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1. EXERCISES

Ezercise 1.1. Show that the one point compactification A(\) of a discrete space with cardinality
A > w is uniformly Eberlein.

Ezercise 1.2. Let G be a countable discrete group. Show that there exists a topological group
embedding G — Is0 ;5 (l2).

Ezercise 1.3. Let G be the Polish symmetric group Sy (of all permutations of N) with the pointwise
topology. Show that there exists a topological group embedding Sy — Is0 i, (I2).

Ezercise 1.4. Let V be a reflexive space and B C V, A C V* are bounded subsets. Show that the
function

Ax B =R, (z,f) »<az, f>= f(x)
has DLP.

Ezercise 1.5. Show that the original norm of the Banach space ¢y does not satisfy DLP.
Hint: Define u,, := e,, and v,, := ZZZ1 ;.

Ezercise 1.6. Show that the Banach space Loj[0, 1] has DLP for every k € N.

Ezercise 1.7. Give an example of a bounded countable family of continuous functions F C C0, 1]
such that F' does not satisfy DLP (double limit property) on [0, 1].

Ezercise 1.8. Let a topological group G admit a left-invariant metric with DLP. Show that G is
reflexively representable.

Call a continuous representation h : G — Iso, (V) on a Banach space V' adjoint continuous if
the adjoint representation h* : G — Iso ;, (V*) is also continuous. It is a well known phenomenon in
Functional Analysis that continuous representations on general Banach spaces need not be adjoint
continuous (even for compact groups).

Ezercise 1.9. The regular representation of the circle group T on V := C(T) is continuous but not
adjoint continuous.

Hint: ("Point measures are responsible for this”) Indeed, the continuity of the adjoint represen-
tation T — Iso (C(T)*) is equivalent to the norm continuity of all orbit maps v : T — C(T)*,t — tv
for every functional v € C(T)*. Now observe that the map T — C(T)*, t + td,, is discontinuous for
every point measure d,,, where d,,(f) := f(zo).

Ezercise 1.10. Let L be the left uniform structure of the topological group Iso (I2). Show that the
uniform space (Iso(l2), L) is uniformly embedded into the uniform space ls.
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Ezercise 1.11. Let m : Sy x Il — l1 be the natural (linear isometric) action of the Polish symmetric
group Sy on the Banach space l; (permutations of coordinates). Show that the dual action

Sn X loo = Lo, (9f)(x) = f(g7 (2))
on the dual Banach space {7 = I is not continuous. So, the natural representation of Sy on [ is
(continuous but) not adjoint continuous.

FEzxercise 1.12.

(1) For a topological space X consider the semigroup (X, o) of all selfmaps f : X — X with
respect to pointwise (=product) topology. Show that XX is a right topological semigroup.
(2) C(X,X) is a semitopological subsemigroup of XX.
Is it true that C([0,1],]0,1]) is a topological semigroup ?
(3) Prove that the left translation Iy : X* — XX is continuous if and only if f € C(X, X).
Derive that if X is 77, then the right topological semigroup X is semitopological iff X is
discrete.

Ezercise 1.13. Let (G,-,7) be a locally compact non-compact Hausdorff topological group. Denote
by S := G U {oo} the 1-point compactification of G.
Show that (5, -, 7o) is a semitopological but not topological semigroup.

Ezercise 1.14. Let G be a Hausdorff topological group and H < G be its topological subgroup. If
H is locally compact then H is closed in G.

Ezercise 1.15. If S is a compact Hausdorff topological semigroup and if G is a subgroup of S then
cl(Q) is a (compact) topological group.
Hint: eq is an idempotent of S and also a neutral element of T' := cl(G).

Ezercise 1.16. Let S be the interval [0, 1] with the multiplication

t, if0<t<i;
st = o 1
1, ifi<t<i

)

Show that: S is a compact right topological semigroup with A(S) = (. The subset T := [0, %) is a

subsemigroup of S and cl(T) = [0, 3] is not a subsemigroup of S.

Ezample 1.17. Let S := Z U {—o00, 00} be the two-point compactification of Z. Extend the usual
addition by:

nt+t=t+n=s+t=t n€Z, s,t €{—o00,00}
Show: (S,+) is a noncommutative compact right topological semigroup having dense topological
centre A(S) =Z. S is not semitopological.

Exercise 1.18. Show that the right topological semigroup S of the previous exercise is topologi-
cally isomorphic to the enveloping semigroup of the invertible cascade (Z, [0, 1]) generated by the
homeomorphism o : [0,1] — [0, 1], 0(z) = 22.
Exercise 1.19. Prove that:
(1) for every metric space (M,d) the semigroup S := O(M,d) of all non-expanding maps *
f X — X (that is, d(f(z), f(y)) < d(z,y)) is a topological monoid with respect to the
topology of pointwise convergence;
(2) the group Iso (M) of all onto isometries is a topological group;
(3) the evaluation map S x M — M is a continuous monoidal action.

Ezercise 1.20. Let S x X — X be contractive action of S on (X,d). Show that the following
conditions are equivalent:

(i) The action is continuous.

Lin another terminology: Lipschitz 1 maps



(ii) The action is separately continuous.
(iii) The natural homomorphism h : S — ©(X,d) of monoids is continuous.

Ezercise 1.21. Prove that ©(V) and L(V, V) are semitopological monoids with respect to the weak
operator topology for every Banach space V.

Ezercise 1.22. For every Banach space (V|| - ||) show that:

(1) The semigroup O(V) (with SOT) is a topological monoid.
(2) The subspace Iso (V') of all linear onto isometries is a topological group.

Ezercise 1.23. Let Unif(Y,Y") be the set of all uniform self-maps of a uniform space (Y, ). Denote
by psup the uniformity of uniform convergence on Unif(Y,Y"). Show that

(1) under the corresponding topology top(pisup) on Unif(Y,Y’) and the usual composition we get
a topological monoid;

(2) If G is any subgroup of the monoid Unif(Y,Y") then G is a topological group;

(3) For every subsemigroup S C Unif(Y,Y") the induced action S x Y — Y is continuous;

Ezercise 1.24. Let Y be a compact space. Show that:

(1) The semigroup C(Y,Y) endowed with the compact open topology is a topological monoid;

(2) The subset H(Y) in C(Y,Y) of all homeomorphisms Y — Y is a topological group;

(3) For every subsemigroup S C C(Y,Y) the induced action S x Y — Y is continuous;

(4) Furthermore, it satisfies the following remarkable minimality property. If 7 is an arbitrary
topology on S such that (S,7) x Y — Y is continuous then 7., C 7.

Ezercise 1.25. Let X be a compact space and F' C C(X) be a bounded subset. Show that F' has
DLP on X iff I has DLP on B*, where B* = B¢ (x)-.

Ezercise 1.26. Show that if V' is Asplund then Iso (V'),, (in WOT) is a topological group.

Ezercise 1.27. If vy : X — Y7 and vy : X — Y5 are two compactifications, then vy dominates vy,
that is, 1 = q o v» for some (uniquely defined) continuous map ¢ : Yo — Y3 iff A,, C A,,. Show
that if in addition, X, Y7 and Y, are Sy-systems (i.e., all the s-translations on X, Y7 and Y3 are
continuous) and if v; and vy are S-maps, then ¢ is also an S-map. Furthermore, if the action on Y;
is (separately) continuous then the action on Y3 is (respectively, separately) continuous. If 14 and
vo are homomorphisms of semigroups then ¢ is also a homomorphism.

Ezercise 1.28. (Greatest ambit) Let G be a topological group and ¢ : G — G be the compactifi-
cation induced by the algebra RUC(G). Show that it is the universal semigroup G-compactification
of G with jointly continuous G-action. (The universality means that for every semigroup G-
compactification v : G — P with continuous action G x P — P there exists a unique continuous
G-homomorphism ¢ : SG — P such that g o q = v.

Ezercise 1.29. (Enveloping semigroups)

(1) Let X be a compact S-space with the enveloping semigroup E(X) and L a subset of C'(X)
such that L separates points of X. Then the Ellis compactification j : S — FE(X) is equiva-
lent to the compactification of S which corresponds to the subalgebra Ay, := (m(L, X)), the
smallest norm closed S-invariant unital subalgebra of C'(S) which contains the family

{m(f7x) 08— Ra S f(sx)}fGL, zeX-

(2) Let ¢ : X1 — X5 be a continuous onto S-map between compact S-spaces. There exists a
(unique) continuous onto semigroup homomorphism @ : E(X;) — E(X3) with jx, 0Q = jx,.

(3) Let Y be a closed S-subspace of a compact S-system X. The map rx : E(X) —» E(Y), p+—
ply is the unique continuous onto semigroup homomorphism such that rx o jx = jy.

(4) Let a: S — P be aright topological compactification of a semigroup S. Then the enveloping
semigroup E(S, P) of the semitopological system (S, P) is naturally isomorphic to P.

(5) If X is metrizable then E(X) is separable. Moreover, j(S) C E(X) is separable.
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Proof. (1) The proof is straightforward using the Stone-Weierstrass theorem.

(2) By Remark 1.27 it suffices to show that the compactification jx, : S — F(X;) dominates the
compactification jx, : S — F(X32). Equivalently we have to verify the inclusion of the corresponding
algebras. Let q(x) =y, fo € C(X32) and f = fy o g. Observe that m(fo,y) = m(f,z) and use (1).

(3) Is similar to (2).

(4) Since E(S,P) — P,a + a(e) is a natural homomorphism, jp : S — E(S, P) dominates
the compactification S — P. So it is enough to show that, conversely,  : S — P dominates
jp: S — E(S,P). By (1) the family of functions

{m(f, z) S = R}feC(P), z€EP
generates the Ellis compactification jp : S — E(S, P). Now observe that each m(f,z): S — R can
be extended naturally to the function P — R, p +— f(px) which is continuous.

(5) Since X is a metrizable compactum, C(X, X) is separable and metrizable in the compact
open topology. Then j(S) C C(X,X) is separable (and metrizable) in the same topology. Hence,
the dense subset j(S) C E(X) is separable in the pointwise topology. This implies that F(X) is
separable. O

Ezercise 1.30. Let K be a compact space which is norm-fragmented in C'(K)*. Show that K is
scattered.

Ezercise 1.31. If X is (locally) fragmented by f : X — Y, where (X, 7) is a Baire space and (Y, p)
is a pseudometric space then f is continuous at the points of a dense G5 subset of X.

Ezercise 1.32. Let K be a RN compactum. Show that K has a dense subset Y C X such that y
has a countable local bases in X for every y € Y.

Ezercise 1.33. When X is compact and (Y] p) metrizable uniform space then f : X — Y is frag-
mented iff f has a point of continuity property (i.e., for every closed nonempty A C X the restriction
fla: A=Y has a continuity point).

Ezercise 1.34. Let (X, 7) be a separable metrizable space and (Y, p) a pseudometric space. Suppose
that f : X — Y is a fragmented onto map. Then Y is separable. Hint: use the idea of the
Cantor-Bendixon theorem.

Ezercise 1.35. Show that F' = {f; : X — R};es is a fragmented family iff the induced map X —
(R, &y) is fragmented, where &y is the uniformity of uniform convergence on RY".

Ezercise 1.36. Give an example of a bounded family F' of continuous functions [0, 1] — R such that
F is eventually fragmented but not fragmented.

2. SOME SOLUTIONS

Definition. Let (Y,7) be a topological space and X be a set. Denote by YX the set of all maps
f: X =Y endowed with the product topology of YX. This topology has the standard base o which
consists of all the sets:

O(xlv"' 7$n;U17"' 7Un) = {fGYX: f(l'i) eUz}

where, F := {x1, - ,x,} is a finite subset of X and U; are nonempty open subsets in Y. Other
names of this topology are: pointwise topology, point-open topology. Sometimes we use a short
notation (1, ,xn; U1, -+ ,Up) instead of O(z1, - ,xn; U1, ,Up).

FEzxercise 2.1.

(1) For every topological space X consider the semigroup (XX, 0) of all selfmaps f : X — X with
respect to pointwise (=product) topology. Show that XX is a right topological semigroup.
(2) C(X,X) is a semitopological subsemigroup of XX.
Is it true that C([0,1],]0,1]) is a topological semigroup ?
(3) Prove that the left translation Iy : X* — XX is continuous if and only if f € C(X, X).
Derive that if X is 7}, then the right topological semigroup X~ is semitopological iff X is
discrete.



Proof. First a general

Remark 2. The product topology on XX can be described by nets as the pointwise topology. A net
(generalized sequence) fi in X converges to f € XX iff the net fi(x) in X converges to f(x) for
each x € X. This explains the term: "pointwise topology”.

(1)

First proof: (using the nets)

We have to show that 7, : XX — XX is continuous for every given h € XX. It is equivalent to
show

lim f; = f = lim f;h = fu

for every net f; in X*X. lim f; = f means (see Remark 2) that lim f;(z) = f(x) for every z € X.
Then substituting h(z) we have lim f;(h(x)) = f(h(x)). This exactly means that lim f;h = fh
(again, Remark 2).

Second proof: (using the nbds)

First we recall the following general topological

Fact 2. For the continuity of a map it is enough to show that the preimage of any basic nbd is an
nbd. Moreover, in fact, it is enough even to check the same for a subbase.

Consider the following family
vi={(xU):zeX,Uer}, (U):={feX™: f(z)cU}
Then v is a subbase of the standard base (of the pointwise topology on X*X)
(1, wn; U, Up) = {f €YY 1 fla;) € Ui}

Now we can prove (1) using Fact 2. Let h € X*X. For every given (z;U) consider the open set
(h(x); U). Then for every f € (h(x);U) we have fh € (z;U).

(2) O(X, X) is evidently a subsemigroup of X% so it is enough to show that for h € C(X, X) the
corresponding left translation I, : XX — XX is continuous (i.e., C(X, X) C A(X™X)).

First proof: Let h € C(X, X). If lim f; = f in XX then lim f;(z) = f(z) in X for every z € X.
Then by the continuity of h we have lim h(f;(z)) = h(f(z)). This means that lim h(f;) = h(f). Now
use Remark 2.

Second proof: Let h € C(X,X). For every standard subbase nbd (a;U) € v consider the open
set (a;h=1(U)) (the continuity of h guarantees that h=1(U) is open in X). Then f € (a; h=1(U))
implies that hf € (a;U). By Fact 2 we obtain that I;, : XX — X¥X is continuous.

C([0,1],[0,1]) is not a topological semigroup. We have to show that the multiplication m
(the composition !) is not continuous. In fact, we will show much more that m is not continuous
at any point (ho, fo) € C[0,1] x C[0,1]. Let a := ho(fo)(1). Consider an open nbd (a;(—1%,3)) of
ho o fo in the space C([0,1], [0, 1]). Then for every basic nbds

hO € (1‘1,'” 7xn;U1a"' 7Un) fOe (yh'" ay’m;‘/lf" 7Vm)
there exists a pair f, h such that
he (xla"’ al'n;Ula"' aUn) fe (yla"' 7ym;V1a"' an)

but ko f ¢ (a;(—3,3)). Indeed using a freedom ? in the building of continuous functions (and th
fact that each of the nbds U; and Vj, are infinite sets) one may choose f € (y1, -+, Ym; V1, -,
s.t. f(1) ¢ {z1,--+ ,2,}. Now we can choose h € (21, ,2n;Ur, -+ ,Uy) st h(f(1)) ¢ (=3, 3).
(3) (First part)
First proof: Let I, : X* — XX be continuous. We have to show that h € C(X,X). It is
equivalent to show that h preserves the convergence of nets in X in the following sense:

limz; =z = limh(z;) = h(z)

2Recall that a family v of open subsets is said to be a subbase if the finite intersections (that is, the family y7fin)
is a topological base.

3Namely the fact that every map F — [0,1] on a finite subset F C [0.1] can be extended to a continuous map
[0,1] —[0,1]
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For every y € X consider the constant function ¢, : X — X, ¢, (t) = t. Then limc,, = ¢, in X¥.
The continuity of I, : XX — XX means that it preserves the convergence in XX. So, in particular,
we have limj,(cy,) = ln(c;). But this means that lim h(z;) = h(x), as desired.

Second proof: (Gal Lavi and Noam Lifshitz)

We have to show that h : X — X is continuous at every given a € X. Let U € N(h(a)) in X.
Consider the open nbd (a;U) in XX. Consider the constant function ¢, : X — X,x +~ a. Then
(hocy)(x) = h(a) for every z € X. In particular, he, € (a; U). By our assumption the left transition
I, : X* — XX is continuous. Therefore, there exists a basic nbd

W;:(xl’...7xn;‘/17...’vn)

of ¢, in XX st. hW C (a;U). Each V; is a nbd of a (because, c,(z;) = a). Then also
V :=n;V; € N(a). Now observe that ¢, € W for every v € V. On the other hand, hW C (a;U)
leads us to he, = f(v) € U for every v € V. Hence, h(V)) C U. This proves the continuity of h at a.

(3) (Second part)

If X is discrete then of course XX = (X, X) which is semitopological by (2).

If XX is semitopological then by the first part of (3) we know that X~ = C(X, X). Let X € Ty.
We have to show that X is discrete. Since X € Tj, every singleton {a} is closed in X. Choose one
of them. For every nonempty A C X consider a function f4 : X — X s.t. f;l(a) = A. Since f is
continuous we get that A is closed. So, every subset of X is closed, hence X is discrete.

One may show that in general if XX = C(X, X) then either X is discrete or X has the trivial
topology. So, the assumption X € T} can be replaced by the assumption that the topology on X is
not trivial.

O

Definition. Let X be a topological space. A compactification of X is a continuous map f: X —Y
where Y is a compact Hausdorff space and f(X) is dense in Y. We say: proper compactification
when, in addition, f is required to be a topological embedding.

One of the standard examples of a proper compactification is the so-called 1-point compactification
v:X < Xy := X U{oo} defined for every locally compact non-compact Hausdorff space (X, 7).
Recall the topology

Too :=TU{X \ K: K is compact in X}.

Ezercise 2.2. Let (G,-,7) be a locally compact non-compact Hausdorff topological group. Denote
by S := G U {oo} the 1-point compactification of G.
Show that (5, -, 7o) is a semitopological but not topological semigroup.

Proof. First we show that S is semitopological. Let a € S. We have to show that [, : § — S and
rq : S — S are continuous. We consider only the case of [,. The second case is similar. So, we have
to check that I, : S — S is continuous at every y € S. For a = oo the transition [, is a constant
map. WRG assume that a # oo, hence a € G. We have two cases for y € S:

(a) If y # oo then for every open nbd U € N(y),U C G just take the open nbd V := a71U €
N(a=ly). Then [,(V) =U.

(b) Let y = 0o and U € N(c0) is an open nbd. Then by the definition of the 1-point compact-
ification topology, U = S\ K, where K is compact in G. Then ¢ 'K is also compact in G. So,
V:i=8\a 'K € N(co) and [,(V) =U.

Now we show that S is not topological. That is, the multiplication is not continuous. Indeed,
we show that the multiplication m : S x S — S is not continuous at the point (oo, c0).

First proof:

Choose the open nbd U := S\ {e} of co. It is enough to show that for every nbd V € N(oo) we
have e € V'V (this will mean that V'V is not a subset of U). Observe that every V € N(oo) contains
an open nbd S\ K, where K is compact and symmetric (indeed, WRG replace K by K U K~ 1).
Now observe that for every z € S\ K we have 27 € S\ K but zz=' =e ¢ U.

Second proof:



Assuming the contrary let m : S x S — S be continuous. Then
A=m*{e}) ={(z,27) e SxS: z€G}
is a closed subset of the product S x S. Since, S is compact then A is compact, too. Consider the
projection 71 : S x S — S, (a,b) — a. Then 71(A) is a compact subset of S. But m1(A) = G. So,

we obtain that G is compact, a contradiction (because G is assumed to be noncompact).
O

As we know a locally compact Hausdorff group G admits an embedding into a compact Haus-
dorff group iff G is compact. Exercise 2.2 shows that such G at least admits a proper semigroup
compactification v : G — S such that S is a compact semitopological monoid.

Ezercise 2.3. Let G be a Hausdorff topological group and H < G be its topological subgroup. If H
is locally compact then H is closed in G.

Proof. Tt is equivalent to prove in the case of cl(H) = G. So we have to show that H is closed in
cl(H). It suffices to show that H is open in G = CI(H) (because every open subgroup is closed).
Since H is LC one may choose a compact nbd K of e in H.

U e NgleynT: UNHCK

U=UNG=UnNcdH)Cd(UNH)Cd(K)=K
(remarkl: for every open O C X and A C X we have O Ncl(A) C (O N A))
(remark2: every compact subset is closed in a Hausdorff space)

So, U C K. Therefore, U C H. Hence, intg(H) # 0. It follows that that the subgroup H is open
in cl(H). Hence, also closed. So, H = cl(H). O

It is impossible to embed a locally compact noncompact group into any Hausdorff compact group.
In particular, there is no finite-dimensional topologically faithful representation by linear isometries
of a locally compact noncompact groups (like Z, R) on finite-dimensional Euclidean spaces.

Ezercise 2.4. If S is a compact Hausdorff topological semigroup and if G is a subgroup of S then
cl(G) is a (compact) topological group.
Hint: eq is an idempotent of S and also a neutral element of T := cl(G).

Proof. The simplest way here is to use the technique of the nets (generalized sequences).

1. T = cl(G) is a topological subsemigroup of S.

Indeed, let z,y € T := cl(G). Then there exist nets {z;};er and {y;}icr such that limz; =
x,limy; = y and z;,9; € G. * Then by the continuity of the multiplication we have lim(z;y;) =
(limz;)(limy;) = zy. Since z;y; € G we obtain that zy € cl(G).

2. e¢ is a neutral element in T = cl(G). So, T is a topological monoid.

Indeed, if lima; = x € cl(G) and z; € G then lim(z;eq) = limz; = z. On the other hand, by
the continuity of the multiplication we have lim(z;eq) = (limx;)eq = xeg. So, xeg = x. Similarly,
eqr = T.

3. T is a group.

Let t € T and g; be a net in G converging to t. By compactness we may assume that some subnet
of g;° ! converges to some s € T. For simplicity (WRG) we assume that g, ! itself converges to some
s € T. Since S is topological we have g;g; ! converges to ts. By the Hausdorff axiom we necessarily
have e = ts. Similarly, e = st.

4. T is a (compact) topological group.

Now (after 1-3) it suffices to show that the inversion j : T — T,t — t~1 is continuous. Let
limt; =t in T. We have to show that the limit lim ti_l exists in T and it equals to t—!. Consider
the net ti_1 in T. Since T is compact, there exists a converging subnet ti_jl. Let lim ti_jl =y €

4Note that for every two converging nets v1 : (T'1,<1) = X, v2: (T'2,<2) = X one may assume WRG that they
have the same domain (I" :=T'; x 'y for example)
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T. A subnet of a converging net converges (to the same limit). So, lim¢;; = ¢. Then by the
continuity of the multiplication in 7" we have lim(t;, ti_jl) = (lim#;,)(lim ti_jl) = ty. On the other
hand, lim(t;, t, 1) = limeg = eg. By the uniqueness of the net limits in Hausdorff spaces we have
ty = eq. Therefore, y =t~1.

O

Ezercise 2.5. Let S be the interval [0, 1] with the multiplication

t, ifo<t<i;
st = o1

Show that: S is a compact right topological semigroup with A(S) = (. The subset 7' := [0, 3) is a

subsemigroup of S and cl(T) = [0, 3] is not a subsemigroup of 5.
Proof. First of all it is straightforward to see that S is a semigroup and 7' its subsemigroup.

S is right topological. Because 7, : S — S is a constant function (t or 1) for every r € S.

A(S) = 0. Indeed, for every s € S we have that L : [0,1] — [0, 1] has a jump discontinuity point
at 1.

2

c(T) = [0, 3] is not a subsemigroup of S. Indeed, cl(T) =[0,%) and § x 2 =1¢ T. O

Ezercise 2.6. Let S := Z U {—00,00} be the two-point compactification of Z. Extend the usual
addition by:

n+t=t+n=s+t=t ne€Z, s,t € {—o0,00}
Show: (S,+4) is a noncommutative compact right topological monoid having dense commutative
topological centre A(S) = Z. S is not semitopological.

Proof. First of all it is straightforward to see that (S, +) is a monoid and (Z, +) its submonoid.

(S, +) is noncommutative because 0o + (—o0) = —o0 and (—00) 4+ 00 = 0.

S :=Z U {—00,00} carries the topology of the natural linear order. A natural subbase for the
topology of S is the following family

A, ={z€eS:z<n}, Bp,:={ze€S: m<z}, nmecZ

Clearly, Z is dense in S and every x € Z is an isolated point in S. The space S is homeomorphic to
a closed subset

Y::{—l}u{—%:neN}U{O}U{%:neN}U{l}

of [—1, 1], hence compact.

The right translations r; : S — S are continuous. Indeed, r, is the constant function r..(z) = 0o
for every € S. 7_o is the constant function 7 () = —oo for every z € S. 7, (A,) = Ay,
r,jl(Bm) = By _ for every k € Z.

A(S) = Z. Indeed, every Il : S — S is continuous for each k € Z because lgl(An) = A,_p,
1. (Bm) = Bim—-

loo 1 S — S is not continuous at the point s = —oco. Take a sequence {—k}ien. Then

lim(—k) = —oo but limlu(—k) = 00 # loo(—00) = 00 + (—00) = —00
Similarly, I_. : S — S is not continuous at the point s = co. O

Ezercise 2.7. Show that the right topological semigroup S of the previous exercise is topologically
isomorphic to the enveloping semigroup E of the invertible cascade (Z,[0,1]) generated by the
homeomorphism o : [0,1] — [0,1],0(z) = 22

Proof. Hint: Let E be the enveloping semigroup of (Z,[0,1]) and j : Z — E be the corresponding
compactification. Observe that besides the points j(Z) = {o" n € Z} the enveloping semigroup
E(X) contains two more points: a, b, where a = {1y the characteristic function of {1} and b = 1—¢,
where £qy is the characteristic function of {0}. O



Ezercise 2.8. For every metric space (M, d) show that:
(1) The semigroup O(M, d) of all d-contractive maps f : X — X (that is, d(f(x), f(y)) < d(z,y))
is a topological monoid with respect to the topology of pointwise convergence;
(2) The group Iso (M) of all onto isometries is a topological group;

(3) The evaluation map Sx M — M is a jointly continuous monoidal action for every submonoid
S <O(M,d).

Proof. (1) Algebraic part: it is trivial to see that the composition is well defined, associative, and
© := O(M,d) is a monoid.

Continuity of the multiplication

We use the following easy reformulation of the pointwise topology:
Fact. Let X be any nonempty set, (Y, d) be a metric space and 7, be the pointwise (product) topology
onYX :={f: X = Y}. Then for every fo € Y™ the following family of sets is a local base at the
point fo with respect to the topology Tp:

(fo;z1, - anse) = {f € Y*: d(folxp), flap) <e VE=1,--- ,n}.
where x1,- -+ , Ty 15 a finite subset in X and e > 0.

Now we prove the continuity of the multiplication m : © x © — © at the point (sg,t9) € © x O.
We have to show that st is close to sgtg when s and ¢ are close enough to sg and tg, respectively. In
order to get a "right idea for the proof” consider the following inequalities:

d(soto(wk), st(zx)) < d(soto(xr), sto(r)) + d(sto(zk), st(zr))
< d(soto(wr), sto(xx)) + d(to(zk), t(zk))

Note that in the last inequality we need to use the Lipshitz-1 property for s.

Now we can easily finish the proof choosing appropriate neighborhoods for ¢y and s for a given nbd
O := (soto; 1, -+ ,xn;€) of sptg. Indeed, take the following neighborhoods U := (to; @1, - ,%n; 5)
and V' := (so;to(21), -+ ,to(zn); 5). Then for every t € U,s € V we have st € O, as desired.
Remark. Another proof can be based on nets. Namely, to the following useful (and characterizing)
property of the pointwise topology.

a net s; converges to so in Y (with respect to pointwise topology) if and only if the net s;(x()
converges to s(xzg) (in Y) for every xg € X.

(2) For the continuity of the inversion Iso (M) — Iso (M) at the point s.
In order to estimate how close can be s™1 to s ! look at the following key equality (using, this
time, that s : M — M is an isometry)

(s~ (xn), 55 (zk)) = dlwk, ssy ' (zx)) = d(s0(tr), s(tk))
with T = So(tk).

Now the rest is easy. For a given nbd O(sy') := (sg 21, ,2n;€) of s5 ' choose U(sg) :=
(s0;t1, "+ ytn;€) of 8o with ¢ := sgl(xk). Now if s € U then s~! € O.
(3) We have to prove the continuity of the action
SxX =X

at every given point (sg,zo). We give only a key inequality (the rest will be clear):
d(soxo, sz) < d(soxo, sTo) + d(szo, sz) < d(soxg, sx0) + d(z0, x).
O

An action S X X — X on a metric space (X, d) is non-expanding if every s-translation § : X — X
lies in ©(X,d). It defines a natural homomorphism & : S — O(X, d).

Ezercise 2.9. Let S x X — X be a non-expanding action of S on (X,d). Show that the following
conditions are equivalent:

(i) The action is continuous.
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(ii) The action is separately continuous.
(iii) The natural homomorphism h : S — ©(X,d) of monoids is continuous.

Proof. (i) = (ii) is trivial.

(ii) = (ili) We have to show that h : S — © is continuous. Let s; — sg be a converging net in
S. We need to verify that h(s;) — h(sp). By the definition of pointwise topology it is equivalent to
check that h(s;)(zo) = h(so)(zo). By the definition of h the latter is equivalent to s;(z) — so(xo).
This follows from separate continuity of S x X — X.

(iii) = (i) We know by Exercise 2.8.3 that the action © x M — M is continuous. Then SxM — M
is also continuous (because S x X — © x X is continuous). O

Ezercise 2.10. Prove that ©(V) and L(V,V) are semitopological monoids with respect to the weak
operator topology for every Banach space V.

Proof. Algebraically ©(V) is a submonoid of L(V,V). So, it is enough to show that L(V,V) is a
semitopological monoid with respect to the weak operator topology. Recall the definition of weak
operator topology on L(V, V). A net s; 7,-converges to s in L(V, V) iff f(s;(v)) converges to f(s(v))
in R for every v € V, f € V*.

First we show that the right translations

pt: LV, V) = L(V,V), p(s) := st
are continuous for every t € L(V, V). Indeed, let we have a convergence of nets s; — s. We have to
show that s;t — st. It is equivalent to see that f(s;t(v)) converges to f(st(v))in R. Or, equivalently,
that f(s;(tv)) converges to f(s(tv)) in R. This is clear because t(v) € V (in the criterion we have

the condition for every v € V).
The case of left translations is similar by observing that ft € V* for every f € V* and t € L(V, V).

([
Ezercise 2.11. For every Banach space (V|| - ||) show that:
(1) The semigroup O(V) (with SOT) is a topological monoid.
(2) The subspace Iso (V') of all linear onto isometries is a topological group.
Proof. We can apply Exercise 2.8. O

Ezercise 2.12. Let Unif(Y,Y") be the set of all uniform self-maps of a uniform space (Y, u). Denote
by psup the uniformity of uniform convergence on Unif(Y,Y"). Show that
(1) under the corresponding topology top(psup) on Unif(Y,Y) and the usual composition we get
a topological monoid;
(2) If G is any subgroup of the monoid Unif(Y,Y") then G is a topological group;
(3) For every subsemigroup S C Unif(Y,Y’) the induced action S x Y — Y is continuous;

Proof. (Sketch) (1) Continuity of the multiplication. The elements (st(z), soto(z)) are ” close enough”
(uniformly for every x € X) because we can force the pairs

(st(x), sot(x)), (sot(x),soto(x))
be sufficiently close.

(2) Let G be any subgroup of the monoid Unif(Y,Y"). For the continuity of the inversion in G
note that if (so(t), s(t)) is small then (¢, s 's(t)) is small for all ¢ € Y; now substituting ¢ = s~*(x)
we get

(t,55"5(8)) = (5 (2), 55 (@)
is small.

(3) Continuity of S x Y — Y at point (so,yo)-

The elements (soyo, sy) are close enough because we can force that (soyo, soy) and (soy, sy) are
sufficiently close. O

Exercise 2.13. Let Y be a compact space. Show that:
(1) The semigroup C(Y,Y) endowed with the compact open topology is a topological monoid;
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(2) The subset H(Y) in C(Y,Y) of all homeomorphisms Y — Y is a topological group;

(3) For every subsemigroup S C C(Y,Y) the induced action S x Y — Y is continuous;

(4) Furthermore, it satisfies the following remarkable minimality property. If 7 is an arbitrary
topology on S such that (S,7) x Y — Y is continuous then 7., C 7.

Proof. (1), (2) and (3) Follow directly from the previous Exercise 2.12 taking into account that
the uniformity of uniform convergence for compact Y induces the compact open topology (see, for
example, book of J. Kelley, General Topology).

(4) Let (S,7)xY — Y be continuous. Then by the compactness of Y it is easy to see the following

Vsg € S Ve € uy 3U € N, (s0) : (soy,sy) €€ Vy € Y.

This proves that the topology of compactness convergence 7., is weaker than 7. O

Exercise 2.14. Let G be a countable discrete group. Show that there exists a topological group
embedding G — Iso (I2).

Proof. It is equivalent to show that there exists a co-embedding. Indeed, for every (topological)
group G the inversion map j : G — G,j(g) = g~ ' is a co-isomorphism. So, if h : G — P is a
co-embedding then hoj : G — P is an embedding.

Let Sy be the symmetric group. Consider the natural left action Sy x N — N. It induces the
natural right action

lo X Sy = la, (u,0) = uo
where (uo)(k) = u(s(k)) (we treat (the sequence) u € Iy as a function u : N — R). Observe that it
is an action ”by permutations of coordinates”.

By Cayley’s theorem we have an embedding of abstract (discrete) groups v : G < Sg = Sy. Now
consider the induced action of G on ly. More precisely, if G := {g1,g2,---} is an enumeration of G
then we have the action of G on N according to its left translations G — G. Consider the induced
action of G on Iy

T lg x G — lg.
Then we have:
(1) 7 is linear.
(u+v)o =uo +vo, (cw)o=c(vo) for every u,v € lo,c € R,0 € Sy.
(2) m is an action by isometries.

[luo|| < ||u|| for every u € lz,0 € Sy. So it follows that |[ul| = ||(uo)o =] < ||uc]].
Therefore ||uc|| = ||ul].

(3) 7 induces a co-homomorphism h : Sy — Iso (I2)

(it is similar to Exercise 2.9).

(4) h is injective.

Let 01 # o9 in Sy. There exists k € N such that i = 01(k) # o2(k) = j. Consider the
vector ey € Iy having the k-th coordinate = 1 and other coordinates = 0. Then e; = vyo1 #
VRO = €.

(5) h(G) is discrete.

It is equivalent to show that the identity operator id = h(e) is isolated in h(G) with
respect to the strong operator topology. By the definition of strong operator topology one
of the possible neighborhoods of id in h(G) is the following set

lid;e1;e = 1] N R(G) == {h(g) € h(G) : [|erg — er]| < 1}
where e; := (1,0,0,---). By the definition of 7 it is clear that [id;e;;1] N A(G) = {id}
because any nontrivial left translation Ly : G — G moves any point of itself. So, h(G) is
discrete because its neutral element is isolated.

O

Ezercise 2.15. If X is (locally) fragmented by f : X — Y, where (X, 7) is a Baire space and (Y, p)
is a pseudometric space then f is continuous at the points of a dense G5 subset of X.
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Proof. For a fixed € > 0 consider
O, := {union of all T-open subsets O of X with diam,f(O) < ¢€}.

The local fragmentability implies that O, is dense in X. Clearly, (\{O1 : n € N} is the required
dense G5 subset of X. ' O

Ezercise 2.16. Let (X, 7) be a separable metrizable space and (Y, p) a pseudometric space. Suppose
that f : X — Y is a fragmented onto map. Then Y is separable. Hint: use the idea of the
Cantor-Bendixon theorem.

Proof. Assume (to the contrary) that the pseudometric space (Y, p) is not separable. Then there
exist an £ > 0 and an uncountable subset H of Y such that p(hi, he) > ¢ for all distinct hy, he € H.
Choose a subset A of X such that f(A) = H and f is bijective on A. Since X is second countable
the uncountable subspace A of X (in its relative topology) is a disjoint union of a countable set
and a nonempty closed perfect set M comprising the condensation points of A (this follows from
the proof of the Cantor-Bendixon theorem; see e.g. [?]). By fragmentability there exists an open
subset O of X such that O N M is nonempty and f(O N M) is e-small. By the property of H the
intersection O N M must be a singleton, contradicting the fact that no point of M is isolated. [J
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