Every semitopological semigroup compactification of the group H_+[0, 1] is trivial

Michael G. Megrelishvili

Communicated by Jimmie D. Lawson

Abstract. Let G = H_+[0, 1] be the topological group of all orientation-preserving selfhomeomorphisms of the closed interval [0, 1] endowed with the usual compact open topology. We show that every weakly almost periodic function on G is constant. Consequently, G does not admit nontrivial (weakly) continuous representations by linear isometries in reflexive Banach spaces .

§1. Introduction

A topologized semigroup S is said to be semitopological if the multiplication function m : S × S → S is separately continuous. If we only have continuity of the maps ρ_s : S → S, ρ_s(x) = m(x, s) = xs, then we call S a right topological semigroup.

The Lawson’s joint continuity theorem implies that a subgroup of a compact semitopological semigroup is always topological [La, Corollary 6.3]. It is a widely explored fact that every Hausdorff topological group G is a topological subgroup of a compact right topological semigroup S (see, for example, dynamical compactifications in [Ru]). One of the applications of our main result is to establish that “right topological” cannot be replaced by “semitopological”. More precisely, let G := H_+[0, 1] be the topological group of all orientation preserving selfhomeomorphisms of the closed interval [0, 1] endowed with the compact open topology. We show that every semitopological semigroup compactification of G is trivial.

In order to formulate other applications, we need some background. Let E be a (real) Banach space. Denote by Is(E)_s , Is(E)_w the group of all linear isometries of E endowed with the strong and weak operator topologies, respectively. An important (and closely related to the existence of proper right topological dynamical compactifications) fact is that every Hausdorff topological

1991 Mathematics Subject Classification. 54H15, 22A20, 43A65.

Key words and phrases. semitopological semigroup compactification, weakly almost periodic function.

Typeset by AMS-TEX

group G can be embedded into the group Is(E)_s of all linear isometries of a suitable Banach space E endowed with the strong operator topology. Indeed, following [Te], take for example E := C^b_r (G), the Banach space of all bounded right uniformly continuous functions on G. The natural question is whether E may be taken to be reflexive or even Hilbert. The latter case, that is the case of unitary representations, in contrast to the case of a reflexive E , has been extensively studied. There are in particular, several counterexamples (see [HC, Ba]). Our example shows that every (weakly) continuous homomorphism H_+[0, 1] → Is(E)_s is trivial whenever E is reflexive.

Recall that a continuous bounded function f ∈ C^b(G) on a topological group G is called weakly almost periodic (wap) in the sense of Eberlein [Eb, dLG] if the orbit of f in C^b(G) is relatively weakly compact. The subset W AP (G) of all wap functions in C^b(G) forms a C^∗ -algebra. The maximal ideal space G^w of W AP (G) is a compact Hausdorff semitopological semigroup and the natural continuous homomorphism j : G → G^w enjoys the following universal property: every weakly almost periodic compactification of G, i.e., every continuous homomorphism ϕ : G → P onto a dense subgroup of a compact Hausdorff semitopological semigroup P , is lifted in a unique way to a continuous semigroup homomorphism ~ϕ : Gw → P such that the following diagram commutes:

For every reflexive Banach space E , the semigroup cont(E) := {s ∈ L(E, E) : ‖s‖ ≤ 1} of all contractive linear operators forms a compact semitopological semigroup in the weak operator topology. Hence, the same is true for its closed subsemigroups. Conversely, arbitrary compact Hausdorff semitopological semigroup can be obtained in this way (see Fact 1.2).

Definition 1.1. ([Me2]) We say that a Hausdorff topological group G is reflexively representable if one of the following equivalent conditions holds:

(i) W AP (G) separates points and closed subsets; (ii) j : G → G^w is a topological embedding;

(iii) G is a topological subgroup of a Hausdorff compact semitopological semigroup;

(iv) There exists a reflexive Banach space E such that G is embedded as a topological subgroup into Is(E)_s (equivalently, into Is(E)_w ).

The equivalence of (i), (ii) and (iii) is actually well known [Ru, BJM]. It is a standard fact that for every reflexive Banach space E and a normbounded semigroup S of linear operators on E the generalized matrix coefficients {m_{v,f} }_{f∈E}∗_{,v∈E} m_{v,f} (s) = f(sv) all are wap. This proves (iv) =⇒ (i).

The part (iii) =⇒ (iv), in the case of Is(E)_w, directly follows from the following result of A. Shtern.

Fact 1.2. ([Sh, Me3]) The following conditions are equivalent:

(a) W AP (S) separates points and closed subsets;

(b) S can be embedded into cont(E)_w for a certain reflexive Banach space E .

As to the case of Is(E)_s , note that by [Me2] strong and weak operator topologies coincide on Is(E) for a wide class of Banach spaces including the class of all reflexive spaces. Therefore, for reflexive E we can replace Is(E)_w by Is(E)_s .

The main result of the present paper provides an example of a Hausdorff topological group which is not reflexively representable. This result answers a question discussed by W. Ruppert in [Ru] (see p. 115 and p. 242).

For more information about wap and semigroup compactifications, we refer to [BJM]. See also a survey by Pestov [Pe] which among many useful information includes a brief exposition of the present paper, as well as of Fact 1.2.

§2. Some useful G-spaces, Roelcke completion

All topological spaces in this paper are assumed to be Hausdorff. The filter of all neighborhoods (nbd’s) of a point z in a space X is denoted by N_z(X). Denote by L and R the left and right uniformities on a topological group G. If e is the identity of G and V runs over N_e(G), then the covers of the form { xV | x ∈ G }, { V x | x ∈ G } generate L and R, respectively. Besides the usual two-sided uniformity L ∨ R, there exists also one more natural uniformity L ∧ R, called in [RD] lower uniformity. Recently, V. Uspenskij [Us1, Us2, Us3] found several deep applications of L ∧ R. Following his suggestion, we will call it the Roelcke uniformity. The uniformity L ∧ R is the greatest lower bound of L and R and is generated by the system of coverings { V xV | V ∈ N_e(G) }. Denote by i : (G, L ∧ R) −→ ( ^G, ^L ∧ R) the Roelcke-completion; that is, the completion of the uniform space (G, L ∧ R). There are jointly continuous (left and right) group actions: G × ^G −→ ^G (g_1, u) → g_1 ∘ u ^G × G −→ ^G (u, g_2) → u ∘ g_2 extending the usual left and right actions of G on G. The joint continuity of the extended actions follows immediately from [RD, Proposition 10.12] (or, [Me1, Theorem 3.1]). Since i(G) is dense in the Hausdorff space ^G, the ”principle of extension of identities” implies that for every g_1, g_2 ∈ G and every u ∈ ^G, (g_1 ∘ u) ∘ g_2 = g_1 ∘ (u ∘ g_2). Clearly, g_1 ∘ i(g_2) = i(g_1) ∘ g_2 = i(g_1g_2).

In the sequel we will identify g and i(g).

Now we turn again to the universal semitopological compactification j : G −→ G^w . Since the corresponding algebra W AP (G) is closed under left and right translations [dLG], there are actions G × G^w −→ G^w (g, v) → g • v G^w × G −→ G^w (v, g) → v • g such that j(g_1g_2) = g_1 • j(g_2) = j(g_1) • g_2 for all g_1, g_2 ∈ G. Lawson’s joint continuity theorem [La, Corollary 5.2] implies that these actions of G on G^w both are jointly continuous.

Every wap function f ∈ W AP (G) is simultaneously left and right uniformly continuous [Ru, p.113]. Therefore, such f is L ∧ R - uniformly continuous too. Thus the map j : (G, L ∧ R) −→ G^w is uniformly continuous. Denote by π the corresponding (unique) uniformly continuous extension π : ( ^G, ^L ∧ R) −→ G^w . Then j(g) = π(i(g)) = π(g) for every g ∈ G.

Lemma 2.1. For every g ∈ G and every u ∈ ^G, the following hold π(g ∘ u) = π(g) · π(u) = g • π(u), π(u ∘ g) = π(u) · π(g) = π(u) • g. Proof. Use the “principle of extension of identities”. □

§3. Main Theorem and sketch of the proof

We show that the group H_+[0, 1] is “as non-reflexively representable as possible”.

Main Theorem 3.1. Every wap function on H_+[0, 1] is constant.

Here we describe the general idea of the proof. Set G := H_+[0, 1] and use the notations of §2. In order to prove the triviality of G^w , we show that there exists a zero element θ in G^w and it coincides with the identity π(e_G) of the semigroup G^w . Since π : ^G −→ G^w is continuous, it suffices to construct a double sequence ϕ_{nk} ∈ G (n, k ∈ N) such that the following two conditions are satisfied:

3.2. (i) lim_n lim_k ϕ_{nk} = e_G.

(ii) lim_n lim_k π(ϕ_{nk} ) = θ.

Notation 3.3. (i) Let 0 ≤ a ≤ c ≤ b ≤ 1 and n, k ∈ N \ {1}. Define β^{a,c,b}_n as the homeomorphism of [0,1] the graph of which is piecewise linear and is obtained by connection of the following points: (0, 0), (a, a), (c−^{c−a}_n , a+^{c−a}_n ), (c+^{b−c}_n , b−^{b−c}_n ), (b, b), (1, 1).

(ii) Define ϕ_{nk} := β^{0, 12n , 12n} k · β^{12n , 12n , 22n} k · β^{22n , 32n , 32n} k · β^{32n , 32n , 42n} k · · · β^2 n−2 2n ,^{2n−1}_{2n} ,^{2n−1}_{2n} k · β^2 n−1 2n ,^{2n−1}_{2n} ,^{2n}_{2n} k .

§4. Main Lemmas

First some further notation. Let (X, d) be a compact metric space, and let G := H(X) be the topological group of all homeomorphisms endowed with the topology of compact convergence. For every ε > 0, set U_ε : = { ϕ ∈ G | d(x, ϕ(x)) < ε ∀x ∈ X}, [ε]_R : = { (f_1, f_2) ∈ G × G | f_2 = ϕf_1 for a certain ϕ ∈ U_ε}, = {(f_1, f_2) ∈ G × G | d(f_1(x), f_2(x)) < ε ∀x ∈ X}, [ε]_{L∧R} : = {(f_1, f_2) ∈ G × G | f_2 = ϕf_1ψ for some ϕ, ψ ∈ U_ε}.

Lemma 4.1. (i) The system of entourages {[ε]_{L∧R} | ε > 0} generates the uniformity L ∧ R.

(ii) [ε]_{L∧R} = {(f_1, f_2) ∈ G × G | (f_1, h) ∈ [ε]_R, (h^{−1}, f^{−1}_2 ) ∈ [ε]_R for a certain h ∈ G}. (iii) (f_1, f_2) ∈ [ε]_{L∧R} ⇔ (f^{−1}_1 , f^{−1}_2 ) ∈ [ε]_{L∧R}.

Proof. Straightforward. □

Lemma 4.2. Let f_1, f_2, h ∈ H(X) and let A be a subset of X of diameter diam A < ε such that (i) d(f_1(x), h(x)) < ε ∀x ∈ X. (ii) h(x) = f_2(x) ∀x ∉ A. Then (f_1, f_2) ∈ [ε]_{L∧R.} Proof. Condition (i) means exactly that (f_1, h) ∈ [ε]_R . The second condition implies that d(h^{−1}(x), f^{−1}_2 (x)) ≤ diam A < ε ∀x ∈ X. Therefore (h^{−1}, f^{−1}_2 ) ∈ [ε]_R . Now we can use Lemma 4.1 (ii). □

Lemma 4.3. Let f_1, f_2 ∈ H_+[0, 1], and let there exist 0 ≤ a < b ≤ 1 such that (i) |f_1(t) − f_2(t) | <^ε_2 ∀t ∈ [0, a] ∪ [b, 1], (ii) |a − b | < ε. Then (f_1, f_2) ∈ [ε]_{L∧R}.

Proof. According to Lemma 4.2, it suffices to construct h ∈ H_+[0, 1] such that the following two conditions are satisfied: (a) |f_1(t) − h(t) | < ε ∀t ∈ [0, 1] (b) h(t) = f_2(t) ∀t ∉ (a, b).

Restricting the interval (a, b) if necessary, we may suppose that f_1(a) ≠ f_2(a), f_1(b) ≠ f_2(b). Suppose, f_1(a) > f_2(a) (otherwise, interchange f_1 and f_2 ). We consider only the case when f_1(b) < f_2(b) (the second case of “f_1(b) > f_2(b)” is also easy). The following picture might be useful.

Choose δ > 0 small enough such that a + δ < b − δ, f_1(a + δ) − f_2(a) < ε 2 , f_2(b) − f_1(b − δ) < ε 2 . Define

h(t) = f_2(t), t ∈ [0, a] ∪ [b, 1], 1 δ (f_1(a + δ) − f_2(a))(t − a) + f_2(a), t ∈ [a, a + δ], f_1(t), t ∈ [a + δ, b − δ], 1 δ (f_2(b) − f_1(b − δ))(t − b) + f_2(b), t ∈ [b − δ, b]. Then h ∈ H_+[0, 1] and it has the desired properties (a) and (b). □

For every 0 ≤ a ≤ b ≤ 1, set H_+[a, b] : = {g ∈ H_+[0, 1] | g(t) = t ∀t ∉ (a, b)} , G^w_{[a,b]} : = cl_Gw (π(H_+ [a, b])),

where cl_Gw denotes the closure operator in the space G^w = H_+[0, 1]^w .

Lemma 4.4. Let g ∈ H_+[a, b]. Then

(i) The sequence { β^{a,c,b}_n ∘ g } is L ∧ R-Cauchy and equivalent to the sequence { β^{a,g−1(c),b} n } in (G, L ∧ R). (ii) The sequence { g ∘ β^{a,c,b}_n } is L∧R-Cauchy and equivalent to the sequence { β^{a,c,b}_n } . Proof. (i) For a given g ∈ H_+[a, b] and ε > 0, choose n_0 ∈ N such that for every n ≥ n_0 the following four conditions are satisfied:

(1)^{c−a}_n <^ε_2 ,^{b−c}_n <^ε_2 .

(2) g^{−1}([c −^{c−a}_n , c +^{b−c}_n ]) ⊂ [g^{−1}(c) −^ε_2 , g^{−1}(c) +^ε_2 ]. (3) β^{a,g−1(c),b} n ([a, g^{−1}(c) −^ε_2 ]) ⊂ [a, a +^ε_2 ). (4) β^{a,g−1(c),b} n ([g^{−1}(c) +^ε_2 , b]) ⊂ (b −^ε_2 , b].

Every h ∈ H_+[0, 1] is a continuous strictly increasing function. Therefore, h([p, q]) = [h(p), h(q)] for every p, q ∈ [0, 1]. Combining this argument with (1) and (2), we get (β^{a,c,b}_n ∘ g)([a, g^{−1}(c) − ε 2 ]) ⊂(β^{a,c,b}_n ∘ g)([a, g^{−1}(c − c − a n )] =[β^{a,c,b}_n (g(a)), β^{a,c,b}_n (c − c − a n )] = [a, a + c − a n ] ⊂[a, a + ε 2 ). Analogously, (β^{a,c,b}_n ∘ g)([g^{−1}(c) + ε 2 , b]) ⊂(β^{a,c,b}_n ∘ g)([g^{−1}(c + b − c n ), b]) =[β^{a,c,b}_n (c + b − c n ), β^{a,c,b}_n (g(b))] = [b − b − c n , b] ⊂(b − ε 2 , b]. Combining the results of these computations with the conditions (3), (4), for every n, m ≥ n_0 , we have |(β^{a,c,b}_n ∘ g)(t) − β^{a,g−1(c),b} m (t)| < ε 2 ∀t ∉ (g^{−1}(c) − ε 2 , g^{−1}(c) + ε 2 ). According to Lemma 4.3, we obtain (β^{a,c,b}_n ∘ g, β^{a,g−1(c),b} m ) ∈ [ε]_{L∧R} ∀n, m ≥ n_0. This proves (i).

The proof of (ii) is similar. □ Notation 4.5. (i) lim β^{a,c,b}_n = β^{a,c,b} ∈ ^G. (ii) π(β^{a,c,b}) = α^{a,c,b} ∈ G^w. Note that the limit in (i) exists in virtue of Lemma 4.4.

Lemma 4.6. In the semigroup G^w_{[a,b]} there exists a zero element θ_{[a,b]} and it coincides with α^{a,c,b} for every c ∈ [a, b]. In particular, (i) α^{a,c,b} = α^{a,a,b} = α^{a,b,b}. (ii) α^{0,1,1} = α^{0,0,1} = θ_{[0,1]} = θ ( a zero element of G^w ).

Proof. It suffices to show that α^{a,c,b} is a right zero and that α^{a,a,b} is a left zero. First we check that α^{a,c,b} is a right zero in G^w_{[a,b]} . We have to show that (1) u · α^{a,c,b} = α^{a,c,b} ∀u ∈ G^w_{[a,b]}.

Since π(H_+[a, b]) is dense in the semitopological semigroup G^w_{[a,b]} , we have to check (1) only for the elements u = π(g) ∈ π(G). For every g ∈ G, by Lemma 2.1, we get π(g) · α^{a,c,b} = g • α^{a,c,b} = g • lim π(β^{a,c,b}_n ) = lim(g • π(β^{a,c,b}_n )) = lim π(g ∘ β^{a,c,b}_n ) On the other hand, using Lemma 4.4 (ii), we have lim π(g ∘ β^{a,c,b}_n ) = π(lim(g ∘ β^{a,c,b}_n )) = π(lim β^{a,c,b}_n ) = π(β^{a,c,b}) = α^{a,c,b}. Analogously, making use Lemmas 4.4 (i) and 2.1 (taking into account that g^{−1}(a) = a), we may check that α^{a,a,b} · u = α^{a,a,b} for every u ∈ G^w_{[a,b]} . This establishes that α^{a,a,b} is a left zero in G^w_{[a,b]}, as desired. □

Lemma 4.7. Suppose that ϕ, f_1, f_2 ∈ H_+[a, b] and g ∈ H_+[c, d]. If (a, b)∩(c, d) = Ø then (i) gϕ = ϕg. (ii) If (f_1, f_2) ∈ [ε]_{L∧R} , then f_1, f_2 are 3ε-close with respect to the Roelcke uniformity of the group H_+[a, b].

(iii) If (f_1, f_2) ∈ [ε]_{L∧R} then (gf_1, gf_2) ∈ [3ε]_{L∧R} and (f_1g, f_2g) ∈ [3ε]_{L∧R} . Proof. (i) is trivial.

(ii) We can suppose that b − a ≥ 3ε (otherwise, use Lemma 4.3). According to Lemma 4.1(b), there exists h ∈ H_+[0, 1] such that for every t ∈ [0, 1] the following hold:

(1) | f_1(t) − h(t) | < ε. (2) | h^{−1}(t) − f^{−1}_2 (t) | < ε.

Denote s := h^{−1}(a), p := h(b), q := h^{−1}(b). We may suppose that s ≥ a. If not, take h^{−1} instead of h and use Lemma 4.1 (c). By (1) and (2), we get (3) | s − a | < ε, | p − b | < ε, | q − b | < ε. Suppose first that p ≤ b. Choose δ > 0 such that (4) δ < ε.

(5) h([s, s + δ]) ⊂ [a, a + ε). (6) h([b − δ, b]) ⊂ (p − ε, p]. Define

ϕ(t) = t, t ∈ [0, a] ∪ [b, 1], h(s+δ)−a s+δ−a (t − a) + a t ∈ [a, s + δ], h(t), t ∈ [s + δ, b − δ]. b−h(b−δ) δ (t − b) + b, t ∈ [b − δ, b]. Clearly, ϕ ∈ H_+[a, b]. Using the conditions (1)-(6), by elementary computations, we obtain (h, ϕ) ∈ [2ε]_R, (ϕ^{−1}, h^{−1}) ∈ [2ε]_R.

Using (1) and (2), by the triangle axiom, eventually we have

(f_1, ϕ) ∈ [3ε]_R, (ϕ^{−1}, f^{−1}_2 ) ∈ [3ε]_R.

This proves the first case.

In the second case the assumption is b < p = h(b). Then q = h^{−1}(b) < h^{−1}(p) = b. We can choose δ > 0 with the following additional property (7) [h(q − δ), h(b)] ⊂ (b − ε, p]. Define in this case

ϕ(t) = t, t ∈ [0, a] ∪ [b, 1], h(s+δ)−a s+δ−a (t − a) + a, t ∈ [a, s + δ], h(t), t ∈ [s + δ, q − δ], h(q−δ)−b q−δ−b (t − b) + b, t ∈ [q − δ, b]. The other arguments are the same. (iii) By (ii), there exist ϕ, ψ ∈ U_{3ε} ∩ H_+[a, b] such that f_2 = ϕf_1ψ . Using (i), clearly we have

gf_2 = g(ϕf_1ψ) = ϕ(gf_1)ψ, f_2g = (ϕf_1ψ)g = ϕ(f_1g)ψ. □ Lemma 4.8. Let {g_{ni}}_{n∈N} be a Cauchy sequence in (G, L ∧ R) for every i ∈ {1, 2, · · · s}, where g_{ni} ∈ H_+[a_i, b_i] and 0 ≤ a_i < b_i ≤ a_{i+1} < b_{i+1} ≤ 1. Then (i) {g_{n1}g_{n2} · · · g_{ns}}_{n∈N} is a Cauchy sequence in (G, L ∧ R). (ii) lim π(g_{n1}g_{n2} · · · g_{ns}) = lim π(g_{n1}) · · · lim π(g_{ns}).

Proof. It suffices to consider the case when s = 2.

(i) We have to check that {g_{n1}g_{n2}} is L ∧ R-Cauchy. For a given ε > 0 choose n_0 ∈ N such that for every n, k ≥ n_0, (g_{n1}, g_{k1}) ∈ [^ε_6 ]_{L∧R} and (g_{n2}, g_{k2}) ∈ [^ε_6 ]_{L∧R} . For every fixed pair (n, k), according to Lemma 4.7 (ii), there exist ϕ_1, ψ_1 ∈ U ε_2 ∩ H_+[a_1, b_1] and ϕ_2, ψ_2 ∈ U ε_2 ∩ H_+[a_2, b_2] such that g_{n1} = ϕ_1g_{k1}ψ_1 and g_{n2} = ϕ_2g_{k2}ψ_2 .

By Lemma 4.7 (i), ϕ_2 commutes with g_{k1}, ψ_1 , and ψ_1 commutes with g_{k2} . Therefore,

g_{n1}g_{n2} = (ϕ_1g_{k1}ψ_1)(ϕ_2g_{k2}ψ_2) = (ϕ_1ϕ_2)(g_{k1}g_{k2})(ψ_1ψ_2).

This proves that (g_{n1}g_{n2}, g_{k1}g_{k2}) ∈ [ε]_{L∧R} . (ii) We use the notations

lim g_{n1} = q_1, lim g_{n2} = q_2, lim(g_{n1}g_{n2}) = γ.

By Lemma 4.7 (iii), it is easy to show that {g_{n1} ∘ q_2} is a Cauchy sequence in ( ^G, ^ L ∧ R). The corresponding limit in ^G will be denoted by μ. We have to prove that π(γ) = π(q_1)π(q_2). First we prove that μ = γ . Assuming on the contrary that μ ≠ γ , we can choose disjoint nbd’s U ∈ N_μ( ^G), V ∈ N_γ ( ^G) and ε > 0 such that the following condition is satisfied: (∗) (h_1, h_2) ∉ [ε]_{L∧R} ∀h_1 ∈ U ∩ G ∀h_2 ∈ V ∩ G. For sufficiently large r ∈ N, we have g_{r1} ∘ q_2 ∈ U and g_{r1}g_{r2} ∈ V. Now choose a natural number k ≥ r such that (g_{k2}, g_{r2}) ∈ [^ε_3 ]_{L∧R} and g_{r1}g_{k2} ∈ U. The first condition, by Lemma 4.7 (iii), guarantees that (∗∗) (g_{r1}g_{k2}, g_{r1}g_{r2}) ∈ [ε]_{L∧R}. By our construction, h_1 := g_{r1}g_{k2} ∈ U and h_2 := g_{r1}g_{r2} ∈ V . Then (∗∗) contradicts (∗). This proves the assertion.

Now we can complete the proof of (ii). Since γ = μ = lim(g_{n1} ∘ q_2), we have π(γ) = lim π(g_{n1} ∘ q_2). According to Lemma 2.1, π(g_{n1} ∘ q_2) = π(g_{n1}) · π(q_2). Since G^w is semitopological, we get lim(π(g_{n1}) · π(q_2)) = (lim π(g_{n1})) · π(q_2) = π(q_1) · π(q_2). □ Lemma 4.9. α^{a,c,b} = α^{a,c,c} · α^{c,c,b} . Proof. According to Lemma 4.8 (ii), we obtain α^{a,c,c} · α^{c,c,b} = lim π(β^{a,c,c}_n ) · lim π(β^{c,c,b}_n ) = lim π(β^{a,c,c}_n ∘ β^{c,c,b}_n ). On the other hand, by Lemma 4.3, it is clear that the L ∧ R-Cauchy sequences {β^{a,c,c}_n ∘ β^{c,c,b}_n } and {β^{a,c,b}_n } are equivalent. □

§5. Proof of the Main Theorem

By Lemma 4.8, the sequence {ϕ_{nk}}_{k∈N} is L ∧ R-Cauchy for arbitrary n ∈ N . Denote u_n := lim_k ϕ_{nk} ∈ ^G. Clearly, | ϕ_{nk}(t) − t | <^1_{2n} for every t ∈ [0, 1]. Therefore, lim u_n is the identity e_G of G. This proves 3.2 (i).

In order to prove the second condition, consider lim_k π(ϕ_{nk} ). By Lemma 4.8 (ii) and Notation 4.5, we have lim_k π(ϕ_{nk}) = lim π(β^{0, 12n , 12n} k ) · lim π(β^{12n , 12n , 22n} k ) · · · lim π(β^2 n−1 2n ,^{2n−1}_{2n} ,^{2n}_{2n} k ) = α^{0, 12n , 12n} · α^{12n , 12n , 22n} · · · α^{2n−12n , 2n−12n , 2n2n} . On the other hand, by Lemma 4.6 (ii) we know that θ = α^{0,1,1} . By multiple use of Lemmas 4.6 and 4.9, we obtain θ = α^{0,1,1} = α^{0, 12 ,1}

= α^{0, 12 , 12} · α^{12 , 12 ,1}

= α^{0, 14 , 12} · α^{12 , 34 ,1}

= (α^{0, 14 , 14} · α^{14 , 14 , 12} ) · (α^{12 , 34 , 34} · α^{34 , 34 ,1}) = · · · (By Lemmas 4.6(i) and 4.9) · · · = (α^{0, 12n , 12n} · α^{12n , 12n , 22n} ) · · · (α^{2n−22n , 2n−12n , 2n−12n} · α^{2n−12n , 2n−12n , 2n2n} ). Therefore, lim_k π(ϕ_{nk} ) = θ for every n. This proves 3.2 (ii). □

§6. Final remarks

The class of all reflexively representable groups is closed under formation of topological subgroups and arbitrary products. It is unclear if the same is true for quotient groups.

Question 6.1. Let H be a closed normal subgroup of a reflexively representable group G. Is it true that the quotient group G/H is also reflexively representable ?

The non-reflexively representable group H_+[0, 1] is very far from being abelian. Therefore, the following question arises.

Question 6.2. Is every abelian topological group G reflexively representable ?

If the abelian group G is ω−bounded [Gu] (that is, G is covered with countably many translations of every non-empty open subset) then the latter question can be reduced to the particular case of a cyclic second countable group G. Indeed, G is ω−bounded iff G is a topological subgroup of a topological group product ∏ G_i of second countable groups G_i (see [Gu]). On the other hand, by a recent result of Morris and Pestov [MP], every second countable abelian group is a topological subgroup of a monothetic second countable group. Hence, G_i is a topological subgroup of some monothetic group M_i . Without restriction of generality, we can suppose that M_i is complete, and moreover, that M_i is a completion of some second countable cyclic group C_i . Now, it remains to apply the following lemma.

Lemma 6.3. Let G be a reflexively representable group. Then its completion G with respect to the two-sided uniformity is also reflexively representable. Proof. By Definition 1.1, G is a subgroup of a Hausdorff compact semitopological semigroup S . Then every subgroup of S and, in particular, the subgroup H := H(1) of all units in S , is a topological group (by [La, Corollary 6.3]) and is reflexively representable (by our Definition 1.1). On the other hand, by [Ru, Th. 4.6, p. 64], the group H is complete with respect to its two-sided uniformity. Since

G is a dense subgroup of H , we can identify H and G. Therefore, G is reflexively representable. □

Acknowledgments. I am indebted to A. Leiderman and V. Pestov for many useful suggestions; the main result of this paper was conjectured by Pestov. I am also indebted to V. Uspenskij for providing me the manuscripts [Us2, Us3]. These works led me to the idea that the Roelcke completion might be a very useful tool also for studying semitopological compactifications; in particular, Lemma 4.3 was inspired by [Us2, §5].

References

[Ba] Banasczyk W., Additive subgroups of topological vector spaces, Lecture Notes in Math. 1466, Springer-Verlag, 1991.

[BJM] Berglund, J.F. , Junghenn, H.D. and P. Milnes, Analysis on semigroups, Canadian Math. Soc., Wiley-Interscience Publication, 1989.

[dLG] de Leeuw, K. and I. Glicksberg, Applications of almost periodic compactifications, Acta Math. 105 (1961), 63–97.

[Eb] Eberlein, W. F., Abstract ergodic theorems and weak almost periodic functions, Trans. Amer. Math. Soc., 67 (1949), 217–240.

[Gu] Guran, I., On topological groups close to being Lindelof, Soviet Math. Dokl., 23 (1981), 173-175.

[HC] Herer, W. and J. P. R. Christensen, On the existence of pathological submeasures and the construction of exotic topological groups, Math. Ann., 213 (1975), 203–210.

[La] Lawson, J.D., Joint continuity in semitopological semigroups, Illinois J.

Math., 18 (1974), 275–285.

[Me1] Megrelishvili, M.G., Equivariant completions, Comment. Math. Univ.

Carol., 35 (1994), 539-547.

[Me2] Megrelishvili, M.G., Operator topologies and reflexive representability of groups, BIUMCS 98/52, Bar-Ilan University preprint, 1998, http://www.cs.biu.ac.il/~megereli.

[Me3] Megrelishvili, M.G., Eberlein groups and compact semitopological semigroups, Bar-Ilan University preprint, 1998, http://www.cs.biu.ac.il/~megereli.

[MP] Morris S.A. and V. Pestov, Subgroups of monothetic groups, Journal of Group Theory, to appear, http://arXiv.org/abs/math.GN/9907128.

[Pe] Pestov, V., Topological groups: where to from here ?

Invited lecture at the 14-th Summer Conference on General Topology and its Applications, http://arXiv.org/abs/math.GN/9910144.

[Ru] Ruppert, W., Compact semitopological semigroups: An intrinsic theory, Lecture Notes in Math., 1079, Springer-Verlag, 1984.

[RD] Roelcke, W. and S. Dierolf, Uniform structures in topological groups and their quotients, Mc Graw-Hill, 1981.

[Sh] Shtern, A., Compact semitopological semigroups and reflexive representability of topological groups, Russian J. of Math. Physics , 2 (1994), 131-132.

[Te] Teleman, S., Sur la représentation l inéare des groupes topologiques, Ann.

Sci. Ecole Norm Sup., 74 (1957), 319-339.

[Us1] Uspenskij, V.V., The Roelcke compactification of unitary groups, in: Abelian groups, module theory, and topology, Proceedings in honor of Adalberto Orsatti’s 60th birthday (D. Dikranjan, L. Salce, eds.), Lecture notes in pure and applied mathematics, Marcel Dekker, New York e.a., 201 (1998), 411-419.

[Us2] Uspenskij, V.V., The Roelcke compactification of groups of homeomorphisms, Topology and its Applications, to appear, http://arXiv.org/abs/math.GN/0004140.

[Us3] Uspenskij, V.V., On subgroups of minimal topological groups, Ohio University 1998 preprint, http://arXiv.org/abs/math.GN/0004119.