SCIENCE CHINA @ CrossMark
Mathematics N

« ARTICLES - December 2019 Vol.62 No.12: 2447-2462
https://doi.org/10.1007/s11425-018-9488-9

Group actions on treelike compact spaces

Eli Glasner’* & Michael Megrelishvili?

1Department of Mathematics, Tel Aviv University, Tel Aviv 6997801, Israel;
2Department of Mathematics, Bar-Ilan University, Ramat-Gan 5290002, Israel

Email: glasner@math.tau.ac.il, megereli@math.biu.ac.il

Received October 9, 2018; accepted February 14, 2019; published online September 6, 2019

Abstract We show that group actions on many treelike compact spaces are not too complicated dynamically.
We first observe that an old argument of Seidler (1990) implies that every action of a topological group G on a
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action of G on a dendron is Rosenthal representable, hence also tame. Similar results are obtained for median
pretrees. As a related result, we show that Helly’s selection principle can be extended to bounded monotone
sequences defined on median pretrees (for example, dendrons or linearly ordered sets). Finally, we point out
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1 Introduction and preliminaries

One of the motivations for writing the present work was to show that group actions on dendrons are
Rosenthal representable, hence tame (see Definition 1.1 below). Representations on Banach spaces with
“good” geometry lead to a natural hierarchy in the world of continuous actions G ~ X of topological
groups G on topological spaces X. In particular, representations on Banach spaces without a copy of I
(we call them Rosenthal Banach spaces) play a very important role in this hierarchy. According to the
Rosenthal [;-dichotomy [34], and the corresponding dynamical Bourgain-Fremlin-Talagrand dichotomy
[10,12], there is a sharp dichotomy for metrizable dynamical systems; either their enveloping semigroup
is of cardinality less than or equal to that of the continuum, or it is very large and contains a copy of the
Stone-Cech compactification of N (the set of natural numbers).

When X is compact metrizable, in the first case, such a dynamical system (G, X) is called tame.
By Kohler’s definition [23], tameness means that for every continuous real-valued function f : X — R
the family of functions fG := {fg}sec is “combinatorially small”; namely, fG does not contain an
independent sequence.
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Recall the classical definition from [34]: a sequence f,, of real-valued functions on a set X is said to be
independent if there exist real numbers a < b such that

() £l (=o0,a) N () £ (b,00) #0

nepr neM
for all finite disjoint subsets P and M of N. As in [13,15] we say that a bounded family of real-valued
functions is a tame family if it does not contain an independent sequence. For compact metrizable
systems X the two concepts discussed above coincide: (G, X) is tame if and only if it is Rosenthal
representable. The case of metrizable X admits also an interesting enveloping semigroup characterization:
(G, X) is tame if and only if every element p € E(G, X) is a Baire class 1 function p : X — X (see [12,16]).
Recall that the enveloping semigroup E(G, X) of a compact G-system X is the pointwise closure of the
set of all g-translations X — X (g € G) in X*X.

We next recall the definition of a Banach representation of a dynamical system. For a Banach space V,

denote by Is(V') the topological group (equipped with the strong operator topology) of all linear isometries
V — V. The group Is(V) acts on the dual space V* and its weak-star compact subsets.

Definition 1.1 (See [10,12,30]). A representation of an action G ~ X on a Banach space V is a pair
(h,a), where h : G — Is(V) is a strongly continuous co-homomorphism and « : X — V* is a weak-star
continuous bounded map into the dual of V' such that (h, ) respect the original action and the induced
dual action, i.e.,

(v,a(gx)) = (h(g)(v),a(z)) forall veV, geG, ze€lX.

We say that (G, X) is Rosenthal representable, or WRN (weakly Radon-Nikodym), if there exist a
Rosenthal Banach space V' and a representation (h,a) as above such that « is a topological embedding.
For compact G-systems X this concept was defined in [11]. The class of all Rosenthal representable
dynamical systems and its subclass of tame systems are quite large. When considering the trivial action
of G on a space X, this definition reduces to the purely topological notion of a WRN space.

For motivation, properties and examples, see, for example, [11,12,15] and the references therein. A
relevant recent result is that, for every circularly (in particular, linearly) ordered compact space K, the
action Hy (K) ~ K, of the topological group H (K) of all order-preserving homeomorphisms of K on K,
is Rosenthal representable [14].

Recall that a continuum is a compact Hausdorff connected space. A continuum D is said to be a
dendron [42] if every pair of distinct points v and v can be separated in D by a third point w. A
metrizable dendron is called a dendrite. The class of dendrons is an important class of 1-dimensional
treelike compact spaces. A compact space is said to be a local dendron if each of its points admits a
closed neighborhood which is a dendron. Similarly, a compact space is called a local dendrite if each of
its points admits a closed neighborhood which is a dendrite. Clearly, the circle is a local dendrite.

In a dendron X, for every pair of points v and v in X one defines a “generalized arc”

[u,v] = {z € X : x separates u from v} U {u,v}.

In dendrites the generalized arc [u,v] is a real arc, i.e., a topological copy of an interval in the real line.
This is not necessarily the case for dendrons. Indeed, note that any connected linearly ordered compact
space, in its interval topology, is an example of a dendron.

A topological space X is called regular if every point has a local base for its topology, each member
of which has finite boundary. For compact Hausdorff spaces this is equivalent to saying that each open
cover admits a finer (finite) open cover each member of which has finite boundary (see, for example,
[24]). Some works refer to such compact spaces as being rim-finite (see, for example, [43]). Every (local)
dendron is regular [43, Theorem 21]. For more information on dendrons and dendrites, see, for example,
[6,7,42].

Our goal in the first part of this paper is to prove the following two results (see Theorems 2.3 and 3.14
for the proofs).

Theorem 1.2.  Any action of a group G on a regular continuum is null, hence also tame.
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Theorem 1.3.  Let D be a dendron. For every topological group G and continuous action G ~ D, the
dynamical G-system D is Rosenthal representable, hence also tame.

In the proof of Theorem 2.3 we use a method of Seidler [35]. Note that by a result of Kerr and Li [22]
every null dynamical G-system is tame. This explains the tameness conclusion in Theorem 1.2.
In the proof of Theorem 3.14 we use the following useful characterization.

Theorem 1.4 (See [11, Theorem 6.10]). A dynamical G-system X is Rosenthal representable if and
only if there exists a G-invariant point-separating bounded family F of continuous functions X — R which
is tame as a family of functions.

We consider monotone (not necessarily, continuous) functions (see Definition 3.4) on dendrons D. In
Theorem 3.10 we show that any such function is fragmented (Baire class 1, on dendrites). In order to
apply Theorem 1.4 for dendrons D, in the role of the family F we consider the set of all continuous
monotone functions D — [0, 1].

Later in Theorem 4.7 we will generalize Theorem 1.3 to compact median pretrees with monotone group
actions. This approach provides the following corollary (see Corollary 4.8).

Corollary 1.5.  Let X be a Z-tree. Denote by Ends(X) the set of all its ends. Then for every monotone
group action G ~ X by homeomorphisms, the induced action of G on the compact space X := X U
Ends(X) is Rosenthal representable.

As a related result we show, in Theorem 4.9, that Helly’s selection principle can be extended to bounded
monotone sequences of real-valued functions defined on median pretrees (e.g., dendrons or linearly ordered
sets). Also in Theorem 4.13 we show that every monotone real-valued function f : X — R on a compact
Hausdorff pretree is fragmented.

In the second part of the paper, as applications of Theorems 1.2 and 1.3, and building on ideas
and results from [7] and [28], we easily recover some old results, and prove some new ones, concerning
dynamical systems defined on (local) dendrons.

In Section 5 we show that when a group G acts on a dendrite X with no finite orbits and M C X
is the unique minimal set, then the action on X is strongly proximal and the action on M is extremely
proximal. In Section 6 we show that for an amenable group G every infinite minimal set in a dendrite
system (G, X) is almost automorphic. This result was strengthened recently by Shi and Ye [38], who
have shown that it is actually equicontinuous. In the final section we comment on the special case where
the acting group is the group of integers.

2 Actions of groups on a regular continuum are null

Following Goodman [19], for a sequence S = {s1, $2,... } C G we define the topological sequence entropy
of a dynamical system (G, X), with respect to S and a finite open cover A of X, by

hiop(X, A3 S) = nh_)rr;o n~'log <N( \/ SZ(A)>>,
i=1
where N(-) denotes the minimal cardinality of a subcover. We say that (G, X) is nullif hiop(X, A;S) =0
for all open covers A of X and all sequences S in G.
The proofs in this section are taken, almost verbatim, from Seidler’s paper [35]. For a subset A C X
we denote its boundary by 0(A).

Lemma 2.1. Let A be an open cover of a compact continuum X and let P be the set of boundary
points of elements of A. If A is a minimal cover then the number of elements of A is at most the number
of elements in P.

Proof.  Assume that A does not have a proper subcover. Then A is a finite collection because X is
compact. Let a be the number of elements of A so that A = {A4; : 1 < i < a}. Let A; € A, and let
V= Ui# A;. Note that V is open as a union of open sets. Because A does not have a proper subcover
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we see that X \ V # 0, so that (V) # 0, since X is connected. Furthermore, (V) C P because V is a
finite union of elements of A. As V is open, (V) NV = 0, so that (V) C A,. Thus, for each element
Aj of A, there must exist a nonempty subset of P contained in A; but disjoint from every other element
of A. This implies that the number of elements of A is at most the number of elements in P. O

Lemma 2.2. Let G be a countable infinite group acting on a regular compact continuum X. Let
S = {so0,81,82,...} be a sequence of elements of G. Let A be a minimal open cover of X of at least
two elements such that every element of A has finite boundary. Let La be the total number of boundary
points of elements of A. For each positive integer n, let M,, be a subcover of minimum cardinality of
\/?:_O1 s;(A) and let P, be the collection of boundary points of elements of A = U?:_OI si(A). Then

(1) For each positive integer n every boundary point of an element of M, is in P,.

(2) N(ViZy si(A)) < nla.

Proof. (1) Let n be a positive integer and let x be a boundary point of M € M,,. By the definition
of M,,, for each positive integer 0 < ¢ < n, there exists V; € A such that M = ﬂ;:ol V;. Let z be a
boundary point of M and let B be an open set containing x; clearly BN M # () so that BNV; # () for
each i. For each V;, this requires that either x € 9(V;) or z € V;. Suppose that every V; contains 2. Then
x € M by definition. But this contradicts = € (M), because M is open. Thus z is a boundary point of
at least one V; and thus z € P,.

(2) Let n be a positive integer. Because each s; is a homeomorphism the number of boundary points
of elements of s;(A) is La for every integer j. This requires that the number of elements of P, be at
most nLa. As every boundary point of an element of M, is in P, and as M,, does not have a proper
subcover, Lemma 2.1 implies that there exist at most nLa elements in M,,. The desired result then
follows from the definition of M,,. O

Theorem 2.3.  FEvery action of a group G on a regular continuum is null, hence a fortiori tame.

Proof. Let X be a regular compact space on which G acts. Let A be a minimal open cover of X
containing at least two elements such that every element of A has finite boundary. Let La be the total
number of boundary points of elements of A. Given S = {s1,82,...} C G, we have then, from Part (2)
of Lemma 2.2, that

hiop(X, A; §) = lim n™"log <N( \n/ si(A)>>

i=1
< lim n~'log(nLa) = 0.
n—oo
Thus hiop(X;S) = 0 and this shows that the system (G, X) is null. By a theorem of Kerr and Li [22] it
is also tame. [

Remark 2.4. In [22, Theorem 12.2], Kerr and Li demonstrated with a simple proof, that every action
of a convergence group G on a compact space X (in particular, any hyperbolic group acting on its Gromov
boundary) is null.

3 Dendrons, monotone functions and group actions

3.1 Standard betweenness relations and dendrons

All the topological spaces in this work are assumed to be Hausdorff. Let X be a connected topological
space and u,v € X. As usual, we say that a point w separates v and v in X if there exist in X open
disjoint neighborhoods U and V of u and v respectively such that X \ {w} =UUV.

For every u,v in X define the “generalized arc”

[u,v] = {x € X : x separates u from v} U {u,v}.

By definition [u,v] = [v, u].
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Definition 3.1. Let X be a topological space and u, w,v € X. We say that w is between u and v in X
if w € [u,v], i.e., w separates v and v or w € {u,v}. This defines a natural betweenness ternary relation
on X. Denote by Rp this ternary relation. Sometimes we write (u,w,v) instead of (u,w,v) € Rp.

Lemma 3.2. Let D be a dendron.

(1) (See [42]) Then D is locally connected and the intersection of arbitrary family of subcontinua of D
is either empty or is a continuum.

(2) (See [42, Corollary 2.15.1]) [u,v] is the smallest subcontinuum of D containing u and v, i.e.,

[u,v] = ﬂ{C’ CD:u,veC and C is a subcontinuum}.

(3) (See [3]) [a,b] C [a,c] U]e,b] for every a,b,c € D.

Every dendron with its standard betweenness relation is a pretree (see Section 4). This provides another
explanation of Lemma 3.2(3). The following proposition can be derived from a result of Bankston [4,
Theorem 3.1], which, in fact, shows that this assertion holds for every locally connected continuum. The
direct proof given below, for dendrons, was explained to us by Nicolas Monod.

Proposition 3.3. Let D be a dendron. Then the betweenness relation Rg on D is closed.

Proof.  Suppose that in D we have converging nets, limu; = u, lim;w; = w and limv; = v such
that (u;,w;,v;) for every i € I. We have to show that (u,w,v). Assuming the contrary, we have
w ¢ [u,v]. Since [u,v] is compact there exist neighborhoods U, W, V of u, w, v respectively such that
W N (UUJu,v]UV) =0. Since D is locally connected, we can assume, in addition, that U and V are
connected and closed. There exists io such that w;, € W, u;, € U, v;, € V. By Lemma 3.2(2) we have
[wig,u] C U, [v,v;,] C V. Then [ui,,viy] C [tiy, u] U [u,v] U [v,v;,] by Lemma 3.2(3). By our choice W
does not meet [u;,, u] U [u,v]U[v,v;,], hence, w;, ¢ [ui,,v;,]. This contradiction completes the proof. O

Note that in the comb space (which is not locally connected) the relation Rp is not closed (see Bankston
[4, Exercise 3.4(ii)]).

3.2 Monotone functions

Definition 3.4. Let us say that a (not necessarily continuous) map f : X — Y between two
connected topological spaces is:

(1) B-monotone if it respects the betweenness relations Rp (from Definition 3.1) of X and Y, which
means that (u,w,v) implies (f(u), f(w), f(v)). It is equivalent to the requirement that f be interval
preserving: flu,v] C [f(u), f(v)]. Notation: f € Mp(X,Y). For Y =R we write Mp(X).

(2) C-monotone (or, simply, monotone) if the preimage f~1(A) of every connected subset A C Y is
connected. Notation: f € Mc(X,Y). For Y = R we write Mc(X).

For continuous maps on continua definition (2) is well known. See Kuratowski [24, Section 46]. Not
every B-monotone continuous function is C-monotone. For a concrete example consider the distance
(continuous) function

1 2
0,1 =R, z—dxK), K:= <[0, 3} u [3,1}) x [0,1].
The fiber f~1(0) = K is not connected. So f is not monotone. On the other hand, f is B-monotone
because [0, 1]? has no separating points.

Lemma 3.5. Let X be a connected space.
(1) Composition of B-monotone (C-monotone) functions is B-monotone (respectively, C-monotone).
(2) Let G ~ X be an action of a group G on X by homeomorphisms. For every g € G and every f €
Mp(X) (f € Mc(X)) we have fg € Mp(X) (respectively, fg € Mc(X)), where (fg)(x) := f(gx).
(3) The set Mp(X, D) is a pointwise closed (hence, compact) subset of DX for every dendron D.
(4) The set Mp(X, [c,d)]) is a pointwise closed (hence, compact) subset of [c,d]X.
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Proof. (1) and (2) are straightforward.

(3) Let f : X — D be the pointwise limit of the net f; : X — D, i € I where each f; € Mp(X, D). We
have to show that f is also B-monotone, i.e., (u,w,v) in X implies that (f(u), f(w), f(v)) in D. Since
every f; is B-monotone we have (f;(u), f;(w), fi(v)). As we already mentioned (see Proposition 3.3) the
betweenness relation Rp is closed in D?. So, since f is the pointwise limit of f; we get (f(u), f(w), f(v)).

(4) is a particular case of (3). O

Lemma 3.6.  For every dendrons X,Y we have Mc(X,Y) = Mp(X,Y) and Mc(X) = Mp(X).
Proof. (1) Mo(X,Y) C Mp(X,Y).

Assuming the contrary let f : X — Y be C-monotone but not B-monotone. Then there exist u,w, v
€ X such that (u,w,v) but =(f(u), f(w), f(v)). This means that w separates the points u and v but
f(w) does not separate the pair f(u), f(v) in Y and f(w) ¢ {f(u), f(v)}. So,

f(w) & C = [f(u), f(v)].

Since Y is a dendron the generalized arc C' = [f(u), f(v)] is connected (see Lemma 3.2). By the C-
monotonicity of the function f the preimage f~*(C) is connected in X. As w separates u and v in X we
have

X\{w}=UUYV,

where U and V are disjoint open neighborhoods of u and v, respectively. Then u € f~1(C)N U and
v € f71(C) NV are disjoint, nonempty (and open in f~1(C)). The union of these subsets is f~1(C)
(because w ¢ f~1(C)). So, we get that f~1(C) is not connected, a contradiction to the fact that f is
C-monotone.

(2) Mc(X,Y) D Mp(X,Y).

Assuming the contrary let f € Mp(X,Y) such that f ¢ Mc(X,Y). Then there exists a connected
subset C' C Y such that f~1(C) is not connected in X. So there exist (distinct) u,v € f~1(C) such that
the “generalized arc” [u,v] (which is connected by Lemma 3.2 because X is a dendron) is not contained
in f=1(C). Therefore, there exists w € [u,v] such that w ¢ f~1(C). Then (u,w,v) but it is not true that
(f(u), f(w), f(v)) because f(u), f(v) € C CY \{f(w)}, and C is connected.

This proves Mc(X,Y) = Mp(X,Y). In order to conclude that Mc(X) = Mp(X) use the linear order
equivalence R — (0,1) C Y :=[0,1], = — T O
Remark 3.7. Lemma 3.6 suggests dropping the subscripts “C” and “B” and writing simply M (D1, D5).
We write CM (D) for the set of continuous monotone real-valued functions on D.

Recall that the set F(X) of fragmented real-valued functions on X is a vector space over R. For the
definition and properties of fragmented functions we refer to [10,11,30]. In the present paper we only use
fragmentability in the case of real-valued functions f : X — R defined on compact X. In this case the
fragmentability of f is equivalent to the PCP-property (see [10]), meaning that for every closed nonempty
subset Y C X the restriction f |y : Y — R has a point of continuity. For Polish X, F(X) coincides with
the set B1(X) of Baire class 1 functions. A function f : X — Y is said to be a Baire class 1 function if
the inverse image f~1(O) of every open set O C Y is F,, in X.

In [13,31] we proved that every linear order preserving function on a compact linearly ordered topo-
logical space is fragmented. The following Theorem 3.9 is a result in the same spirit.

Definition 3.8. Let R be an abstract ternary relation on a Hausdorff topological space (X, 7).

(1) We say that R is 7-stable if for every pair of distinct points u,v € X, there are, a point w € X
with w € [u,v] \ {u,v} (where [u,v] := {z € X : (u,w,v)} U {u,v}), and neighborhoods U and V of u
and v respectively, such that w € [z, y] for every x € U,y € V.

(2) We say that R is weakly 7-stable if for every infinite subset K C X there exist: a pair of distinct
points u,v € K, a point w € X with w € [u,v]\{u, v}, and neighborhoods U and V" of u and v respectively,
such that w € [z,y] for every c e UN K,y e VN K.

Let R be a ternary relation on X and let f: X — R respect R and the standard betweenness relation
of the reals. We will say that f is an R-monotone function.
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Theorem 3.9. Let (X, 7) be a compact space and R a ternary relation on X which is weakly T-stable.
Then every R-monotone function f: X — R is fragmented.

Proof. If f is not fragmented then, by [41, Lemma 3.7] there exist a closed nonempty subspace L C X
and real numbers o < 3 such that the subsets f~!(—oc,a) N L and f~1(B,00) N L are dense in L, i.e.,

c(f(—oo,a)N L) =cl(f(B,00)NL) = L. (3.1)

L is necessarily infinite (because f~!(—oo,a) N L and f~1(3,00) N L are disjoint). Since X is weakly
T-stable we may choose distinct points u,v € L, w € X with w € [u,v] \ {u, v}, and T-neighborhoods U
and V of u and v respectively such that (z,w,y) for every x e UNL,y € VN L.

By Equation (3.1) there exist v/, u” € UN L and v',v” € V N L such that

f) <o, f) <o, B<f@'), B<fE"). (3.2)

It is enough to show that f is not R-monotone. There are two cases to check:
Case 1. f(w) < B. Then (u”,w,v"”) but f(w) is not between f(u"), f(v") in R.
Case 2. (< f(w). Then (v/,w,v’) but f(w) is not between f(u'), f(v') in R. O

Theorem 3.10. Let D be a dendron. FEvery monotone function f : D — R is fragmented (Baire
class 1, when D is a dendrite). It follows that M (D) C F(D).

Proof.  For a dendron D the standard betweenness relation (see Definition 3.1) is stable. Indeed, by the
definition of dendrons for every distinct u # v we have a separation by a point w. So, D\ {w} =UUV,
where U and V are open disjoint neighborhoods of v and v. Hence, w separates any pairxz € U,y € V. O

For dendrites we have M (D) C By(D) = F(D).
Corollary 3.11.  For every dendron D the family F := CM(D,[0,1]) is tame.

Proof. By Lemma 3.5(4), every function ¢ : D — [0,1] from the pointwise closure of F in [c,d]? is a
(not necessarily continuous) B-monotone function. By Lemma 3.6, ¢ € M (D, [0, 1]). By Theorem 3.10 we
know that M (D, [0,1]) C F(D) and we conclude that cl,(F') C F(D). This means that F' is a Rosenthal
family, in terms of [11]. This is the same as saying that F' does not contain an independent sequence (for
a detailed proof see for example [13, Theorem 2.12]). O

In [42, Corollary 2.15] van Mill and Wattel proved the following remarkable result. We thank Jan van
Mill for providing us the short proof below. For dendrites Theorem 3.12 is well known [6, Theorem 1.2].

Theorem 3.12.  For every dendron D and every subcontinuum C' there exists a naturally defined
continuous retraction rc : D — C. Moreover, this retraction is always monotone.

Proof. ~ The map r¢ : D — C'is defined by

re(z) = ﬂ{[a@c} NC:ceC}.

We discuss only the monotonicity of rc. Other details see in [42, Corollary 2.15]. Let € D and
y =rc(x). If p € [z,y] then [p,y] is contained in [z,y]. Since y € C, the formula for ro(p) gives us
that ro(p) € [p,y] N C = y, hence ra(p) = y. Thus all the points in the fiber of the point y € C
can be connected to y by a continuum in the fiber. So, ral(y) is connected for every y € C. Since
rc : D — C'is a continuous closed map then by [24, Section 46, Subsection I, Theorem 9] the map r¢ is
C-monotone (see Definition 3.4). The subcontinuum C' is also a dendron. So, r¢ is also B-monotone (see
Lemma 3.6). O

This result leads to the following lemma.

Lemma 3.13. On every dendron D and every pair u and v of distinct points in D there exists a
continuous monotone function f: D — [0,1] such that f(u) =0, f(v) = 1.

Proof. By Theorem 3.12 for every pair of distinct points u,v € D we have a monotone continuous
retraction 7y, ) : D — [u,v]. Now recall that the “generalized arc” [u,v] is a linearly ordered compact
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connected space [42]. By results of Nachbin [32, pp.48 and 113] we have an order-preserving (hence,
monotone in the sense of Definition 3.4(1)) continuous map h : [u,v] — [0,1]. The composition f =
h o 77y is the required continuous monotone map D — [0, 1] which separates u and v. O

Theorem 3.14. Let D be a dendron. For every topological group G and continuous action G ~ D,
the dynamical G-system D is Rosenthal representable (hence, also tame). It follows that the topological
group H(D) is Rosenthal representable.

Proof. By Lemma 3.5(2) we have fg € CM(D,|0,1]) for every g € G and every f € CM(D,|0,1]).
So, if F:= CM(D,[0,1]) then FG = F is a G-invariant bounded family of continuous functions. By
Corollary 3.11, F' is a tame family. By Lemma 3.13, CM (D, [0,1]) separates the points of D. So one
may apply Theorem 1.4 and we obtain that the dynamical G-system D is Rosenthal representable.
Finally, note that it is straightforward to see that Rosenthal representability of any compact dynamical
H(K)-system K implies that the topological group H(K) is Rosenthal representable (for details see for
example [13, Lemma 3.5]). O

Theorem 3.15.  Every monotone map [ : Di — Dy between dendrons is fragmented (Baire class 1
map, if D1 and Ds are dendrites).

Proof. By Lemma 3.13 there exists a family of continuous monotone maps {¢; : Dy — [0,1] : ¢ € I}
which separates the points of Dy. Then any composition g;o f : D1 — [0, 1] is monotone, hence fragmented
by Theorem 3.10. Now, using [11, Lemma 2.3.3] we obtain that the original map f : D; — Dy is also
fragmented. O

The tameness of any continuous group actions on dendrons G ~ D can be derived from Theorem 3.15
by the following corollary.

Corollary 3.16.  Let G act on a dendron D. Then every element of the enveloping semigroup E(G, D)
is fragmented, and hence the system (G, D) is tame.

Proof.  Using Lemma 3.5(3) we obtain that every element p € E(G, D) is a monotone map p : D — D.
By Theorem 3.15, p is a fragmented map and it follows that the G-system D is tame by the enveloping
semigroup characterization of tameness [11]. O

Theorem 3.14 implies also the following purely topological nontrivial fact.
Corollary 3.17.  Every dendron D, as a topological space, is Rosenthal representable, i.e., D is WRN.

As a related result note that by [42, Theorem 6.6] a Hausdorff space can be embedded in a dendron if
and only if it possesses a cross-free (see [42] for the definitions) closed subbase.

Remark 3.18. Theorem 3.14 remains true also for continuous monotone monoid actions .S on D such
that for all s € S the corresponding s-translation D — D is monotone. Clearly continuous group actions
on dendrons are always monotone.

4 Monotone actions on median pretrees

In this section we consider actions on a pretree, a useful treelike structure that naturally generalizes
several important structures including linear orders and the betweenness relation on dendrons. By a
pretree (see for example [5,27]) we mean a pair (X, R), where X is a set and R is a ternary relation on X
(we write {a, b, c) to denote (a, b, c) € R) satisfying the following three axioms:

(B1) {(a,b,c) = {c,b,a).

(B2) (a,b,c) A {a,c,b) < b=c.

(B3) (a,b,c) = {(a,b,d) V (d,b,c).
In [2] such a ternary relation is called a B-relation.

It is convenient to use also an interval approach. For every u,v € X define

[u,v] :={x € X : (u,z,v)}.
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In the list of properties below the first four conditions (A0), (Al), (A2) and (A3), as a system of
axioms, are equivalent to the above definition via (B1), (B2) and (B3) (see [27]).

Lemma 4.1. In every pretree (X, R) we have
(A0) [a,b] 2 {a,b}.
Al bl = [b,qa].

(A1) [a,
(A2) If c € [a,b] and b € [a,c] then b= c.
(A3) [a,b] C [a,c]Ulc,b] for every a,b,c € X.
(A4) [a,b] = [a,c] U], b] for every a,b € X, ¢ € [a,b].
(A5) If b € [a,c] and c € [a,d] then c € [b,d].
Following [27] we define the so-called shadow topology 7s on (X, R). Given an ordered pair (u,v) €
X2, u# v, let
Sy ={re X :u¢€lx,v]}

be the shadow in X defined by the ordered pair (u,v). Pictorially, the shadow SY is cast by a point u
when the light source is located at the point v. The family S = {SY : u,v € X,u # v} is a subbase for
the closed sets of the topology 7.

In the case of a linearly ordered set we get the interval topology. In general, for an abstract pretree
the shadow topology is often (but not always) Hausdorff. Furthermore, by [27, Theorem 7.3] a pretree
equipped with its shadow topology is Hausdorff if and only if, as a topological space, it can be embedded
into a dendron. So, by Corollary 3.17 we can deduce the following;:

Corollary 4.2.  Every Hausdorff pretree (for example, linearly ordered topological space) is a WRN
topological space.

For every triple a, b, ¢ in a pretree X the median m(a, b, ¢) is the intersection
m(a, b, c) := [a,b] N [a,c] N b, ]

When it is nonempty the median is a singleton (see for example [5, p.14]). A pretree (X, R) for which
this intersection is always nonempty is called a median pretree.

A median algebra (see for example [5, p. 14] or [40]) is a pair (X,m), where the function m : X3 — X
satisfies the following three axioms:

(M1) m(z,z,y) ==

(M2) m(z,y,z) = m(z,y,2) = m(y, z,x).

(M3) m(m(z,y, z),u,v) = m(xz, m(y, u,v), m(z,u,v)).

Remark 4.3. (1) Every median pretree is a median algebra.

(2) A map f: X7 — X5 between two median algebras is monotone (i.e., interval preserving) if and
only if f is median-preserving ([40, p.120]) if and only if f is convex ([40, p. 123]). Convexity of f means
that the preimage of a convex subset is convex.

(3) Every median pretree is Hausdorff in its shadow topology [27, Theorem 7.3].

A compact (median) pretree is a (median) pretree (X, R) for which the shadow topology 7 is compact.

Example 4.4. (1) Every dendron D is a compact median pretree with respect to the standard be-
tweenness relation Rp. Its shadow topology is just the given compact Hausdorff topology on D (see
[27,42]).

(2) Every linearly ordered set is a median pretree. Its shadow topology is just the interval topology of
the order.

(3) Let X be a Z-tree (a median pretree with finite intervals [u,v]). Denote by Ends(X) the set of all
its ends. According to [27, Section 12] the set X UEnds(X) carries a natural 75-compact median pretree
structure.

Proposition 4.5.  Let (X, R) be a median pretree. Then the retraction map
Guw: X = [u,v], x> m(u,z,v)

is monotone and continuous in the shadow topology for every u,v € X.
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Proof.  Note that always ¢ € [a,b] if and only if med(a,c,b) = ¢. So, ¢y.(x) = x for every = €
[u,v]. This means that ¢, , is a retraction. A well-known property of median algebras, namely [39,
Equation (8.7)], directly implies that m(m(u, z1,v), m(u, 2, v), m(u, x3,v)) = m(u, m(x1, x2, x3),v). This
means that m(¢(z1), ¢(z2), ¢(z3)) = ¢(m(x1, x2,z3)). So every ¢, , is a median preserving map (hence,
monotone, as a map between pretrees).

Now we check the continuity of ¢,,,. If u = v then ¢, , is constant. So, we can suppose that u # v.
Every interval [a,b] is a convex subset of X. Hence its interval topology and its topological subspace
topology of (X, 7s) are the same (see [27, Proposition 6.5]). It is enough to show that the preimage of a
closed subbase element in the space [u, v] is closed in the shadow topology. We prove that in fact

¢;ﬁ,[u,w]=55), Yw € [u,v) and qb;)i[w,v]:S;, Vw € (u,v].

First we show that ¢} [u,w] C SY.

Let z € ¢, 1[u,w]. This means that m := m(u,z,v) € [u,w]. Since w € [u,v], by (A5) we have
w € [m,v]. So, [m,w] U [w,v] = [m,v] by (A4). Again, by (A4) we obtain [z, m] U [m,v] = [z,v]. So,
w € [z,v]. Hence, x € S%,.

Now we show ¢, [u,w] 2 S. Let x € Si. This means that w € [z,v]. We have to show that
m € [u,w] (where m := m(u, z,v)). Assuming the contrary, suppose m ¢ [u,w]. Clearly, m € [u,v]. By
(A3), [u,v] C [u,w] U [w,v]. So, we have m € (w,v]. Since w € [v,z] and m € [v,w], by (A5) we get
w € [m,z] = [z, m]. Similarly, since m € [v,w] and w € [v,u], by (A5) we get w € [m, u].

Now taking into account that m # w by (A2) we have m ¢ [z,w] and also m ¢ [w,u]. So, m ¢
[z, w]U[w,u]. Then (A3) guarantees that m ¢ [z, u]. This contradicts the fact that m, being the median
of the triple x, u, v, belongs to [z, u].

Similarly we can check also that ¢, [u, w] = S. O

Theorem 4.6. Let X be a median pretree. Then every pair of monotone (equivalently, convex) real-
valued functions f; : X — R, i € {0,1} is not independent.

Proof.  Assuming that {f1, f2} is an independent pair, there exist real numbers a < b such that
AiNAs#0, AiNBy#0, BiNAy#0, BN By#D,

where A; = f; *(—o0,a), B; = f; *(b,0), i € {0,1}.
Choose four points

aGAlﬂBQ, bEAlﬁAg, CEAQﬂBl, d e B1NBs.

By the monotonicity of the functions f; and fo the preimages of convex subsets are convex. So, A; and
B; are convex. Then
[a,b] C Al, [b, C] - AQ, [67 d] C Bl, [d, a] C Bs.

Consider the median m := med(c, a,d) = [a,c]N[¢,d]N[d,a]. Then m € [a,c]NB; N Bsy. Using (A3) we
get [a,c] C [a,b]U[b,¢] C Ay U As. Therefore, m € (A1 U A2)N(B1 N By). Clearly, Ay N By = Ay N By = ().
So, (A1 U A2) N (B N Bg) =), a contradiction. O

For a compact median pretree X we denote by H,(X) the topological group of R-monotone (equiv-
alently, median-preserving) homeomorphisms. We treat H(X) as a topological subgroup of the full
homeomorphism group H(X).

The following result generalizes Theorem 3.14. In the case of a dendron D we have H; (D) = H(D).
Theorem 4.7.  For every compact median pretree X and its automorphism group G = Hy(X) the
action of the topological group G on X is Rosenthal representable. It follows that the topological group
H, (X) is Rosenthal representable.

Proof.  Recall again that a median pretree is Hausdorff in its shadow topology (see Remark 4.3(3)). By
Proposition 4.5 the retraction map ¢, : X — [u,v], z — m(u,z,v) is monotone and continuous in the
shadow topology for every u,v € X. Every [u,v] is a linearly ordered set with respect to the order z < y
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whenever (x,y, v) (see for example [5, p. 14]). Moreover [u, v] = ¢(X) is compact in the subspace topology
which coincides with the interval topology of the linear order. So, as in Lemma 3.13, using Nachbin’s
result we see that the set CM (X) of continuous monotone functions separates the points. Also, C M (X)
is G-invariant because the action G ~ X is monotone. Theorem 4.6 guarantees that CM(X) is a tame
family. A median pretree is always Hausdorff in its shadow topology (see Remark 4.3(3)). The rest is
similar to the proof of Theorem 3.14. O

By Example 4.4(3), Theorem 4.7 applies when X is a Z-tree and we get the following corollary.

Corollary 4.8.  Let X be a Z-tree. Denote by Ends(X) the set of all its ends. Then for every monotone
group action G ~ X with continuous transformations the induced action of G on the compact space
X = X UEnds(X) is Rosenthal representable.

Such compact spaces X asin Corollary 4.8 are often zero-dimensional. So, at least, formally this case
cannot be deduced from the dendron’s case.

4.1 Generalized Helly’s selection principle

Theorem 4.9. Let X be a median pretree and {f, : X — R},en be a bounded sequence of convex
(equivalently, monotone) real-valued maps. Then there exists a pointwise converging subsequence.

Proof.  Combine Theorem 4.6 with the following form of Rosenthal’s theorem: let f, : S — R be a
bounded sequence of functions on a set S. Then it has a subsequence which is pointwise converging or
has a subsequence which is independent; see Theorem 1 in Rosenthal’s classical paper [34]. In Rosenthal’s
original formulation he states a weaker statement “/;-subsequence” (instead of “independent”). However,
as Rosenthal’s proof shows he proves in fact a little bit more (see the text above Lemma 5 on page 2413
of [34]), namely that there exists an independent subsequence. O

Corollary 4.10. Let X be either a dendron or a linearly ordered set. Then the pointwise compact set
of all monotone maps M (X, [c,d]) into the real interval [c,d] is sequentially compact.

Remark 4.11. For linearly ordered sets Theorem 4.9 can be extended to sequences of real-valued
functions with bounded total variation [31]. This suggests the idea that one should search for a right
analog for bounded variation functions, defined on dendrons, or more generally on (median) pretrees.

4.2 Fragmentability of monotone functions on compact Hausdorff pretrees

Lemma 4.12.  If the shadow topology T5 on a pretree (X, R) is Hausdorff (for example, median pretree),
then the pretree relation R is weakly T5-stable (see Definition 3.8(2)).

Proof. ~ We have to show that for every infinite subset K C X there exist: a pair u,v € K, a point
w € X with w € [u,v] \ {u,v}, neighborhoods U and V of u and v respectively, such that w € [z, y] for
every t € UNK and y € VN K. In fact, we show this for every x € U and y € V.

First of all note that there exist distinct u,v € K and w € X such that w € [u,v] \ {u,v}. If not,
then K is a star subset in terms of [27]. Since 7, is Hausdorff there is no infinite star subset in X by [27,
Theorem 7.3].

Consider the standard shadow topology neighborhoods v € U := X \ SY and v € V := X\ SY. We are
going to show that w € [z, y] for every z € U and y € V. By (B3) and (u, w, v) we have (u, w, )V {(z,w,v).
By our choice of z € U = X \ S it is impossible that w € [z,u]. So we necessarily have the second
condition {(x,w,v). Now apply again (B3) but now for the triple (x,w,v) and a point y € V. Then by
the definition of V' := X \ SY it is impossible that (y,w,v). Therefore, we necessarily have (z,w,y). O

Lemma 4.12 and Theorem 3.9 imply the following theorem.

Theorem 4.13.  Let (X, 75) be a compact Hausdorff pretree (for example, median pretree). Then every
monotone real-valued function f: X — R is fragmented.

Remark 4.14. By a result of Malyutin [27, Theorem 7.3] every 7,-Hausdorff pretree X can be topo-
logically embedded into a dendron D. This leads to a natural question if there exists an equivariant
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version of this embedding. Consider the automorphism group G := Aut(X, R) (of all monotone homeo-
morphisms) as a topological subgroup of H(X, 7). Is it true that there exists an equivariant embedding
of (G, X) into (H(D), D) with some dendron D?

It seems that this is true under an additional assumption that the shadow subbase S of 7, is connected
in the sense of [42]. Then it is possible to use the results from [42] and supereztensions (as in [27,
Theorem 7.3]).

5 Some consequences of the tameness of actions on dendrites

In the following sections we would like to apply Theorem 1.3 in order to strengthen several known results
on actions of groups on dendrites, mainly from [7,28,33]. For the following definitions, see for example [18].

Definition 5.1. Let (G, X) be a dynamical system.

(1) A pair of points x,y € X is said to be proxzimal if there is a net g; € G and a point z € X with
lim g;x = lim g;y = z. The system (G, X) is prozimal if every pair of points in X is proximal.

(2) The system (G, X) is strongly prozimal if for every probability measure u on X there is anet g; € G
and a point z € X with limg; = d,.

(3) An infinite minimal dynamical system (G, X) is said to be extremely proxzimal if for every nonempty
closed subset A C X and any nonempty open subset U C X there is an element g € G with gA C U.

An action of a group G on a dendron D is called dendro-minimal if every G-invariant subdendron
C C D is either all of D or the empty set. By Zorn’s lemma every group action on a dendron admits
a (nonempty) dendro-minimal subdendron. An arc C' in a dendrite D is a free arc if it contains no end
points: C' N End(D) = 0.

Except for the extreme proximality claim, the following results were proven (independently) in [7, 26,
36, 37].

Theorem 5.2.  Suppose G acts on a dendrite X with no finite orbits.

(1) There is a unique infinite minimal set M C X.

(2) If the action is dendro-minimal and X has no free arc then M = X.

(3) The action on M is extremely proxzimal.

(4) The action on X is prozimal.

Proof. (1) is proved in [28, Corollary 4.3]. In fact, it suffices to assume that there is no fixed point (see
Remark 4.2 in [7]).

For (2) see Remark 4.7 in [7].

(3) By Lemma 4.4 of [7] the set of end points of X is contained (and is dense) in M. If z is an endpoint
then it has a basis for its neighborhoods which consists of connected open sets U with |0(U)| = 1 (see
Lemma 2.3 in [7]). Let K C M be a closed subset. Thus there is an x € End(X) N K¢ and a connected
open neighborhood x € U with |9(U)| = 1. As X is a dendrite we have that U°¢ is also a dendrite and,
by Lemma 4.3 of [7] there is g € G with gK C gU¢ C U.

(4) Given z,y € X there is a sequence g; € G such that the limits gjo = 2’ and lim g;y = 3’ exist and
are elements of M. Since ' and 3" are proximal, it follows that x and y are proximal as well. O

As corollaries we obtain the following result.

Corollary 5.3. Suppose G acts on a dendrite X with no finite orbits and let M C X be the unique
minimal set, and then the following hold:

(1) The action of G on M 1is strongly prozimal.

(2) G contains a free group on two generators. In particular, G is not amenable.

(3) (See [7, Corollary 8.3]) The amenable radical of G acts trivially on M.

Proof. Tt is shown in [17] that extreme proximality implies strong proximality and that a group ad-
mitting a nontrivial extremely proximal action has a free subgroup on two generators (see also [18]). To
prove Part (3), consider the action of the amenable radical, say, R << G on M. This admits an invariant
probability measure, say p. By strong proximality there is a sequence g; € G and a point y € M such
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that lim g;0 = 6. As R is a normal subgroup, it follows that each translation g;u as well as the limit ¢,
is all R-invariant measures. Next, we deduce similarly that every point mass gy, g € G, is an R fixed
point, and finally conclude that R acts trivially on M. O

Proposition 5.4. Let (G, X) be a metric tame dynamical system.
(1) For any element p € E(G, X), the set pX is an analytic, hence universally measurable, subset of X.
(2) For every p € E(G,X) and any probability measure n on X we have pu(pX) = 1.

Proof. (1) The system (G, X) being tame, by the enveloping semigroup characterization of metric tame
systems [16], we have that every element p € E(G, X) is Baire class 1, hence Borel measurable. It follows
that the set pX is an analytic, hence a universally measurable, subset of X.

(2) As (G, X) is tame there is a sequence g, € G with limg, — p in E(G, X). Given any function
f € C(X) we have lim f(g,z) = f(px) for every x € X. We also have that the function f o p is Baire
class 1, hence Borel measurable. By Lebesgue’s bounded convergence theorem it follows that

[ ran=tin [(rog.)du= [tm(rog)du= [(rop)du=1.

Taking f = 1x we conclude that pu(pX) = 1. O

The next theorem strengthens Theorem 10.1 of [7].

Theorem 5.5.  Suppose G acts on a dendrite X with no finite orbits. Then the system (G, X) is
strongly proximal.

Proof. Tt follows from Theorem 5.2 that E(G, X) has a unique minimal ideal I C E(G, X) and that
uX is a singleton for every minimal idempotent v € I. Conversely, for every x € M, there is a minimal
idempotent w € I with uX = {z}. Applying Part (2) of Proposition 5.4 and Theorem 1.3 to u and
denoting uX = {x}, we have §,(uX) = 1, hence u,u = 0. O

Example 5.6. (1) For each one of Wazewski’s universal dendrites X = D,,, n = 3,4,...,00 (see [44]),
the dynamical system (H(X), X), where H(X) is the group of homeomorphisms of X, is minimal, tame
and extremely, hence also strongly, proximal. Recently Kwiatkowska gave a description of the universal
minimal G-system M (G) for the topological group G = H(X) (see [25]). It would be interesting to check
if M(G) as a dynamical G-system is tame. This space M (G) is not a dendrite (being zero-dimensional)
but perhaps it admits some suitable betweenness relation.

(2) Let T be the R-tree built on the Cayley graph of the free group on two generators Fy with
S ={a,b,a=!,b71} as a set of generators. Let X = T UY be the natural compactification of 7" obtained
by adding the boundary Y comprising the infinite reduced words on the generators {a,b,a=!,b=1}. Then
X is a dendrite and the corresponding dynamical system (Fy, X) is tame, with Y as its unique minimal
subset, and the system (F»,Y) is extremely proximal.

(3) Let T be the R-tree built on the increasing array of finite groups Z/2*Z and let Y = lim, Z/2*Z
be the inverse limit of this array which can be identified with the dyadic adding machine. Let X =T UY
be the corresponding compactification of T. The dynamical system (Z, X) is a Z-action on a dendrite,
hence tame, with the (equicontinuous) adding machine Y as its unique minimal subset.

6 Actions of amenable groups on dendrites

Our starting point is the structure theorem for minimal metric tame dynamical systems of amenable
groups [9] (see also [8,20,22]).

Theorem 6.1.  Let T be any group and (G, X) a metric tame minimal system that admits an invariant
probability measure p. Then X is almost automorphic, i.e., it has the structure X = Z, where Z is
equicontinuous and ¢ is an almost one-to-one extension. Moreover, i is unique and the map ¢ is a measure
theoretical isomorphism v : (X, pu,T) — (Z,\,T'), where X\ is the Haar measure on the homogeneous
space Z.
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Thus, when T' is amenable, since every G-system admits an invariant probability measure, the claim
above holds for any minimal metric tame G-system.

Theorem 6.2. Let (G,X) be a tame dynamical system. Let E = E(G,X) denote its enveloping
semigroup and I C E be any minimal left ideal in E. Let M be the collection of minimal subsets of X
and set

M= {McX:MeM}.

Let P (X) be the space of G-invariant probability measures on X. Then

(1) For any element p € E the set pX is an analytic, hence universally measurable, subset of X.

(2) p(pX) =1 for every p € Po(X) and p € E.
(3) For any element p € I the set pX is contained in M.

(4) If p € Pg(X) is ergodic then there exists M € M with (M) = 1. Thus the minimal subsystem
(M, 1, G) is uniquely ergodic and satisfies the conclusions of Theorem 6.1.

(5) For any pn € Pg(X) the measure dynamical system (X, u, G) has a discrete spectrum, i.e., La(u)
is spanned by the collection of matrix coefficients of finite dimensional unitary representations of G.

Proof.  For the claims (1) and (2) repeat the proofs of the corresponding claims in Proposition 5.4.

Claim (3) is clear.

(4) Suppose pu € Pg(X) is ergodic. Let p be any element of a minimal ideal in E(G, X). By (2) and
(3), u(pX) = 1 and we can find a p-generic point = € pX. Let M = Gx € MY, Then clearly u(M) = 1.
As the subsystem (G, M) is minimal and tame, it follows from Theorem 6.1 that it is uniquely ergodic
and satisfies the conclusion of that theorem.

(5) Let 4 € Pg(X) be any invariant measure. As in the proof of (2) we see that the map V,, : f +— fop
is a linear operator on La(p) of norm less than or equal to 1. Since 1 o p = 1 it follows that ||V,|| = 1.
Moreover, the map V : p — V}, is a continuous semigroup homomorphism from E into the semigroup of
linear contractions of Lo(u) equipped with its strong operator topology. Let u be an idempotent in I.
Then by (2), u(uX) = 1 and for every € uX and every p € E we have pr = (pu)z. It follows that
the image of E under V coincides with the image of I, {V,, : p € E} = {V, : p € I}. Moreover, for
every p € I we have p(pX NuX) = 1, hence pxr = (up)z, p-a.e. Thus V, = V,,;, and we conclude that
{Vp:p€ E} ={Vy, :p € I}. Now ul is a group and it follows that this image, which is also the closure
of the Koopman group {V, : g € G}, is a compact group of unitary operators. The Peter-Weyl theorem
completes the proof. O

Now using the results of this section and Theorem 1.3 we get the following corollary.

Corollary 6.3.  Suppose an amenable group G acts on a dendrite X. Then

(1) Each minimal subset M C X is as described in Theorem 6.1 (but see Theorem 6.5 below).

(2) Thus an ergodic invariant probability measure on X is either a uniform distribution on a finite set,
or it is the uniquely ergodic measure on a minimal infinite almost automorphic M C X.

Remark 6.4. (1) In [21] Huang et al. showed that every tame cascade satisfies the “M6bius disjointness
conjecture”. Their proof is based on the fact that tame cascades have discrete spectrum.

(2) In [1] it was shown that every monotone cascade on a local dendrite satisfies the “Mébius disjointness
conjecture”.

(3) Theorem 2.3 shows that (2) can be derived from (1), at least for every invertible cascade on a local
dendrite.

In the first version of our work, posted on the arXiv on June 26, 2018, we posed the following question:

Question. Is there an amenable group G, an action of G on a dendrite X, and a minimal subset
Y C X, such that the system (G,Y) is almost automorphic but not equicontinuous?

On July 4, 2018, Shi and Ye [38] provided a negative answer:

1) For an amenable group G this has the usual meaning. When G is not amenable we can still consider a probability
measure m on the discrete group G such that u({g}) > 0 for every g € G, and then find a generic point for the Markov
operator on L1 (u) defined by Kf = m * f.
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Theorem 6.5. Let G be an amenable group acting on a dendrite X. Suppose K is a minimal set in X .
Then (G, K) is equicontinuous, and K is either finite or homeomorphic to the Cantor set.

7 Cascades on dendrites

Let (T, X) be a cascade, i.e., a Z-dynamical system where T': X — X is the homeomorphism of X which
corresponds to 1 € Z.

We recall the following results of Naghmouchi [33]; in all of them f : X — X is a monotone dendrite
map. The sets P(f), R(f) and UR(f) denote, respectively, the set of periodic points, recurrent points
and uniformly recurrent points of f. The set A(f) is the union of the w-limit sets.

Theorem 7.1. For any x € X, we have:
(1) wy(x) is a minimal set.
(2) wy(x) C P(f).

Theorem 7.2.  For any x € X, wy(x) is either a finite set or a minimal Cantor set. In particular, f

1s not transitive.

Theorem 7.3.  The following equalities hold: UR(f) = R(f) = A(f) = P(f).
Theorem 7.4.  The restriction map f | R(f) is a distal homeomorphism.

Of course every self homeomorphism 7' : X — X of a dendrite X is monotone.
We can now discuss some of Naghmouchi’s results in [33] as follows (see also [28,29]):

Theorem 7.5. Let T : X — X be a self homeomorphism of a dendrite X and consider the Z-system
(T, X).

(1) If M C X is a minimal subset then it is either finite or an adding machine.

(2) The union of minimal sets

M = U{M C X : M is minimal}

is closed.

(3) Every point in X \ M is asymptotic to M, i.e., wp(z) C M.
Proof. (1) By Theorem 1.3, the system (7, X) is tame, and so is M. By Theorem 6.1 M is almost
automorphic. By Theorem 7.4 it is distal, and by Theorem 7.2 it is a Cantor set. These facts put together
imply that M is a minimal equicontinuous cascade on a Cantor set, i.e., an adding machine.

(2) follows from Theorem 7.3.

(3) follows from Theorem 7.1. O

Acknowledgements This work was supported by the Israel Science Foundation (Grant No. ISF 668/13).
Thanks are due to Nicolas Monod for enlightening conversations concerning tameness of actions on dendrites.
The authors also thank him and the organizers of the conference entitled “Structure and Dynamics of Polish
Groups”, held at the CIB in Lausanne, March 2018, for the invitation to participate in this conference. The
successful conference contributed a great deal to the progress of this work. Thanks are due also to Jan van Mill

for his helpful advice.

References

1 Abdalaoui E, Askri G, Marzougui H. M&bius disjointness conjecture for local dendrite maps. Nonlinearity, 2019, 32:
285-300

2 Adeleke S A, Neumann P M. Relations Related to Betweenness: Their Structure and Automorphisms. Mem Amer
Math Soc, vol. 623. Providence: Amer Math Soc, 1998

3 Bankston P. Road systems and betweenness. Bull Math Sci, 2013, 3: 389408

4 Bankston P. The antisymmetry betweenness axiom and Hausdorff continua. Topology Proc, 2015, 45: 1-27

5 Bowditch B H. Treelike Structures Arising from Continua and Convergence Groups. Memoirs of the American Math-
ematical Society, vol. 662. Providence: Amer Math Soc, 1999



2462 Glasner E et al. Sci China Math  December 2019 Vol. 62 No.12

Charatonik J J, Charatonik W J. Dendrites. Aportaciones Mat Comun, 1998, 22: 227-253
Duchesne B, Monod N. Group actions on dendrites and curves. Ann Inst Fourier (Grenoble), 2018, 68: 2277-2309
Glasner E. The structure of tame minimal dynamical systems. Ergodic Theory Dynam Systems, 2007, 27: 1819-1837

© 00 N>

Glasner E. The structure of tame minimal dynamical systems for general groups. Invent Math, 2018, 211: 213-244

10 Glasner E, Megrelishvili M. Linear representations of hereditarily non-sensitive dynamical systems. Colloq Math, 2006,
104: 223-283

11 Glasner E, Megrelishvili M. Representations of dynamical systems on Banach spaces not containing [;. Trans Amer
Math Soc, 2012, 364: 6395-6424

12 Glasner E, Megrelishvili M. Representations of dynamical systems on Banach spaces. In: Recent Progress in General
Topology III. Paris: Atlantis Press, 2014, 399-470

13 Glasner E, Megrelishvili M. Eventual nonsensitivity and tame dynamical systems. ArXiv:1405.2588, 2014

14 Glasner E, Megrelishvili M. Circularly ordered dynamical systems. Monatsh Math, 2018, 185: 415-441

15 Glasner E, Megrelishvili M. More on tame dynamical systems. In: Ergodic Theory and Dynamical Systems in Their
Interactions with Arithmetics and Combinatorics. Berlin-Heidelberg: Springer, 2018, 351-392

16 Glasner E, Megrelishvili M, Uspenskij V V. On metrizable enveloping semigroups. Israel J Math, 2008, 164: 317-332

17 Glasner S. Topological dynamics and group theory. Trans Amer Math Soc, 1974, 187: 327-334

18 Glasner S. Proximal Flows. Lecture Notes in Mathematics, vol. 517. Heidelberg: Springer-Verlag, 1976

19 Goodman T N T. Topological sequence entropy. Proc Lond Math Soc (3), 1974, 29: 331-350

20 Huang W. Tame systems and scrambled pairs under an abelian group action. Ergod Theory Dynam Systems, 2006,
26: 1549-1567

21 Huang W, Wang Z, Ye X. Measure complexity and M&bius disjointness. ArXiv:1707.06345, 2017

22 Kerr D, Li H. Independence in topological and C*-dynamics. Math Ann, 2007, 338: 869-926

23 Kohler A. Enveloping semigroups for flows. Proc Roy Irish Acad Sect A, 1995, 95: 179-191

24 Kuratowski K. Topology, vol. 2. New York: Academic Press, 1968

25 Kwiatkowska A. Universal minimal flows of generalized Wazewski dendrites. J Symbolic Logic, 2018, 83: 1618-1632

26 Malyutin A V. Groups acting on dendrons (in Russian). Zap Nauchn Sem S-Peterburg Otdel Mat Inst Steklov (POMI),
2013, 415: 62-74; translation in J Math Sci (NY), 2016, 212: 558-565

27 Malyutin A V. Pretrees and the shadow topology (in Russian). Algebra i Analiz, 2014, 26: 45-118

28 Marzougui H, Naghmouchi I. Minimal sets for group actions on dendrites. Proc Amer Math Soc, 2016, 144: 4413-4425

29 Marzougui H, Naghmouchi I. Minimal sets and orbit spaces for group actions on local dendrites. Math Z, 2019, in
press

30 Megrelishvili M. Fragmentability and representations of flows. Topology Proc, 2003, 27: 497-544

31 Megrelishvili M. A note on tameness of families having bounded variation. Topology Appl, 2017, 217: 20-30

32 Nachbin L. Topology and Order. Van Nostrand Mathematical Studies, vol. 4. Princeton: Van Nostrand, 1965

33 Naghmouchi I. Dynamical properties of monotone dendrite maps. Topology Appl, 2012, 159: 144-149

34 Rosenthal H P. A characterization of Banach spaces containing ¢1. Proc Natl Acad Sci USA, 1974, 71: 2411-2413

35 Seidler G T. The topological entropy of homeomorphisms on one-dimensional continua. Proc Amer Math Soc, 1990,
108: 1025-1030

36 Shi E. Free subgroups of dendrite homeomorphism group. Topology Appl, 2012, 159: 26622668

37 Shi E, Ye X. Periodic points for amenable group actions on dendrites. Proc Amer Math Soc, 2017, 145: 177-184

38 Shi E, Ye X. Equicontinuity of minimal sets for amenable group actions on dendrites. ArXiv:1807.01667, 2018

39 Sholander M. Trees, lattices, order, and betweenness. Proc Amer Math Soc, 1952, 3: 369-381

40 Van de Vel M L J. Theory of Convex Structures. Amsterdam: North-Holland, 1993

41 wvan Dulst D. Characterizations of Banach Spaces not Containing I'. Amsterdam: Centrum voor Wiskunde en Infor-
matica, 1989

42 wvan Mill J, Wattel E. Dendrons. In: Topology and Order Structures. Mathematical Centre Tracts, vol. 142. Amster-
dam: Math Centrum, 1981, 29-81

43 Ward L E. Recent developments in dendritic spaces and related topics. In: Studies in Topology. New York: Academic
Press, 1975, 601-647

44 Wazewski T. Sur les courbes de Jordan ne renfermant aucune courbe simple fermée de Jordan. Ann Soc Polon Math,

1923, 2: 49-170



	Introduction and preliminaries
	Actions of groups on a regular continuum are null
	Dendrons, monotone functions and group actions
	Standard betweenness relations and dendrons
	Monotone functions

	Monotone actions on median pretrees
	Generalized Helly's selection principle
	Fragmentability of monotone functions on compact Hausdorff pretrees

	Some consequences of the tameness of actions on dendrites
	Actions of amenable groups on dendrites
	Cascades on dendrites

