, weak-star compact subset. Write
T :=acxX M. Then there exists a surjective j: Bcy — T such that rp(x) o j =
FBe gy (rp(x)) for every x € E.

J
BC(M)* — T

N H‘gT (x)

where y 1= "By (ryu(x)).

Proof Let i : M — Bcu+ be the natural embedding. Define M’ := acx i(M) and
Jj' i M — acx M via:

n n
j/ (Z ami(‘/)m)> = Z A Pm -
m=1 m=1

It is easy to see that this function is well-defined and linear. We will now show that it is
uniformly continuous with respect to the standard uniformities of the weak-star topologies.
Let us write
Ux(pr,-...piie) ={(f,8) e X x X |Vl <k <t:|f(pr) —g(pu)l < ¢},

where X € {M’, acx M}.

Suppose that xq, ..., x; € E and ¢ > 0. It is easy to see that:

J U ry 1), -t (x0); €)) S Up(xn, .o, Xe5 8).

By definition, j’ is uniformly continuous.

Now, by Lemma 3.25, T := acx ¥ M is compact, and in particular complete.

We can thus extend j’ to a continuous function j: M" = T. By Lemma 2.39,
M = Bemy*-

Since Be = is compact, j(Bc(m)y+) is closed. Moreover, acx M = j(M') C j(Bcmy*)
so it is also dense. As a consequence, j is surjective.
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Now suppose that x € E and ® = > | aumi(gm) € M' S Beuy+. We thus have:

(rr(x) 0 (@) = rr (V) () = rr () (' (P))

=rr(x) (Z am¢m> = (Z amwm> (x)
m=1

m=1

= Zam(pm(x) = Z(Xm(”M(x))((/’m)

m=1 m=1

=Y anlilpn)(ru(x)) = (Z ami«pm)) (rm (x))

m=1 m=1

= @y (%)) = (rBe gy (rm (X)) (D).
Asaconsequence, (r7(x)o j)jym = (rBC(M)* (rp (x)))mr . Since rr(x) o j and FBe oy (ry (x))

are continuous, and M’ is dense in B¢+, we have rr(x) o j = By (ru(x)). ]

Lemma 3.27 Let V be a vector space and let B C P(V) be a family of subsets of V. Then
the following requirements are enough to conclude that B is a convex bornology:

(1) Singletons belong to B.

2) If M e Band N € M then N € B.

(3) Union of two elements of B remains in B.

@) IfM e Bandr € RthenrM € B.

(5) Forevery M € B, the absolutely convex hull acx M € B.

Proof First, it is easy to see that
UazUwxr2v,
AeB xeV

so it only remains to show that sums of elements in B remains in B. Indeed, if A1, Ay € B,
then so are A; U A and 2acx (A1 U Aj3). Finally, note that:

A1+ Ay C2acx (A1 U Ap).

[}

Definition 3.28 Let B be a bornological class and A C E is a bounded subset. An equicon-
tinuous, M C E* is said to be co-B-small with respect to A if r(A) € %M"’*’ where
r:E—C (Mw ) is the restriction map. If this is true for every bounded subset of E, then
we will simply say that M is co-B-small.

Lemma 3.29 Suppose that ‘B is a bornological class, E alocally convex space, M € eqc (E™)
and A C E is bounded. If M is co-B-small with respect to A, then so is M’ := M U {0}.

Proof 1f 0 € M then we are done. Otherwise, recall that M is compact and therefore closed.
As a consequence, 0 is isolated in M’. Choose @9 € M and write N := {0, ¢p}. We now
define j: M' — M ands: M’ — N by

..o ¢#0 _J0 9#0
Jjg) = , s(p) = .
wo ¢=0 v ¢ =0.
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Note that both of these maps are continuous. In virtue of Remark 3.3, By is the Euclidean
bornology. Namely, every bounded subset belongs to ‘B y . In particular, sodoes ry (A) € By.
Thus, ry(A) o s € B,r. Moreover, it is easy to see that s (A) o j € Byr. We claim that

rmr(A) S ry(A)oj—rn(A)os.
More specifically, we claim that for every x € A:
ry(x) =ry(x)o j—ry(x)os.
Indeed, suppose that x € A, then for every ¢ € M we have:
(ry (X)) (@) = 0(x) = (j(@)@X) = (j (@) (x) = (s(@)(x) = (ru(x) o j —ry(x) o 5)(@).
Also:

(rp (x))(0) = 0(x) = 0 = go(x) — @o(x) = (j(0))(x) = (s(0))(x)
= (rm(x) o j —ry(x)0s)(0).

As a consequence, we have verified the identity for every ¢ € M’. Since B,y is a vector
bornology we conclude that ;s (A) € By as required. O

Lemma 3.30 Let B be a polarly compatible bornological class and let A C E be bounded.
The family of co-B-small subsets with respect to A of E* is a weak-star saturated, convex
bornology.

Denote this bornology as small* (B, E, A). We also write

small* (B, E) := () small* (B, E, A)
ACE

where A runs over bounded subsets. Clearly, small* (B, E) is also a weak-star saturated,
locally convex bornology.

Proof We will prove the requirements of Lemma 3.27:

(1) Saturated: by definition.
Without loss of generality, we will assume that M is weak-star closed for the rest of the
proof.

(2) Singletons belong to small* (%8, E, A): Consequence of Remark 3.13.

(3) If M € small* (B, E, A) and N C M, then N € small* (B, E, A): Consider the inclu-
sionmapi : N - M.Letry : E - C(M)andry : E — C(N) be the restriction maps.
By definition, 7y (A) € By . In virtue of the consistency property, ry(A) oi € By.
Also, note that ry(A) = ry(A) o i. By definition, N € small* (*B, E, A).

(4) Union of finite elements of small* (B, E, A) remains in small* (B, E, A): Let M and N
be members of small* (8, E, A). We show that M U N € small* (8, E, A). Consider
the space P := M x N x {1, 2} and the continuous function T: P — (M U N) defined

by:
’ ’ ’ Wn—Z.

By definition, ry(A) € By, ry(A) € By; we will check that ryun(A) € Byun-
Because T is surjective, and in virtue of the consistency property, we can equivalently
show that ryyuny(A) o T € Bp.
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In virtue of Lemma 3.29, we can assume without loss of generality that 0 € M and
0 € N. Now, consider the maps 6p7: P — M and 6y : P — N defined as

outp.ym =1 "]
, Y, n) =
My 0 n=2
ontppm =10 "]
, W, n) = .
N (@ v on=2
Using the consistency property, we know that (rps(A) 0 0p) + (rnv(A) o Oy) € Bp. We

claim that
rmMuN(A) o T C (ry(A) o Oy) + (rn(A) o 6n),
completing this part of the proof. Indeed, for every x € A, we have:
rmuN (x) o T = (ry(x) 0 Oyr) + (rv(x) o Oy).

(5) Suppose that M € small* (B, E, A) and « € R, we show that « M € small* (B, E, A).
Consider the scalar map S,: M — aM defined by S,(¢) := a¢. By definition,
ry(A) € By Notethatry (A) = rem(A)oSy. Invirtue of consistency, rypr (A) € By -

(6) If M € small* (B, E, A), then so is its closed absolutely convex hull

T :=acx” M € small* (B, E, A).

Leti: M <> Bc )+ be the inclusion map.

By definition, M is equicontinuous, so using Lemma 3.26, consider a continuous surjec-
tion j: By — T such that forevery x € E, rr(x) o j = T By (ry(x)). In virtue
of its construction, we have:

Pr(A) 0 j = e (r(A)).

Moreover, since 8 is polarly compatible, FBe gy (ry(A)) € %Bcu\m'
Finally, using the consistency property, we know that rr(A) € B, as required.

[m}

Recall that every convex bornology B on the dual E*, induces a locally convex topology
on E [24, Thm. 5:1°1(a)]. This is the polar topology defined by the basis:

{M° | M € B}.

Also, if B consists of equicontinuous subsets only, then its polar topology is weaker than the
original topology [24, Thm. 5:1°3]

Definition 3.31 Let B be a polarly compatible bornological class, and (E, t) be a locally
convex space. Recall that Lemma 3.30 applies in this case so small* (B, E) is a convex bornol-
ogy. We define 793 to be the polar topology generated by small* (B, E). Since small* (B, E)
consists of equicontinuous subsets, ts3 C 7.

Note that the requirements of Definition 3.21 are necessary to obtain Lemma 3.30, as can
be seen in the following lemma.

Lemma 3.32 Suppose that B is a bornological class such that for every E and every bounded
A C E, small* (%8, E, A) is a saturated locally convex bornology (with respect to the weak-
star topology). Then ‘B is polarly compatible.
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Proof Suppose that K is compact and A € Bg. Write r: C(K) — C(Bck)+) for the
restriction map and i : K — Bc(k)+ for the evaluation map. Also, define K’ := i(K). We
need to show that 7(A) € ‘BBC(K)*. It is easy to see that A = r(A) o i. As a consequence,

r(A) € B In other words, r(A) € small* (B, C(K)*, K') and therefore

r(A) € small* (‘B, C(K)*, acx w*K’).
As a consequence,
r(A) € B v k-
However, by Lemma 2.39, XK = Bc(k)*, as required. ]
Corollary 3.33 The class [DLP] is polarly compatible.

Proof A consequence of Fact 2.30 and Lemma 3.32. Note that in Fact 2.30, E and F are
interchangeable. O

Lemma 3.34 For every locally convex space (E, T), we have:
TwC T CTCT,
where Ty, is the weak topology and t,, is the Mackey topology.
Proof First, let us note that
FCsmall*(B,E)CECC

where F, £ and C are the bornologies of finite subsets, equicontinuous subsets, and weak-
star compact absolutely convex subsets, respectively. It is known that their respective polar
topologies are Ty, T and 7, ([52, p. 131, Cor. 1]). As a consequence:

Tw STy ST 1.

Lemma3.35 Let (E, t) be a locally convex space. The topology tsg is B-small.

Proof Let A C E be abounded subset and M C E* be a weak-star compact, equicontinuous
subset (with respect to g3). We will show that »(A) € By,.
By Lemma 3.34:

Tw C T3 C 7y

By [52, p. 132, Corollary 2], we conclude that the bounded subsets of 7ss are the same as
those of t. Thus, A is bounded with respect to the original topology .

Since M is equicontinuous, we can find a neighborhood ¢ of zero in E such that M C &°.
By definition, we can find a subset N € small* (8, E) such that N° C &. We therefore have

N°° D e° D M.
By the bipolar theorem (Fact 2.2),
N°° =acx"“N.
By Lemma 3.30, small* (8, E) is weak-star saturated and locally convex, so
N°° =acx” N € small* (B, E).

In particular, 7y (A) € B oo, hence ry(A) € By O
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Theorem 3.36 For every lcs (E, T), Tss is the strongest locally convex, B-small topology
coarser than t.

Proof First, by Lemma 3.35, 7g is indeed a B-small topology. Now, suppose that 7es <
o C 1 is alocally convex ‘B-small topology. By Lemma 3.34, we can write

Wty Co ST,

In virtue of [52, p. 132, Cor. 2], we know that 795 and o have the same bounded sets. Now,
suppose that ¢ € o is a neighborhood of zero. We can find a § € o such that acxé C ¢. Note
that because both g3 and o are compatible with the dual E*, the closure of convex sets (like
acx 8) is equal to the weak closure ( [25, p. 131, Cor. 6]). We will show that acxé € o3,
proving that o C 7s5.

Since o is B-small, we know that r(A) € Bso forevery bounded A C E. Since we already
established that the bounded subsets of tgs and o agree, it means that §° € small* (B, E;).
Again, by definition, §°° € tg. Using the Bipolar Theorem (Fact 2.2), we know that
acx § = §°°, as required. O

4 Locally convex analogues of reflexive and Asplund Banach spaces

DLP locally convex spaces. The following well-known observation can be derived by results
of [3, Appendix A].

Fact4.1 Let F x K — R be a bounded separately continuous map where F and K are
compact. Then F, as a family of maps on K, is DLP.

Following the lines of Proposition 3.2 and Definition 3.4, we give

Definition 4.2 Let E be a locally convex space.

e We say that a bounded subset B of E is DLP if B € small ((DLP], E). Explicitly, B is
DLP if it is DLP as a family of functions over every M € eqc (E™).

e FE is said to be DLP, and write E € (DLP) if E is [DLP]-small. In other words,
E € (DLP) if and only if every bounded subset of E is DLP.

The following is a direct consequence of Theorem 3.17.
Theorem 4.3 The class (DLP) is closed under taking:

(1) subspaces

(2) bound covering maps
(3) products

4) direct sums

(5) inverse limits.

Moreover, if F is a large, dense subspace of the locally convex space E, and F € (DLP),
then E € (DLP). In particular, if V is a normed DLP space, then so is its completion.

Proposition 4.4 Every relatively weakly compact subset B in a lcs E is DLP.

Proof Let B be weakly compact in a Ics E and M € eqc (E*). Then the natural map
w: B x M — R is separately continuous. Observe that w is a bounded map. Indeed, there
exists a neighborhood O of zero in E such that |u(x)] < 1 forevery x € O andu € M.
Since B is bounded, there exists ¢ € R such that B C ¢O. Then |u(x)| < ¢ forevery x € B
and u € M. Now, by Fact 4.1, we obtain that B is DLP on M. O
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The converse is true for Banach spaces. Namely, a bounded subset B of a Banach space
V is DLP iff B is relatively weakly compact (see [3, Thm. A5]). As a consequence, a Banach
space V is reflexive iff it is DLP.

Fact4.5 [52,Ch.1V, 5.5] A locally convex space is semi-reflexive if and only if every bounded
subset is relatively weakly compact.

Recall that a Ics E is said to be boundedly-complete (or, quasi-complete, [25]) if every
closed bounded subset in E is complete. An equivalent condition is that every bounded
Cauchy net converges. Every boundedly-complete Ics is sequentially complete and every
sequentially complete Ics is locally complete (Definition 2.1). Note that every weakly compact
subset in a Ics is complete, [21, p. 90]. This implies (by Fact 4.5) that every semi-reflexive
space is boundedly-complete. In Theorem 4.6 we make this more precise.

Theorem 4.6 E is semi-reflexive if and only if E is boundedly-complete and DLP.

Proof First suppose that E is semi-reflexive. Then our claim is a consequence of Proposition
4.4 and Fact 4.5. The converse is a conclusion of Proposition 4.7 below. O

Proposition 4.7 (version of Grothendieck’s result [29, Thm. 17.12])
Let E be a boundedly-complete Ics. Then the following are equivalent for a subset B C E:

(1) B is bounded and DLP.
(2) B is relatively weakly compact.
(3) The closed convex hull C := co(B) is weakly compact.

Proof (3) = (2) Obvious.

(2) = (1) Let B be a relatively weakly compact subset in E. Then it is well-known that
B is bounded. Also B is DLP by Proposition 4.4.

(1) = (3) Let B C E be a bounded DLP subset. We have to show that C := co(B) is
weakly compact. First, C is complete being bounded and closed in a boundedly-complete
space E.

Also, by Lemma 3.5, C is DLP as well. By [52, II, 5.4, Corollary 2], there exists an
embedding T: E < V where V := [, .5 Vx and {V)}ren are Banach spaces.

By Fact 2.6, it is enough to show that 7'(C) is weakly compact.

The subset 7' (C) is complete in 7 (E) and also in V, because T is a uniform embedding
(as a linear embedding). Therefore, T (C) is closed in V. Moreover, T (C) is convex. So, it
is even weakly closed in V' ( [25, p. 131, Corollary 6]).

As a consequence, it is enough to show that 7'(C) is relatively weakly compact.

By Theorem 4.3, the projection C), := m (T (C)) < V, is DLP for every A € A. Since
C) € V, is a bounded DLP subset in a Banach space V;, we can apply [3, Thm. A.5] to
conclude that it is weakly relatively compact.

Now observe that T (C) < C:= [Tica Cr-By[52,p. 137, Thm4.3], the weak topology of
the product is the product of the weak topologies. Using Tychonoff’s Theorem, we conclude
that C is also weakly compact in V = [], ., Va. Finally, T(C) € Cis relatively weakly
compact. O

Proposition 4.7 implies that in the boundedly-complete space E, the closed convex hull
of every weakly compact subset is weakly compact (generalized Krein-Smulian theorem).
This need not be true in arbitrary Ics if E is not boundedly-complete.

For example, let E be the normed subspace of /> which consists of all sequences of finite

support. Then the set {%en }nEN U {0,2} is compact but the closure of its convex hull is not
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compact (and even not complete). Note that E is DLP because it is a subspace of />. By
Theorem 4.3, the DLP is hereditary. Since E is not semi-reflexive, this example shows that
boundedly-completeness is essential also in Theorem 4.6.

Moreover, in this space every bounded neighborhood of the origin is DLP but not relatively
weakly compact.

Remark 4.8 'We mention some interesting subclasses in DLP. Among others:

(1) Semi-reflexive Ics (Theorem 4.6);

(2) Quasi-Montel Ics (every bounded subset is uniformly precompact). Schwartz and nuclear
Ics are quasi-Montel.
Important examples in Analysis: the spaces C*°(£2) and D(£2) (for an open subset €2 in
R™). Also, the space of analytic functions H (£2) over a domain;

(3) Forevery locally convex space E, the Ics (E, w) with its weak topology is (DLP). Indeed,
(E, w) is a subspace of RE;

(4) Every space C,(X), inits pointwise topology (for every topological space X), is (DLP).
Indeed, Cp(X) is a subspace of RX.

Namioka—Phelps (NP) locally convex spaces. Recall the following well-known character-
ization of Asplund Banach spaces.

Fact4.9 (Namioka—Phelps [41]) A Banach space (V, || - ||) is Asplund (the dual of every
separable (Banach) subspace is separable) iff very bounded weakly-star compact subset
K C E* is (weak™,norm)-fragmented.

The second assertion can be reformulated as follows: the unit ball in E is a fragmented
family of functions on the unit ball of the dual space.
The following locally convex version of Asplund spaces was introduced in [33].

Definition 4.10 [33] A locally convex space E is said to be a Namioka—Phelps (NP) space
if every K € eqc (E™) is (weak™,strong)-fragmented.

Definition 4.11 We say that a bounded subset A of a Ics E is an Asplund set in E if A is
fragmented on every K € eqc (E*).

The first assertion of the following lemma appears also in [17, 39].

Lemma 4.12

(1) Let K be a compact space and F C C(K) be a norm bounded subset. If F is DLP on K
then F is a fragmented family on K.

(2) Every DLP (e.g., relatively weakly compact) subset B in a lcs E is Asplund and hence
(DLP) C (NP).

Proof 1t is easy to see that (2) follows from (1). To show (1), note that every (relatively)
weakly compact subset in a Ics is Asplund being fragmented on every K € eqc (E™*). This
follows using Namioka’ joint continuity theorem (as in [33, Prop. 3.5]). On the other hand, a
bounded family of continuous functions on a compact space K has DLP iff its natural image
into the Banach space C(K) is relatively weakly compact. O

Like in Definition 4.2 (DLP), both of these definitions can be reformulated in terms of a
bornological class [NP]. We can also formulate the following theorem as a consequence of
Theorem 3.17.
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Theorem 4.13 The class (NP) is closed under taking:

(1) subspaces

(2) bound covering maps
(3) products

4) direct sums

(5) inverse limits.

Moreover, if F is a large, dense subspace of the locally convex space E, and F € (NP), then
E € (NP).

Remark 4.14 Recall that abounded subset A in a Banach space V is said to be an Asplund sub-
set (Fabian [9, p. 22]), or, a Stegall subset in terms of Bourgin [5, p. 121] if the pseudometric
space (V*, pc) is separable for every countable C C A, where

pc(@, ¥) == sup |p(x) — Y (x)].

xeC

Equivalently, (By+, pc) is separable.
This definition is compatible with Definition 4.11 as it follows from Lemma 2.17.

Lemma 4.15 The following conditions are equivalent:

(1) E is (NP);
(2) every (countable) bounded B C E subset is an Asplund subset in E.

Proof E is (NP) means that every subset K € eqc (E™*) is (weak*, strong)-fragmented. That
is, for every subset A € K, ¢ > 0 and bounded set B C V, there exists a weak-star open set
O C E* such that A N O is nonempty and (¢, B)-small. This is equivalent to (A N O)(x)
being e-small for every x € B. This just means that B is a fragmented family of functions
on K.

By Lemma 2.17, it is equivalent that for every countable subset C of B is fragmented on
K. O

Note that (NP) Ics has several remarkable properties. For the continuity of dual group
actions, see [33] and for the fixed point theorems, [16] and [56].

Examples 4.16 [33]

(1) A Banach space is (NP) iff it is Asplund.
(2) Every Frechet differentiable Ics is (NP).
(3) If the dual V* is a linear subspace in a product of separable Ics, then V is (NP).

5 Locally convex analogue of Rosenthal Banach spaces

Definition 5.1 We say that a bounded subset B of a Ics E is fame in E if one of the following
equivalent conditions (by Lemma 2.24) is satisfied:

(1) Bistame (Definition2.21) overevery K € eqc (E*). In other words, B € small ([T], E).
(ii) B is eventually fragmented over every K € eqc (E™).

Every fragmented family is eventually fragmented. Therefore, every Asplund subset in £
is tame.

In the spirit of Definition 3.18, we will say that a bounded subset is Mackey tame if it is
tame over every weak-star compact (not necessarily equicontinuous) subset K C E*.
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Remark 5.2 By Lemma 3.5 and Proposition 3.2, the family of tame (Asplund, DLP) subsets
in a given lcs is a convex bornology in the sense of [24] and a saturated bornology in the
sense of [25, p. 153].

By Lemma 2.27, a Banach space V is Rosenthal iff every bounded subset ' C V is tame.
Motivated by this reformulation, we introduce here the following locally convex analogue of
Rosenthal Banach spaces.

Definition 5.3 A locally convex space E is said to be tame if every bounded subset B of E is
tame. In other words, E is tame if and only if E is [T]-small. In this case we write E € (T).

Similarly, a space is Mackey tame if every bounded subset is Mackey tame. In this case
we will write E € (mT).

As in Lemma 4.15, we may assume without loss of generality that B is countable. We
have the inclusions (note that s. stands for “subsets"):
{weakly compact s.} C (DLPs.) C {Asplund s.} C {tame s.} C {bounded s.}
{semi-reflexive Ics} C (DLP) Cc (NP) C (T) C {lcs}

Proposition 5.4

(1) For Mackey spaces (e.g., barreled or metrizable), Mackey tameness is equivalent to
tameness.
(2) A Banach space is a tame Ics iff it is a Rosenthal Banach space.

Proof Corollary 3.20 and Lemma 2.27 respectively. O

The following is a direct consequence of Theorem 3.17.
Theorem 5.5 The class (T) is closed under taking:

(1) subspaces

(2) bound covering maps
(3) products

4) direct sums

(5) inverse limits.

Moreover; if F is a large, dense subspace of the locally convex space E, and F € (T), then
E € (T). In particular, if V is a normed tame space, then so is its completion.

Question 5.6 Is it true that the completion of a DLP/NP/tame Ics is always DLP/NP/tame?

A nonempty class of Ics is said to be a variety [7] if it is closed under the operations of
taking subspaces, quotients, arbitrary products and isomorphisms. In particular, it is closed
also under the inverse limits. For every subclass K of locally convex spaces, the intersection
of all varieties containing K is a variety generated by K. Notation: V(K).

Proposition 5.7 The variety V(R) generated by the class of all Banach tame (i.e., Rosenthal)
spaces is properly contained in (T). In particular, not every tame Ilcs can be embedded into
a product of tame Banach spaces. Similar assertion is true for (NP).

Proof Use results of this section and also the following facts:

(a) The classes (DLP), (NP) and (T) are not closed under quotients. As it was mentioned
in [52, IV, Ex. 20], there exists a Frechet Montel (hence, (DLP)) space E and a closed
subspace M such that the quotient space E /M is the Banach space /! (which, of course,
is not tame).
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(b) The class R of all Banach tame (i.e., Rosenthal) spaces is closed under finite products
and quotients, Hence by [7, Thm. 1.4], the variety V(R) of all Ics generated by R is just
the class of all subspaces in products of Rosenthal Banach spaces. This implies that the
Montel Frechet space E from (a), which is (DLP) and hence tame, cannot be embedded
into a product of tame Banach spaces because a quotient of E is ! (and variety is closed
under quotients).

m}

Fact 5.8 [44, Main Theorem] Let K be a compact space. The following are equivalent:

(1) I' cannot be embedded in C (K).
(2) The dual of every separable Banach subspace of C(K) is separable.
(3) K is scattered.

In other words, C(K) as a Banach space is Rosenthal, iff it is Asplund iff K is scattered.

This result motivates a generalization to the locally convex space Cy(X) with the compact
open topology when X is not compact. In [12, Lemma 6.3], Gabriyelyan—Kakol-Kubi$—
Marciszewski gave a natural generalization showing that the same statement remains valid
for the Ics Ci(X) where X is a Tychonoff space X which is not necessarily compact, if we
require that every compact subset of X is scattered. We give now another generalization of
Fact 5.8 involving tame and NP Ics.

Proposition 5.9 For every Tychonoff topological space X the following are equivalent:

(1) Cix(X) is a tame Ics.
(2) Cr(X) is (NP).
(3) Every compact subset of X is scattered.

Proof For every compact K C X, write Ex := C(K) for the Banach space of continuous
functions over K. Let D be the directed family of all compact subsets in X. By [25, p. 70,
Proposition 3], E = C;(X) can be embedded in the inverse limit lim Ek. To make
notation easier, we will assume without loss of generality that £ C Lin vep EK-

(3) = (2) : Suppose that every compact K € X is scattered. We wiﬁ show that Ci(X)
is (NP). Applying Fact 5.8, we know that Ex is (NP) if and only if K is scattered. Using
Theorem 5.5, we conclude that l(in KeD Ek is also (NP), and therefore sois £ = Cr(X) C

lim Ex.
<—KeD K

(2) = (1) : Obvious.

(1) = (3) : We will show that if E is tame, then every compact subset of X is scattered.
Let K € X be a compact subset. Consider the restriction map r: Cx(X) — C(K). Itis easy
to see that r is continuous. We claim that it is bound covering. Then, applying Theorem 5.5
we will conclude that C(K) is also tame. Finally, we will use Fact 5.8 to show that K is
indeed scattered.

Now, to see that r is bound covering, consider the Stone-Cech compactification X.

Suppose that f € C(K). Since K is compact, f is bounded. Also, K is closed in 8X as a
compact subset in a compact Hausdorff space. We can therefore apply the Tietze extension
theorem to find fe C(BX) such that ﬁk = f and

sup | 7(x)] = sup| f ().
xepX xekK

Let us write e: C(K) — Ci(X) for the map sending every f € C(K) to ﬁx. Clearly,
r(e(f)) = f and therefore r(e(B)) = B for every B C C(K).
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Moreover, for every f € C(K) and compact K’ C X, we have

sup [(e(f) )| < sup |F(0)] = [ 1.

xekK’ xepX
As a consequence, if B € C(K) is bounded by M > 0, then so is e(B). By definition, r is
bound covering. O

Remark 5.10 A Banach space V is Asplund iff the dual of every separable subspace is sepa-
rable. In contrast, there exists a separable NP space E with nonseparable dual (Remark 5.11
below). However, it is unclear for us if a lcs is NP iff the dual of every separable Banach
subspace is separable. This question is interesting also in order to compare our Proposition
5.9 and [12, Lemma 6.3]. The “only if part” is clear because the class (NP) is closed under
subspaces.

Remark 5.11 Let V be a (NP) Ics. In contrast to the case of Banach spaces (recall that (NP)
Banach spaces are exactly Asplund Banach spaces), the dual of a separable linear subspace
E of V is not necessarily separable. Indeed, consider the product space V = R°. Then R¢
is a reflexive Ics (in particular, (NP)). R€ is separable (because of the Pondiczery Theorem
[55, Thm. 16.4.c]).

However, its dual is not separable. Indeed, by [52], its dual V* in its weak-star topology
can be identified with the locally convex direct sum @;<;R; of continuum many copies of
R. It is easy to see that V* in its weak-star topology is not separable. Therefore, V* in its
strong topology cannot be separable.

6 Generalized I'-sequences

Definition 6.1 Let E be a locally convex space. A bounded sequence {x, },en C E is said to
be equivalent to the I'-basis (or simply an I'-sequence) if there exist: a continuous seminorm
pon E and § > 0, such that for every c1, ...,c, € R

n n
5Z|Ci| <p (ZQ’M) .
i=1 iz

Generalizing Definition 1.4, we say that a subset A in a locally convex space E satisfies
(Ry) if it has no bounded / 1—sequences.

The space E satisfies (Ry) iff every bounded subset satisfies (Ry). If there is no embedding
of I! into E, then we will say that E satisfies Ry).

Lemma 6.2 Let (X, ||-||) be a Banach space and let Y be a locally convex space. Suppose
that 9. X — Y is a continuous linear map. Then ¢ is an embedding if and only if there is a
continuous seminorm p on Y and § > 0 such that p(¢(x)) > §||x|| for every x € X.

Proof Suppose that this condition is indeed satisfied. Clearly, ¢ is injective, because for every
0 # x € X we have p(p(x)) > §||x|| > 0. Hence, ¢(x) # 0.

Since ¢ is linear, it is enough to show that ¢(By) is a neighborhood of 0 in ¢(X). We
claim that

P(X) N B, (8) S ¢(Bx).
Indeed, if y € ¢(X) N B, (8) then there is x € X such that ¢(x) = y. Note that

3= p(y) = plpx)) = dlx|l,
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and therefore ||x|| < 1. By definition, x € By and y € ¢(Byx).
Conversely, suppose that ¢ is an embedding. By definition, ¢ (By) is a neighborhood of
0in ¢(X). So there are continuous seminorms py, ..., o, on Y and 8’ > 0 such that

@(X) N By, 0, (8") € @(Bx),
where

Bpi...py@)i={yeY |Vl<i<n:p(y <8}

First, define p := max;<;<, p; Which is clearly another continuous seminorm on Y, and note
that

By, ...p,(8") = B, (8.

Next, suppose thatx € X.If x = 0then our condition is clearly satisfied. Otherwise, || x| > 0.

Write ¥ := 2-x and note that ||X|| = 2 > 1. Thus, ¥ ¢ By.

flxll
We claim that ¢(X) ¢ B,(8’) as a consequence. Indeed, suppose by contradiction that

@(X) € B,(8"). Thus,
@(X) € B,(8") Np(X) S ¢(Bx).

By definition, there exists some y € By such that ¢(y) = ¢(¥). However, ¢ is injective so
X =y € Bx,whichisimpossiblesinceX ¢ By.This contradiction shows that (X) ¢ B,(8’).
By definition, p(¢(X)) > & and therefore

2 2 ,
p (w (—x» =—ppx)) =34
x|l x|l

U

8
plp()) Z lIxll =

’
: &
Finally, define § := 5 - O

The following is a direct consequence of Lemma 6.2.

Lemma6.3 (Ry) = (Ry). More precisely, let ¢: 1' — X be an embedding into a lcs X.
Then {@(en)}nen € X is an ll-sequence.

Example 6.4 The converse to Lemma 6.3 need not be true, (Ry) % (Ry).

Proof Indeed, consider the normed subspace X of I! consisting of finitely supported
sequences:

X:={ozell|3noeNVnzn0:oc,,=0}.

It is easy to see that the standard basis {¢,} € X remains an / 1-sequence. However, there is
no embedding ¢: I! — X.

By contradiction, suppose that ¢: /! — X is an embedding. By dim X we mean the
Hamel dimension of X. It is easy to see that dim X = 8y while dimY = diml! =R, a
contradiction. O

Lemma 6.5 Suppose that X and Y are locally convex spaces and ¢ : X — Y is a continuous
linear map. If A C X is bounded and satisfies (Ry), then so does ¢(A).
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Proof By contradiction, suppose that ¢(A) C Y does not satisfy (Ry). By definition, there
exist: a sequence {y,},en € ¢(A) C Y, a continuous seminorm p on Y and § > 0 such that
foreverycy,...,c, € R

n n
52 lcil < o E ¢iyil-
i=1 i=1
Since ¢ is continuous and linear, there is a continuous seminorm o on X such that

plp(x)) <o(x)

for every x € X. Choose x, € A C X such that ¢(x,) = y,. The sequence {x,} is bounded
because A is bounded. We claim that {x,,} € A is an/ 1 -sequence with respect to o and 4§,
which contradicts A satisfying (Rj). Indeed, for every ¢y, ..., ¢, € R

() (o)) o )

=p (ic,y,-) > Silcw

i=1 i=1

The following lemma can be extrapolated from [49, Propositions 3.1 and 3.3].

Lemma 6.6 Let X be a locally complete lcs. If {xu}nen C X is a bounded 1" -sequence, then
there is a linear topological embedding ¢: 1' — X such that for every n € N, ¢(e,) = x,.

Moreover, if p is a continuous seminormon X and 8 > 0 make {x, }nen into anl'-sequence,
then:

p(p(@)) = dllaf

foreverya € 1.

Proof Let {x,},en be equivalent to the '-basis. Define p: I — X by p(@) == ), ey UnXn,
where @ = (ay)neny € I'. Before we continue, we verify the convergence of this sum.
Write B for the smallest closed disc containing {x,},en. Since {x,},cn is bounded, so is
B. By our assumption, X is locally complete. Hence, (X, gp) is complete. Moreover,
Zy/lv=o anXx, € Xp, so we can use the Cauchy criterion for convergence. Let ¢ > 0. By the
definition of !, there exists some ng € N such that Z;o:ng lay| < e. Note that for every
n € N, gp(x,) < 1because x, € 1 - B. Thus, for every m > ny:

m m m o0
a8 (Zanxn> < lonlgs(ra) < Yl = Y o <e.

n=ngo n=ngo n=ngo n=ngo

We have therefore shown that D, . @nxn 2 xeXx B. Now, apply Fact 2.9 to conclude
that lim,en ), oy @nXn = x € X with respect to the original topology of X.

Note that ¢ is clearly linear. Next we show that ¢ is continuous. Let p be a continuous
seminorm on X, ¢ > 0 and M € R be a bound for {p(x;)},en. A similar calculation shows
that

P@@) < MY lanl = Ml < M— =&
<My =M
ne
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for every « € 17 B;1. Note that for every o € ! such that a, = 0 for every n > ng, we have

no no
pp(@) = p (Zaix,-) > 68 ey =8l
i=1 i=1

Since the finitely supported elements in /! are dense, and by virtue of the continuity of ¢, this
inequality also applies for every € I!. Applying Lemma 6.2, we conclude that ¢ is indeed
an embedding. o

The following is a direct consequence of Lemma 6.3 and Lemma 6.6.
Lemma 6.7 For locally complete Ics, the conditions (Ry) and (Ry) are equivalent.
Recall that we gave definitions of pys and (R}) in Definition 2.33.

Lemma 6.8 Let E be alocally convex space and let M C E* be an equicontinuous, weak-star
compact, disked subset. If M does not satisfy (RY), then there exist an embedding T : V — E
where V is a dense normed subspace of ' and § > 0 such that

8By« C T*(M).

Proof Let E be the completion of E. By definition, there is a bounded sequence {x,},en € E
which is equivalent to the usual /!-basis with respect to pp;. By Lemma 6.6, there exists an
embedding T’ : ' - E with respect to pyy such that T/(e,,) = x,,. Moreover, there exists
8 > 0 such that

Va el : py(T (@) = 8llall;.

Write V := (T")""(E) and T := T}, .

By contradiction, suppose that §By= gé T*(M). In this case, there exists
¢ € §Byx\T*(M). Recall that by Banach-Grothendieck theorem the dual of (V*, w*)
is simply V.

Also, T*(M) is clearly absolutely convex and closed. Using Fact 2.38, we can find @ € V
such that

sup [(T*()) ()] < |p(@)].
OeM

Thus we get:
Sllelli <pm (T (@) = sup |0(T (@)
OeM
= sup [(T*(0) ()| < |p()]
OeM
<llelhllel < éllel,
a contradiction. ]

7 Rosenthal type properties

For the definitions of (Ry) and (Ry), see Definitions 1.4 and 6.1.

Theorem 7.1 (T) = (Ry).
More precisely, a bounded subset B C X of a lcs is tame if and only if B satisfies (Ry).
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Proof First suppose that B C X does not satisfy (Ry). We will show that B is not tame.
Without loss of generality, we can assume that B = {x,},eny € X is a bounded sequence
equivalent to the /!-basis. Write X for the completion of X. It is easy to see that {x,},eN
remains an /' -sequence as a subset of X (directly applying Definition 6.1 and extending the
seminorm to X). By Lemma 6.6, there is an embedding ¢ : [! — X such thatg(e,) = x, € X.
Write B’ := {e,}nen C I'. Clearly, B’ is not tame in /!. Since ¢ is an embedding, B = ¢(B’)
is also not tame in X. However, by Theorem 5.5, this implies that B is not tame in X, which
is a contradiction.

Conversely, suppose that B C X satisfies (Ry), we will show that B is tame. Let M €
eqc(X*) and let w: X — V and A: M — V* be as in Lemma 2.35. Since A is weak-
star continuous, A(M) is weak-star compact and therefore equicontinuous by the Banach—
Steinhaus Theorem (for the Banach space V). Since B satisfies (Rj) and considering Lemma
6.5, so does w(B). By Lemma 2.26, 7 (B) is tame over A(M). Applying Lemma 3.6, we
conclude that B is tame over M = w*(A(M)). ]

The following corollary of Theorem 7.1 gives a generalization of Rosenthals’s dichotomy
to all locally convex spaces in terms of the tameness.

Theorem 7.2 [Tame dichotomy in Ics] Let E be a locally convex space. Then every bounded
subset in E is either tame, or has a subsequence equivalent to the I'-sequence.

Definition 7.3 A subset A C X of a Ics is said to be Rosenthal (write A € (Ros)) if every
bounded sequence in A has a weak Cauchy subsequence. We say that X is Rosenthal (X €
(Ros)) if every bounded subset of X is Rosenthal.

Proposition 7.4 (Ros) — (mT).
More precisely, every bounded Rosenthal subset B C X (e.g., every bounded weak Cauchy
subsequence) in a lcs X is Mackey tame.

Proof Suppose that B € X is a bounded Rosenthal set and let M < X* be weak-star
compact. We claim that B is tame over M. Assuming the contrary, suppose that {x, },eny € B
is independent over M. We can assume without loss of generality that {x, }, <N is both weak-
Cauchy and independent over M. Let a < b € R be the bounds of independence of {x,},eN
over M. Since M is weak-star compact, we can use Fact 2.23 to find ¢ € M such that:
(b,o0) ne?2N
@(xn) € .-
(—00,a) otherwise
This implies that {¢(x,)},cN is not a Cauchy sequence, which is a contradiction. m}
Theorem 7.5 In every locally convex space X, the following holds:
(Ros) => (mT) = (T) = (R1) = (Ry).
Proof Combine Theorem 7.1, Proposition 7.4 and Lemma 6.3. O
Theorem 7.6 Let X be a locally convex space whose bounded subsets are metrizable. Then
(Ros) = (T).
More precisely, If B C X is a bounded subset then it is Rosenthal if and only if it is tame.

Proof We already established in Proposition 7.4 that every Rosenthal bounded subset is tame.
We will see the converse applied in this setting. Let B € X be tame, we will show that it
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is also Rosenthal. Without loss of generality, we can assume that B = {x,},exy € X is a
bounded sequence. Note that acx B is also bounded, and therefore metrizable.

Let {&;, N acx B},en be a descending basis of disks for the neighborhoods of 0 € acx B,
and let {¢,, },,eN be the corresponding polars. Every such polar is equicontinuous by definition
and also weak-star compact by the Banach—Alaoglu Theorem. Since B is tame, it must be
tame over each ¢;,.

Define n,(co) := k. Using induction, we construct subsequences [n,((m) }k N C N such that
€
| {n(m+1)} c {n(m)} '
AL keN — Uk Jren

2 { ( m)} f € e’
2) o xnl(() . converges for every ¢ € ¢,,

The induction step is done by applying Lemma 2.24 on [n,(cm) }k N to find a subsequence
S

[n](‘erl)]keN that converges on ¢, ;. Now, defining ny := n,((k) we get that {@(x,, )} keN

converges for every ¢ € |,,cn €0+

We will now show that {x,, }xen is a weak Cauchy sequence. Let ¢ € X* and let ¢ be a
neighborhood of zero such that |¢(g)| < 1. By the construction of {&;,},,¢N, there is some
mgo € N such that g,,, Nacx B C e Nacx B.

Using Lemma 2.37, we can find ¢ € &, such that gucxp = @acx 5. However,
{xn, Jken € acx B and therefore {¢(x, )}lken = {@(xy)}ken converges. By definition,
{xn; Jken 1s weak Cauchy. m]

Theorem 7.7 If all bounded sets of a lcs X are metrizable, then
(Ros) = (mT) = (T) = (R1) = (Ry)

and the following dichotomy holds: any bounded sequence in X either has a weak Cauchy
subsequence or an |'-subsequence.

Proof Combine Theorem 7.5 and Theorem 7.6. ]

Theorem 7.7 and Lemma 6.7 directly imply a well-known result of Ruess (Fact 1.8) which
extends Rosenthal’s non-containtment of /! -criteria to a quite large class of Ics.

Theorem 7.8 There exists a strongly tame complete (even reflexive) lcs which:

(1) is not a Rosenthal lcs;
(ii) does not contain any | 1-subsequence;
(iii) contains a dense, Rosenthal subspace.

As a corollary: Rosenthal’s dichotomy does not hold for such locally convex spaces.

Proof Write C := {0, 1} and consider the space X := R with the product topology. It is
known that X is complete and reflexive. By Theorem 5.5, X is tame. Also, every reflexive
space is barreled [25, Proposition 11.4.2] so by Proposition 5.4, X is strongly tame. We will
see now that it is not Rosenthal. Consider the n-th projection 7, : C — {0, 1}. We claim that
{mn}nen € X hasno weak Cauchy subsequence. Indeed, for every subsequence {nj}reny S N
define @ € C whose n-th entry is

1 n=n,ke2N
oy =
0 else
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and let e, : X — R be the evaluation functional at «. It is easy to see that {e, (77, ) }xen does
not converge and therefore {7, }ren is not weak Cauchy.
Finally, consider the dense subspace Y € X of functions with finite support

Y :={f € RS | [Supp(f)| < 8o} € RE.

We will show that Y is a Rosenthal space. Let {x,},en € Y be a bounded sequence. By
definition,

S = U Supp(x,) € C
neN

is countable so we can enumerate it as S = {&;,; };nen. Using induction and a diagonal argu-
ment, it is easy to find a subsequence {ni}ren € N such that {x,, }ren converges pointwise
on S. Moreover, for every @ € C \ S, k € N we have x,, («) = 0. Therefore, {x,, } converges
pointwise on C and is therefore weak-Cauchy. O

Remark 7.9 Theorem 7.2 can be considered as a locally convex version of Rosenthal’s classi-
cal dichotomy (in Banach spaces). As shown in Theorem 7.6, “Tame dichotomy" of Theorem
7.2 implies that Rosenthal’s classical dichotomy from Banach spaces can be extended to a
much larger class of Ics with metrizable bounded subsets. This strengthens a well-known
result of Ruess [49] (Fact 1.8). On the other hand, Rosenthal’s dichotomy is not true for
general Ics as Theorem 7.8 demonstrates.

Strongest tame image of a lcs. In this subsection, we apply the results of Sect.3.2 to the
bornological class of tame functions. By 3.23, this is indeed a polarly compatible bornology.

Definition 7.10 An equicontinuous subset M C E* is said to be co-tame if
M e small* ([T], E). Explicitly, M is co-tame if and only if every bounded A C E is
tame over M. Similarly can be defined co-Asplund and co-DLP subsets.

The following remark provides a useful class of co-Asplund (hence, co-tame) subsets.

Remark7.11 Let E be a lcs and K € eqc (E*). Suppose that K is separable (or, more
generally, uniformly Lindelof [33]) in the standard strong topology on E*. Then K is (weak™,
strong)-fragmented by [33, Prop. 3.10]. It follows that every bounded subset B C E is
fragmented on K. Hence K is co-Asplund (so, also co-tame). This explains also assertion
(3) in Examples 4.16.

Lemma 7.12 The family of all co-tame subsets small* ([T], E) is a locally convex bornology.
In particular, the weak-star closed absolutely convex hull of a co-tame subset is co-tame. It
is also true relative to a given bounded subset B. This means that if B is tame over M, it is
also tame over acx ™" (M).

Proof Application of Lemma 3.30 in light of [T] being polarly compatible. O

Theorem 7.13 Let (E, ©) be a locally convex space and small* ([T], E) be the locally convex
bornology of co-tame subsets. Then the polar topology Tiame is the strongest tame locally
convex topology, coarser than t, and

Tw € Ttame ST S Ty

where T, is the Mackey topology.
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Proof Theorem 3.36 and Lemma 3.34. O
Similar results are valid also for the class (NP).

Problem 7.14 Study t;4me and typ for remarkable (e.g., classical) locally convex (o
Banach) spaces (E, 7).

8 Free locally convex spaces revisited

Given a class P of Banach spaces, a locally convex space E is called multi- P (see [32]) if E
can be isomorphically embedded into a product of spaces that belong to P.

For every compact space K its free Ics L(K) is multi-reflexive, as it was proved in a recent
paper by Leiderman and Uspenskij [32]. Since multi-reflexive Ics is DLP (by Theorem 4.6),
we obtain that L(K) is DLP. In Theorem 8.4, we give a stronger result using the following
two facts.

Fact 8.1 [10, Proposition 2.7] For a subset A of L(X), the following assertions are equiva-
lent:

(1) A is bounded;

(2) Supp(A) has compact closure in the Dieudonné completion uX and C 4 :=sup,, ¢ a0 1 X |
is finite;

(3) Supp(A) is functionally bounded in X and C is finite.

Fact8.2 [54, Thm. 2] If K C X is a compact subset of a Tychonoff space X, then L(K)
naturally can be viewed as a subspace of L(X).

Proof 1t is easy to see that K is C-imbedded into X, that is, every continuous function on K
can be extended to X (a proof can be found in Proposition 5.9). Moreover, K is compact and
therefore, by [54, Thm. 2], the inclusion L(K) € L(X) is an embedding. ]

Lemma 8.3 The free lcs L(X) is DLP (in particular, is (NP)) for every Dieudonné complete
space X.

Proof Let B € L(X) be bounded and let M C C(X) = L(X)* be a weak-star compact,
equicontinuous subset. We will show that B has the DLP over M.
Since X is Dieudonné complete and by Fact 8.1, Supp(B) € X has compact closure. Let

K = Supp(B) C X.

By Fact 8.2, the inclusion L(K) € L(X) is an embedding. Thus, B € L(K) € L(X).

Moreover, M can be viewed as an equicontinuous subset of L (K)*. We already mentioned
that L(K) is multi-reflexive by [32]. Then L(K) is DLP because the class is closed under
products and subspaces (see Theorem 4.3). Therefore B is DLP on M. This is true for every
bounded B and weak-star compact, equicontinuous M C L(X)*. By definition, L(X) is
DLP. O

Theorem 8.4 L(X) is DLP for every Tychonoff space X.

Proof Write X for the Dieudonné completion of X. From the first sentence of the proof of
[54, Thm. 5], we know that L(X) is embedded in L(x«X). By Lemma 8.3, L(uX) is DLP.
Now, by Theorem 4.3, so is L(X) as its subspace. O
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Remark 8.5 We are indebted to S. Gabriyelyan for suggesting Theorem 8.4 and its present
proof as a consequence of Lemma 8.3.

Remark 8.6

(1) By Theorem 8.4, L(P) is DLP (in particular, is NP) for the Polish space P = NN of all
irrationals. In contrast, another result from [32] shows that L(P) is not multi-reflexive.

(2) Note thatevery lcs X is a linear topological quotient of some lcs which is DLP. Indeed, the
identity mapid: X — X can be canonically extended to the linear ontomap L(X) — X,
which is a quotient (open) map (because its restriction id : X — X is an onto factor map).

Question 8.7 Examine if L(NY) is multi-Asplund or; at least, multi-Rosenthal.

In [54, p. 679, Corollary], Uspenski shows that for a Dieudonné complete space, L(X) is
complete if and only if there are no infinite compact subsets. The following is a similar result
that shows the “scarcity” of semi-reflexivity in the realm of free locally convex spaces.

Theorem 8.8 Let X be a Dieudonné complete space. Then L(X) is semi-reflexive if and only
if X has no infinite compact subset.

Proof By Fact 4.5, semi-reflexivity is equivalent to the Heine-Borel property for the weak
topology.

First, suppose that X has no infinite compact subset. We will show that every bounded
subset is weakly relatively compact. Let B € L(X) be bounded. By Fact 8.1, B has compact
support K € X. Since every compact subset of X is finite, we conclude that Supp(B) C K is
also finite. As aconsequence, B C Span(Supp(B)) is abounded subset in a finite dimensional
topological space. In this case, the weak topology of Span(Supp(B)) coincides with the
original topology, and the Heine—Borel property is satisfied.

Conversely, assume that L(X) is semi-reflexive. By contradiction, assume that X has an
infinite compact subset K C X. Since K is infinite, we can find a discrete countable subset
{xn}nen € K. For every n € N define:

n
Xn = Z Xm s
m=1

and consider the set B := {x,},en. Clearly, B is bounded in virtue of Fact 8.1. By our
assumption, B is weakly relatively compact, and therefore has an accumulation point x €
L(X).

Write y = fo:l a;y; and choose some ng € N such that x,, # y; forevery 1 <i <k.
By the choice of {x,},en, there is some neighborhood x,, € U C X such that

A = (Xlngznen U (il S X\ U.
Since X is completely regular, we can find f € C(X) = (L(X))* such that
f(ny) =1landVx € A: f(x) =0.

By the definition of accumulation point, there is some ng < N € N such that

1
1F OO = FOmI < 5

However, f(x) = 0and f(xn) = 1, which is a contradiction. O

We were informed recently by Gabriyelyan that Proposition 8.8 is a partial case of a more
general result which was proved in his (accepted) joint work with Banakh [2].
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9 DFJP factorization for Ics

Recall that a continuous linear operator 7: E — F between two Ics is said to be (weakly)
compact if there exists a neighborhood O of zero in E such that 7 (O) is relatively (weakly)
compactin F, [21, p. 94]. A natural possibility to generalize these definitions is to require that
T (0O) is small in some other sense, i.e., T (O) belongs to some bornology of small subsets.
In particular, we have the following definitions.

Definition 9.1 We say that a linear continuous map 7: E — F between lcs is tame (NP,
DLP) if there exists a zero neighborhood U C FE such that T(U) C F is a tame (NP, DLP)
subset in F.

Note that by our definitions 7' (U) is bounded. Hence, the identity map of a tame not normable
Ics is not tame.

The following fundamental result is a part of a classical work about DFJP factorization,
[6]. In [15, 17, 36, 39], some simplifications and adaptations were added.

Fact9.2 [6, Lemma 1] Let X be a Banach space and W C X be an absolutely convex
bounded subset. Write U, := 2"W + 27" Bx and ||-||, for the gauge of U,,. Also, consider
[x]:= (Z%Nﬂx”%)l/z andY = {x € X | [x] < o0o}. Finally, let j: Y — X be the identity
map. Then:

(1) W C By.

(2) (Y, []D is a Banach space and j is continuous.

(3) j**: Y** — X** s one to one and (j**)~1(X) =Y.

(4) Y is reflexive if and only if W is weakly relatively compact.

Remark 9.3 Note that in Fact 9.2, j*: X* — Y™ is dense as a consequence of Lemma 9.4.

Lemma9.4 Let f: E1 — E; be a continuous linear map between locally convex spaces.
Then f*: E5 — EY is one to one if and only if f: E\ — E» has a dense image.

Proof Observe that f(E1) is not dense in E; if and only if there exists 0 # ¢ € E7J such
that f*(¢) = 0. O

Lemma 9.5 Let K be a compact topological space and let { A, },eN be a sequence of sets of
bounded functions on K. Write B for the unit ball of C(K) and:

A::ﬂ(An+zinB>.

neN

If all {A,}hen are (eventually) fragmented over K, so is A.

Proof We will only prove the case of eventually fragmented maps. The other case is slightly
easier. Suppose that {x,,};;en € A is an infinite subset. We need to find a subsequence
{my} € Nsuch that {x,,, }xen is fragmented over K. By its definition, for every n, m € N, we
can find y(n, m) € A, such that x,, € y(n, m) + 2%3,1 (we use function notation rather than

subscript to make it easier to read). Using induction, we build a sequence { {m,((") } of

keN } neN
descending infinite subsequences. We define m](c_ Dz k (the trivial subsequence), and at each

step choose a subsequence [m,(("H)] - {m,((") ]k N such that [y (n +1, m,((”H))]
€

keN — keN
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is fragmented. Now, define my := m,(ck). It is easy to see that Y, := {y (n, my)};cy remains
fragmented. We will show that so does A’ := {x,;; }ken C A.

Lete > 0and T C K be non-empty. We need to find an open O C K such that 7 N O
is not empty and f(7 N O) is e-small for every f € A’. There exists some ng € N such
that 2%0 < %8. By our construction, {y (ng, mk)};cn is fragmented so we can find an open
O C K such that O N T is not empty and f(O N T) is %8-small for every f € Y,. Since

A CY,+ Q%B’ it is easy to see that for every f € A, f(O NT) is e-small, as required. O

Fact9.6 [39] Let j: Vi — V> be a continuous linear operator between Banach spaces such
that the adjoint j*: V;f — V" is norm-dense. Let F C V| be a bounded subset.

(1) If j(F) is a tame subset in V», then F is a tame subset in V.
(2) If j(F) is an Asplund subset in V>, then F is an Asplund subset in V.

Proof (1) In order to show that F is a tame subset in Vj it is equivalent to check that F
is eventually fragmented on BVI* (Lemma 2.24). We have to prove that for every sequence
{fn}nen in F there exists a subsequence { f;,, }ren Which is fragmented on BVI*' Equivalently,
(BVl* ,pc) is separable (Lemma 2.17), where

C:={fn,} and pc(x1,x2):=sup rec | f (x1) — f (x2)].

By our assumption, j(F) is a tame subset in V,. Hence, there exists a subsequence
C :={fu,} of { fu} such that j(C) = {j(fy,)} is a fragmented family on By Equivalently,
(sz*, pj(c)) is separable (Lemma 2.17). Then (V;', pj(c)) is also separable. By the defini-
tion of the adjoint operator, we have (j(x), v*) = (x, j*(v*)) for every x € Vi, v* € V;.
This implies that (j*(V5"), pc) is separable. Then its pc-closure cly. (j*(V5)) is also pc-
separable. Clearly, cl o (j*(V5)) D cluorm (j*(V5)) = V;* (because C is abounded sequence
in V}). Therefore, (V{,*, pc) and also (BVl*’ pc) are separable, as desired.

(2) The case of Asplund subsets is similar (and easier). O

Lemma 9.7 Let A be a bounded tame (Asplund, relatively weakly compact) subset in a Banach
space X. Then there exist a Rosenthal (Asplund, reflexive) Banach space Y, a continuous
linear injective map j: Y — X such that A is a subset of j(By) and the adjoint map
j*: X* — Y* is dense.

Proof Define W := acx A. The case of relatively weakly compact subsets is a consequence of
Fact 9.2. Let us consider the cases where A is tame or Asplund. By Lemma 3.5, W remains
tame (Asplund). Next, let j: ¥ — X and {U,},en be as described in Fact 9.2. It is well
known and easy to see that

ACWCjBy)=By CU:= (U
neN

Then j*: X* — Y*isdense by Remark 9.3. By Lemma 2.24, the tameness (Asplundness)
of bounded families of continuous functions on compact sets is equivalent to eventual frag-
mentability (fragmentability). By Lemma 9.5, we conclude that U and j(By) also are tame
(Asplund) subsets. By Fact 9.6, By is tame (Asplund). Therefore, Y is Rosenthal (Asplund).

[m]

Theorem 9.8 Every tame (NP, DLP) operator T: E — X between a lcs E and a Banach
space X can be factored through a Rosenthal (Asplund, reflexive) Banach space.
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Proof By our assumption, there exists a zero neighborhood O in E such that 7 (O) is tame
(Asplund, weakly relatively compact) in X. We apply Lemma 9.7 to the subset A:=T(0) C X
in order to construct a Rosenthal (Asplund, reflexive) Banach space V and a continuous
injective linear operator j: V — X such that A is a subset of j(By). Now, consider the
linear operator u := j*l oT: E — V.Since u(0O) C By, we obtain that u is continuous.
Then T = j o u is the required factorization. O

It would be interesting to find some additional natural bornologies which are consistent
with DFJP-factorization.

10 Generalization of Haydon’s Theorem and tame spaces

Inits original statement Haydon’s theorem characterizes Rosenthal Banach spaces as follows.

Theorem 10.1 (Haydon [23, Thm. 3.3]) Let V be a Banach space. The following are equiv-
alent:

(1) V contains no I! -sequence;

(2) every weak-star compact convex subset of V* is the norm closed convex hull of its extreme
points;

(3) for every weak-star compact subset T of V¥,

o (T) = co(T).
Our generalized version, in a brief summary, can be expressed as follows.

Proposition 10.2 For a locally convex space E, the following are equivalent:

(1) E is tame (in virtue of Theorem 7.1, equivalent to not containing of an 1! -sequence);
(2) every equicontinuous, weak-star compact convex subset of E* is the strong closed con-
vex hull of its extreme points. That is, 0" (ext M) = co(ext M) for every convex
M € eqc (E™);
(3) for every equicontinuous, weak-star compact subset T of E*,
7“)* JE—
co’ (T)=co(T).
In fact, Theorem 10.12 will show an even more localized result for a given equicontinuous
subset M.

Application of the DFJP construction. By the Krein—-Milman theorem, if M € eqc (E™*)
is convex, then M = co™ (ext M). In light of Haydon’s theorem, we give the following
definition.

Definition 10.3 Let M € eqc (E*) be convex. We say that a bounded set B C E is anti-H
for M if there exist a functional ¥ € M and ¢ > 0 such that

U[B, e](y) Nco(ext M) = (.
The following is a direct consequence of the previous definition.

Lemma 10.4 co " (ext M) = co (ext M) if and only if there is no bounded B C E which is
anti-H for M.

Lemma10.5 Let T: Ey — E» be a continuous linear map between lcs, T*: E5 — ET be
its adjoint, B be a bounded subset in E1 and M € eqc (E3) be convex. Then
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(1) (@1, 92) € U[T(B), elin E} <= (T*(¢1), T*(¢2)) € U[B, €] in E};
(2) forevery ¢ € E> we have

UIT(B), el(¢) = (T*)"'(UIB, e)(T*(9)));

(3) if T(B) is anti-H over M then B is anti-H over T*(M);
(4) ifthe image of T is dense in E3, then the converse is also true, namely, B being anti-H
over T*(M) implies that T (B) is anti-H over M.

Proof
(1) By definition of the adjoint 7*: EJ — E7, we have
(b, T*(p)) = (T (b), @) Vb € B.

Now apply the descriptions of U[B, ¢], U[T (B), €] according to Definition 2.5.
(2) Using (1) we get:

¢' € UIT(B), el(9) <= (p,¢") € UIT(B), €]
& (T"(9), T*(¢") € U[B, €]
& T*(¢") € UIB,el(T"(9)
= ¢ € (") (UIB,el(T*(9))).
(3) By definition, there exists ¢ € M such that:
UIT(B), el(¢) Nco (ext M) = (.

Write ¢ := T*(¢). Suppose by contradiction that B is not anti-H for 7*(M). Thus, we
can find

¥ e U[B, ](¥) Nco (ext T*(M)).

By Lemma 2.32.1, co(extT*(M)) C T*(co(ext M)). We can therefore find
@' € co (ext M) such that ' = T*(¢’). Also, by (2):

Y =T*(¢)) € UIB, el(T*(¢)) = ¢’ € (T*) "' (UIB, el(T*(9))) = UIT (B), ] (p).
Using all the information on ¢’ so far, we get
¢ € U[T(B), el(p) Nco (ext M) =,

a contradiction.
(4) Since T has a dense image, T™* is injective and so Lemma 2.32.2 is applicable:

Bisanti-H for T*(M) <= 3¢ € M : U[B,cl(T*(p)) Nco(extT*(M)) =0
? Ao e M :T*(U[T(B), c](p)) Nco(extT*(M)) =

23'{:2:5 o e M :T*(U[T(B), e]l(p)) N T*(co (ext M)) = I
?} dpeM:U[T(B),el(p) Nco(extM) =0
<= T(B)isanti-H for M.

Note that the equivalence marked by « is true in virtue of another application of 7* being
injective.

m}
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Proposition 10.6 Let V be a Banach space, A C V be bounded and M € eqc (V*) be convex.
If A is anti-H with respect to M, then A is not tame in V.

Proof By contradiction, assume that A is tame in V.Let W and j: W — V be the Rosenthal
Banach space and the map described in the factorization Lemma 9.7 (caution: the notation
was V and not W in Lemma 9.7). Thus, A € j(Bw) and therefore j(By ) is also anti-H over
M. By Lemma 10.5.3, By is anti-H over j*(M). However, j*(M) is a weak-star compact
subset of a Rosenthal Banach space - a contradiction to Haydon’s Theorem 10.1. O

Proposition 10.7 Let E be a lcs.
If M € eqc (E™) is co-tame and convex, then M = ¢o (ext M).

Proof Clearly, M D co (ext M). To show the converse, assume by contradiction that M ;(_
co (ext M). By Lemma 10.4, we can find a bounded B € E which is anti-H for M. Let
V,nm: E — V and A: Span M — V* be the maps described in Lemma 2.35. Write
N := A(M) € eqc (V*). Since A is weak-star continuous, N is weak-star compact in V*
and therefore equicontinuous by the Banach—Steinhaus theorem (V' is a Banach space). Note
that M = 7*(N) so we can say that B is anti-H over 7*(N). The map 7 is dense, so by
Lemma 10.5.4 we conclude that 7 (B) is anti-H over N.

However, M is co-tame so B is tame over M = 7w*(N) by definition. By Lemma 3.6,
7 (B) is tame over N. Moreover, by Lemma 7.12, 7 (B) is tame over

acx” N =acx” A(M) = By:.
Thus, (B) is tame in V. Proposition 10.6 gives the contradiction. O
The Haydon Property and other results.

Definition 10.8 Let E be a locally convex space and let M € eqc (E*). We say that M has
the Haydon property if

0" (N) =co(N)

for every weak-star closed N € M. If every M € eqc (E*) has the Haydon property, then
we say that so does E.

Lemma 10.9 Let F < E be a dense large subspace of E. If F has the Haydon property, then
so does E.

Proof Suppose that F' has the Haydon property, and let M € eqc (E*). Consider the inclusion
map i: F < E and its adjoint i*: E* — F*, the restriction map. By Lemma 2.7, i* is a
strong isomorphism. Moreover, i * is weak-star continuous (Fact 2.6). Since M is weak-star
compact, i* is a closed map on M. Therefore:

i*(@" (M) = ca" (i*(M)) = ¢o(i*(M)) = i*(Co(M)).

Since i* is a bijection (and therefore injective), we conclude that o (M) = co(M). Note
that we used the fact that F has the Haydon property. O

Lemma 10.10 Let E be a locally convex space and let M C E* be a disked, equicontinuous,
weak-star compact subset. If M satisfies Haydon’s property, then it also satisfies (RY).
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Proof By contradiction, suppose that M does not satisty (R}). By Lemma 6.8, there exist
an embedding 7: V — E where V is a dense normed subspace of /! and § > 0 such that
8By« C T*(M). Recall that /' does not satisfy the Haydon property. By virtue of Lemma
10.9, neither does V. By definition, there exists N’ € eqc (By+) such that:

co" (N') D co(N').
Without loss of generality, we may assume that N’ C § By+. We know that T*(M) D §By+
and therefore

T*(M) D 8By O N'.

Define N := M N ((T*)"'(N')) € M. Then T*(N) = T*(M) N N’ = N’. The adjoint T*
is strongly continuous and therefore:

T*(@©@N) Sco(T*(N)).

Since T* is also weak-star continuous (Fact 2.6), N is a closed subspace of M, and therefore
equicontinuous and weak-star compact. Since 7™ is a closed map over weak-star compact
M, we get

T*(€@@N) C e (T*(N)) =0 (N') C o (N') =0 (T*(N)) = T*[ " N).

In particular, T*(C0N) C T*(@©0™ N), and thereforeco N C co™” N. By definition, M does
not satisfy Haydon’s property. This contradiction completes the proof. O

The following is a locally convex analogue of the equivalence (1) < (2) in Lemma 2.27.

Proposition 10.11 Let E be a cs.

e E is tame if and only if every x™ € E** is weak-star fragmented over every
M € eqc (E™).

e a weak-star compact, equicontinuous M € eqc (E*) is co-tame if and only if every
x** € E** is weak-star fragmented on M;

e a bounded B C E is tame on M if and only if every x™* € Ew* is weak-star fragmented
on M (the closure here is taken with respect to the weak-star topology of E C E**).

Proof First note that the second assertion follows from the third since every x** € E** is
contained in the weak-star closure of some bounded B C E ( [52, Thm. 5.4 p. 143]).
The rest of the proposition is a consequence of Lemma 2.24. O

Theorem 10.12 (Generalized Haydon Theorem) For a locally convex space E, the following
are equivalent:

(i) E is tame.
(ii) E satisfies (Ry).
(iii) Every weak-star compact, equicontinuous convex subset of E* is the strong closed
convex hull of its extreme points.
(iv) For every weak-star compact, equicontinuous subset T of E*, we have:
o™ (T) = co(T).
(Local version) Specifically, if M € eqc (E™), then the following are equivalent:

(1) M is co-tame.
(2) M satisfies (RY).
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(3) For every weak-star closed, convex N C acx ™" (M) we have:
N =co(extN).

@) acx ¥’ (M) has the Haydon property.
Explicitly, for every weak-star closed N C acx™” (M), we have:

o™ (N) = co(N).
(5) Every x*™* € E** is a fragmented map over M.

Proof

(2) = (1) By definition, there is no /' -sequence with respect to pj;. Suppose that B C E is
bounded, and let r: E — C(M) be the restriction map. As a consequence, r(B)
contains no /! sequences in C(M).

By Lemma 2.24, r(B) is tame on M. This is true for every bounded B C E so
M is indeed co-tame.

(1) = (3) Proposition 10.7 and Lemma 7.12.

(3) = (4) Suppose that N € acx ™" (M) is a weak-star closed subset. As a consequence,
it is also weak-star compact. Write N/ := cov” (N). By [42, Lemma 9.4.5], the
extreme points of the closed convex hull of a set lies in the closure of the original
set. Thus:

extN' < N” =N.

Note that N is a closed convex subset of acx ™ (M) and therefore we can apply

3):
N' =30 (ext N') S0 (N) S0 (N) = N'.
In particular, for every closed N C acx W M),
SO (N) =ca”" (),

as required.

(4) = (2) By Lemma 10.10, acx ™" (M) satisfies (R}). It is easy to see that so does
N Cacx ¥ (M).

(1) & (5) Proposition 10.11.

[m}

Second part of Theorem 10.12 (for Banach spaces, in particular) gives a local version
of Haydon’s theorem involving co-tameness. There are some other localization results for
Banach spaces. Among others: [20, Proposition 3.8], [47, Thm. 9 and 11], [50, Thm. 1] and
[46, Theorem. 4].

11 Representations of group actions

Representations of dynamical systems on lcs. We apply properties of tame locally convex
spaces to the theory of representations of dynamical systems. Let G be a topological group
and G x X — X be a continuous action of G on a topological space X. Then we say that X
is a G-space. If, in addition, X is compact, then we say that X is a dynamical G-system. By
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the approach of A. Kohler [30], a dynamical G-system X is said to be tame (regular, in the
original terms of Kohler) if the orbit fG = {fg : g € G}, as a family of functions on X, is
tame. Or, equivalently, if fG is a tame subset in the Banach space C(X).

Theorems 11.4 and 11.5 establish the close relation between tame dynamical systems and
representations on tame locally convex spaces. A compact G-system X is representable on
a tame Ics iff (G, X) is tame as a dynamical system. Similarly, by Theorem 11.6, a compact
G-system X is representable on an NP (reflexive) Ics E iff X is hereditarily nonsensitive
(weakly almost periodic). Such results are well-known (see [14, 15, 34]) for metrizable tame
(hereditarily nonsensitive, weakly almost periodic) G-systems with Rosenthal (Asplund,
reflexive) Banach spaces V.

Recall that a (proper) representation of a G-space X on a Banach space (V, || -||) is a pair
(h, ), where h: G — Iso (V) is a strongly continuous co-homomorphismand @ : X — V*
is a weak-star continuous bounded G-mapping (resp. embedding) with respect to the dual
action

G x V' = V™ (gp)(v) := ¢(h(g)(v) = (vg, @) = (v, g9).
Fact 11.1 Let X be a compact metrizable G-space. X admits a proper representation on

(1) [34] a reflexive Banach space iff X is a WAP dynamical G-system;
(2) [14] an Asplund Banach space iff X is a HNS dynamical G-system;
(3) [15] a Rosenthal Banach space iff X is a tame dynamical G-system.

Many details about these results, as well as the definitions of HNS (hereditarily nonsen-
sitive) and WAP (weakly almost periodic) dynamical systems, can be found in [18].

These results, in the framework of a unified approach representing “small subsets", appear
in [36, 39].

In this section, we extend Fact 11.1 to nonmetrizable dynamical systems and suitable
locally convex spaces. More definitions and remarks are in order. For every Ics E denote by
G L(E) the group of all continuous linear automorphisms of V.

(1) The right action of G (induced by 2: G — Iso (V))on (V, || - ||) and the corresponding
dual action on the dual Banach space V* are equicontinuous. Moreover, one may attempt
to give a slightly more general definition. Namely, defining #: G — GL(V) as a co-
homomorphism which is equicontinuous. Then one may modify the norm getting again
the “isometric version" but under the new norm. Namely, define

[[V]lnew = sup{[|vgl| : g € G}.

Since the action is (uniformly) equicontinuous, this norm generates the same topology.
(2) If X is compact then «(X) is weak-star compact in V*. Since V is a Banach space then
«o(X) is automatically bounded and equicontinuous.

Definition 11.2 By a (proper) representation of a G-space X on alcs E we mean a pair (4, o),
where h: G — GL(FE) is a strongly continuous co-homomorphism, 4 (G) is equicontinuous
and : X — V*is a weak-star continuous G-mapping (resp. embedding) with respect to
the dual action

G x E¥ = E*, (gp)(v) == ¢(h(g)(v)) = (vg, ) = (v, gp)

such that «(X) is equicontinuous.
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Remarks 11.3

(1) The right action E x G — E is continuous. It is equivalent to strong continuity of &
(because the action is equicontinuous).

(2) Ttis well-known that the dual action G x E* — E*, in general, is not continuous (where
E* carries its standard strong dual topology), even for Banach spaces and linear isometric
actions. A sufficient condition is that E is an Asplund Banach space (see [33]). The same
is not true for Rosenthal Banach spaces.

(3) If E is barreled and X is compact, we can omit the condition that «(X) is equicontinuous.

(4) Ttiseasy to see thatif X € eqc (E™) is G-invariant, then the induced action G x X — X
is continuous. For Banach spaces E it is well-known; see, for example, the proof in [35]
(for the isometric representation).

Theorem 11.4 Every compact tame dynamical G-system admits a proper representation on
a tame Ics.

Proof Let X be a compact tame dynamical G-system. As we already know by [15], X is
Rosenthal-approximable. That is, there exists a G-embedding of X into a G-product [];; X;
of Rosenthal-representable G-systems X;. Let (h;, «;) be a proper representation of (G, X;)
on a Rosenthal Banach space V;. Then the Ics direct sum V := @;¢; V; is a tame Ics according
to Theorem 5.5.4.

Indeed, first of all note that algebraically the dual V* is the product ]
corresponding duality

V;* with the

iel

VxV* =R, (v,u) — Z(vi,ui).
iel
Furthermore, the compact space [ [;; X; naturally is embedded into V* with the weak-star
topology. One of the main steps here is to show that [ ;; X; is an equicontinuous subset of
V*. This follows by Remark 3.11.2.

We have a naturally defined coordinate-wise linear action of G on V = @®;¢; V;. Using the
above mentioned description of the topology on V = @;¢; V;, itis easy to show that this action
is equicontinuous. So, we have an equicontinuous strongly continuous co-homomorphism
h: G — GL(V). Finally, observe that the embedding «: [[;.; X; < V* is weak-star
continuous and equivariant. O

iel

Note that if in Theorem 11.4 the compact G-space X in addition is metrizable, then we
can suppose that V is a Banach space. However, it is not true if X is not metrizable (even for
trivial G-actions).

Theorem 11.5 Every compact G-space X which admits a proper representation on a tame
lcs is tame as a dynamical system.

Proof Let (h, ) be a proper representation of the G-system X on a tame Ics E, where
h: G — GL(E) is a strongly continuous co-homomorphism, 4(G) is equicontinuous and
a: X — V*is a weak-star continuous G-embedding with respect to the dual action
E* x G — E*, such that «(X) is equicontinuous. For every v € V, we have the induced
continuous function

foi: X > R x> (v,a(x)).
Then the orbit vG is bounded because 4 (G) is an equicontinuous subset of GL(E). Since E is

atame Ics, its bounded subsets are tame. Hence, vG is a tame family for every equicontinuous
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compact subset in the dual. In particular, it is true for a(X). This implies that the orbit f,G
of f, is a tame family on X. Therefore, f, is a tame function on X (in the sense of [15]).
Since V separates the points of «(X), we obtain that Tame(X) separates points of X. This
means that the G-system X is tame in the sense of [15]. ]

Similarly, making use of Remark 3.11, the following theorem can be proved.

Theorem 11.6 A compact dynamical G-system X is representable on

(1) E € (NP) ifand only if (G, X) is hereditarily nonsensitive;
(2) E € (DLP) if and only if (G, X) is weakly almost periodic.

Note that, like (T), the classes (NP), (DLP) and reflexive Ics also are closed under Ic

direct sums. So, we can assume in (2) that E is a reflexive Ics. For brevity, we omit the details.
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