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(1) Let R be a commutative ring. Let I C R be an ideal, and suppose that I C |J;_, P;, where
P, P,,..., P, C R are prime ideals. Prove that there exists some 1 < j < r such that
ICPp;.

(2) Let R be a Noetherian UFD. Let P C R be a prime ideal such that htz(P) = 1. Prove that
P is principal.

(3) Suppose that R is a Noetherian domain. Prove that every non-zero element can be factored
as a product of irreducible elements. (Recall that € R is irreducible if for all pairs y, z € R
such that = yz, either y or z is a unit.)

(4) Let R be a Noetherian domain. Prove that R is a UFD if and only if every prime ideal
P C R such that htp(P) =1 is principal.

(5) Let R be a Noetherian ring. Let P C R be a prime ideal such that htr(P) = r. Prove that
there exist ay,...,a, € P such that P is minimal over the ideal I = Ra; + --- Ra, and [
cannot be generated by fewer than r elements.

(6) Here is an example, due to Nagata, of a Noetherian ring with infinite Krull dimension. Let
F be a field and let R = F[z1,x2,...] be the commutative polynomial ring in (countably)
infinitely many variables. Consider the ideal

P = <33z'(1'71)/2+17 <o Tii41)/2-1 xi(i+l)/2>-
Show that P; is a prime ideal with ¢ generators. Let S = R\(lJ;2, P;). Show that the

ring S~'R is Noetherian and that if M C S™!'R is a maximal ideal, then M = S~!'P; for
some i. Show that htg-15(S™!P;) = i. Conclude that Kdim(R) = co.



