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GAUSS DECOMPOSITIONS OF
KAC-MOODY GROUPS

Jun Morita

Institute of Mathematics
University of Tsukuba
Tsukuba, 305, JAPAN

Eugene Plotkin

Department of Mathematics
and Computer Science
Bar Jlan University
52900, Ramat Gan. ISRAEL

Dedicated to Eiichi Abe on his 70th birthday

Abstract. We present an axiomatic approach to both a Gauss decompo-
sition of a Kac-Moody group and a Gauss decomposition of the associated
Steinberg group. We study also a prescribed version in case of rank 2.

1. AXIOMATIC APPROACH

Here we call (G,U,T,V,{¢,, - - .0,}) a triangular system {or a Gauss sys-
tem) if

(1) G is a group, and U, T,V < G are subgroups,

(2) ¢; : SLo{K) — G is a group homomorphism of SL, over a field K into
G with
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(3) G= ( U,Vl,"' 7‘/11 >, and TL/Y,' = U,T for 1 S 1 S n,
(4) there exist the subgroups of G called U] and V;/ for 1 <1 < n such that
U=UU=UU],
V=V, =V,
ViUl = UV,
UV = VU,

—
>
o
o
p—N
PN
O o+
e OO

Then we can establish
G =UVTU
= Upey w(VTU)u™!
(see below). We call this decomposition a Gauss decomposition of G.
First, we shall review the situation in the case when
G = SLy(K), n =1, ¢ = identity

and

U:Uv[, T:T], V:VI
Let us take an element

()=

if a # 0. Otherwise, ¢ # 0 and

b
f, y ) € SL,(X).
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Hence.
SLy(K) = UUu(VTU)u‘1
with

(1),

Now, we shall return to a general case. We want to confirm G = UVTU. Let
X=UVTU CG. Then UX = X and
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for 1 <4 < n. Therefore,

and

Theorem 1. Every triangular system has a Gauss decomposition.

We can find such a system for a standard Kac-Moody group and for a
Marcuson-type Kac-Moody group. One can also find a Gauss decomposition
for the Steinberg groups associated with Kac-Moody groups. We will discuss
them in the next section.

2. KAc-MOODY GROUPS

Let A = (a;;) be an n x n generalized Cartan matrix. Let g be the Kac-
Moody Lie algebra over a field C defined by 4 with the so-called Cartan
subalgebra f (cf. 8}, [9],[11], [16], [17]). Let A C b be the root system of g
with respect to § with the fundamental system I1 = { a4, -+ ,a, }. Let A,
(resp. A_) be the set of positive (resp. negative) roots defined by I1. and A"
the set of real roots. Put A% = A, N A™. Then we obtain

g=b® || g {root space decomposition)
acA
and

g=0-Shdg, {triangular decomposition),
where g = @aca,8a. Let M be an integrable g-module, which means that
M= @uéh“‘l{u’

where M, = {ve M | hv = p(h)v (Yh € §) }, and that z is locally nilpotent
on M for all z € g, with o € A™. For the set of real roots, A™. we can choose
and fix a Chevalley basis

{ea ] aca™}

(cf. [19]). We now suppose that M has a basis { v, | v € I' } whose Z-span,
Mz, is invariant under the action of
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for all m > 0. Such basis exists, for example, for the cases of adjoint repre-
sentations, highest weight integrable representations, lowest weight integrable
representations, and some others (see [9], [25] and references therein). Then,
for any field K, we put M(K) = K ® Mz and define z,(t) € GL(M(K)) by

s ®v) Ztm6®—~b

Let G be the subgroup of GL{M(K}) generated by z,(t) for all @ € A" and
t € K. We call G a standard (or elementary) Kac-Moody group (cf.(7}, {18],
[21], [22], [24]. [25], [26]). Let

Wa(t) = Ta(t)z_o(—t71)za(t),
ha(t) = wa(t)wa(—1)

for t € K*. Then, we put
U={(zqla) | a€ A, a€ K ),

T={_halt) | €A™ te K*),

V={_z.a) | a€AFf a€K),
Define the maps ¢; by

@; : (1 0)*”}4'7—&,(0)’

These maps arc not necessarily injective. The subgroups U{ and 1} are defined
as follows
Ul = {24, (8)zg(t)20,(—s) | s,t €K, 3 E AT\ {aq} ),
Vi= (2 s (s)zs{t)z-a,{—35) | s,ite K, B€ _\”" \ {-ai} ).
Then (G, U.T,V, {6, -, ¢.}) is a triangular system. Hence,
G =UVTU
= Upep w(VTD)u™!

Theorem 2. Every standard Kac-Moody group G over a field has a Gauss
decomposition.

Remark 1. Gauss decomposition is tightly connected with the existence
of Bruhat decomposition. Since for Kac-Moody groups the existence of Tits
system is known (cf. {18], [12], [21]), it is quite ratural to look for Gauss
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decomposition for these groups, as well as for groups, associated with them
(cf. [1)).

Remark 2. If VV is an integrable highest weight module generated by a
maximal vector with a highest weight, then we can construct a bigger group
G, called a Marcuson-type Kac-Moody group, than G (cf. [12], [24]). Namely,
U, which is bigger than U, is corresponding to all a € A4 On the other hand,

T, V, ¢; are the same as T V, ¢;. Then we see that (G.U,T,V, {(f)u . n})
is a triangular system. Hence,
G =U0VIU

= Upep w(VTO)u™!
Therefore, every Marcuson-type Kac-Moody group has a Gauss decomposition.

Remark 3. Let Sty(K) be the Steinberg group of rank one over a field K
(cf. 15}, {22]). Then, it is also easily seen that there is a Gauss decomposition
for Sto(K) naturally induced from SLy(K). Therefore, we can replace SLy(K)
by St2(K) in the condition (2) of a triangular system. Hence, there is a Gauss
decomposition of the Steinberg group, G = St(4, K), associated with a Kac-
Moody group G (cf. [26]). Namely,

& =0VEe
= Uy u(VTU ™!

where U, T,V are the corresponding subgroups of G. Therefore, every Stein-
berg group associated with a standard Kac-Moody group over a field has a
Gauss decomposition.

Remark 4. If we replace the condition (3) of a triangular system by
@B)YG=(UT WV, Vo), TU =UT. VT =TV, and TU; = {;T for
1<:<n.
then we can apply our method to a Tits-type Kac-Moody group (cf. [26]). G,
whose torus 7 is bigger than the group T above. Hence,

G =UVTC
= Upeg u(VTD)u™?

where U and 1" are the same as U and V" above. Therefore G has a Gauss
decomposition.

Remark 5. The same method can be applied for other groups associated
with Kac-Moody data. In particular, we think that it can be used in the frame-
work of the scheme theoretical approach to Kac-Moody groups, introduced by
Mathieu [13], [14].

Remark 6. Furthermore, axiomatically we can replace the group SLo(K) in
the condition (2) of a triangular system by a certain group G* with subgroups
U*, T*, V* satisfving
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G*=U0VT'U".
In this case, we must set
¢ (U =U,, ¢(T)=T, &(V7) =10

Then the same method works.

3. PRESCRIBED VERSION

Let (G,U,T,V,{¢1, -, #a}) be a triangular system. Then, as in Section 1,
we obtain
G= w(VTU)u™".
uelU
We now take an element h* € T. Put
G(h) = 2(G)u | 9(VR'U)g™,
9€G
where Z(G) is the center of G. Then we want to consider whether G = G(h*) or
not. If G = G(h*) for all k* € T, then we say that G hasa Gauss decomposition
with prescribed elements in 7. This is equivalent to the fact, that for every non
central element g € G there exists an element g; € G satisfying 9196, "} = vhu,
where v € V, u € U, and h is a prescribed element from T'.

In such a form this decomposition first appeared in the paper [23] for the case
of general linear group and then it was studied in detail by Ellers and Gordeev
for all split semisimple algebraic groups(=Chevalley groups= finite dimensional
Kac-Moody groups), see (3], [4], and for twisted Chevalley groups (5]. It turns
out that the prescribed Gauss decomposition has various applications and is
the main tool for solving remarkable Ore and Thompson conjectures (see [20),
[2]. [6] and references therein). Here, we will check this in the case when
G = SLy(K), which is the easiest but important in our discussion later. We

choose and fix
t O
h* = cT.
(o)

b I
( ‘; d) € VTU C SLy(K).

Let

Then a # 0, and
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where
= %{ta%— td —t* — ad + be}.
If ¢ £ 0, then
GG T)-GYEN6T)
0 1 c d 0 1 ) \¢1 0 3 01 )
where

b= %{ta+td—t2-ad+bc}.

Ifb=c=0, a# +£1, then

B)(Ea)(e)-(63)

which arrives at the case of b 0 above. If b= ¢ =0, a = %1, then
a b +1 0
(cd):<0 il)eZ(G)‘

G = G(h*)

Therefore, we obtain

for all h* € T when G = SL,(K). Hence, SLy(/') has a Gauss decomposition
with prescribed elements in T.

4. IN CASE OF RANK 2

4 2 —a
=4 %)

be a generalized Cartan matrix with ab > 4. Then. the corresponding Kac-
Moody groups are called of tvpe A. Here, we define

Let

m=max { a,b }.
Let
G =G6(4K)
be the family of all standard Kac-Moody groups over a field K of tvpe A.

Then, there is a unique, up to isomorphism, element of G which dominates all
other elements. We fix it, and also we call it G. Put

N=(wet) | a€A™ te K*),
then Ta N, and W = N/T is an infinite dihedral group. For each w € W, we
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can write
wlUw™ = gUo™"

ifwe Nand w=w mod T. Then

ﬂ wlw™t =1
we

and
N wVw =1
weWw

(cf. [10], [21)). Therefore, if 1 # u € U (resp. 1 # v € V'), then there exists

w € N such that
wu”! = wu), w #1
(resp. wvw™ ' =vjv, w #1)
or
#
#

wul ! = upuh, U

(resp. wvw ™' = vjry, w2
where u; € Uy, ! € Ul (resp. v; € Vj, v; € V) fori =1,2.
To consider a prescribed version, we will assume, from here on, | K | > m+3.
Let h* = hq, (#])ha,(t3) € T and fix it. Let
g =vhue VTU

withu € U, h e T, v € 1". Then we fall into one of the following four cases.

Case 1: g is conjugate to
¢ = viv hhauyu)
with v} € V], v € Vi, €T\, by € T, uy € Uy, U € U} and
ruy # 1.

Case 2: g is conjugate to
gl = "U;L'Qh]hQUz'U’Q
with vh € V3, va € Vo, hy € Ty, hy € Ty, up € Uy, 5 € U and
VolUo ?/-' 1.

Case 3: ¢ is conjugate to
g = hihy

with hihe € Z(G).
Case 4: g is just an element of Z(G).

In Case 3, we obtain
To,(1)9'Ta,(=1) = hihou;
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for some 1 = 1,2 with 1 # u; € U;, which arrives at Case 1 or Case 2. In Case
2, we will change the numbering of 1 and 2 (and then a and b are exchanged),
which arrives at Case 1. Therefore, for our purpose, we can assume that Case
1 holds. We choose and fix an element

e K*

such that
T
where hy = h,,(t2). Then, as in Section 3, we obtain that ¢’ is conjugate to
g" = v'hg, (") Aot
with v’ € V, hy € T,, v’ € U. We can rewrite
g" = vhunhg, (£ Y hougus
with vy € V), v2 € V3, ug € Uy, ufy € US. If voup = 1, then ¢" is conjugate to
Tay(1)9 20, (—1) = ”ghm(t‘)haz(t?)ugug

with vy € V3, 1 # uj = 2,4,(t*%t,72 = 1) € Uy, uj € U). Therefore, we can
assuine

votg # 1.
Then. also as in Section 3, we see that ¢” is conjugate to

9" = V"ha, (t")ha, (300"
with v” € V, u” € U. We can rewrite again
g" = viviha, (1 Vha, (5wt}
with v € ¥/, vy € V, u; € U}, uy € Ul If vyuy = 1, then ¢ is conjugate to
Za;(1)9" %0, (= 1) = 0] o, (") hay (£3)uiuf

with vy € V|, 1 # uj = 24, (t" 725" — 1), ! € U. Hence, we can assume

ujty # 1.
Then. again as in Section 3, we obtain that ¢ is conjugate to

9" = v"ha, () ha, )" = v" R 0"

with «" € 1, «" € U. Hence, combining this and Case 4, we see that ¢ is
conjugate to some element g* € VA*U if g ¢ Z(G). Thus,

Ghy=G
for all A* € T. Therefore, we obtain the following result.

_i -CQL ) be a generalized Cartan matrix with

ab > 4. Put m = max { a,b }. Let K be a field with | K | > m + 3. Then
every standard Kac-Moody group, G € G(A, K), over K of tvpe 4 has a Gauss
decomposition with prescribed elements in 7.

Theorem 3. Let 4 =
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It remains to consider the same problem for (infinite dimensional) standard
Kac-Moody groups of rank > 3.
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