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1. Introduction

1.1. In this paper, we consider Hecke characters of a quadratic field. Although arguments presented
here are valid for a general quadratic number field E, in order to simplify the presentation, we will
first deal with the simplest case of Gauss numbers, and describe the general case in Section 3.2.
Hence, let E = Q(i). For an integer n € Z, consider the Hecke character of E given by x,(a) = (a/|a])*".
The corresponding Hecke L-function is given by the series L(s, x) = ZGE,*(OE)X(a)N(a)*S, for
Re(s) > 1 (where the summation is over all non-zero integer ideals of E, i.e., over Z[i]/{%1, i} for
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We consider a double Dirichlet series given by

De(s, w) =L(s, xo) + D, L(s, xw)ln| ™", (11)
neZ\0

for (s, w) € C%, Re(s) > 1, Re(w) > 1.
Theorem 1.2. The series D (s, w) defines the function which extends to a meromorphic function on C2.

It turns out that it is more convenient to consider the function

NS

2

5}5’(5, W) = 1w
rds®)

-Dg(s, w), (1.2)

and we prove the meromorphic continuation for this function.
1.3. Torus periods

One quickly recognizes that the above theorem is related to periods of automorphic functions. In
fact, our proof of the meromorphic continuation is based on two well-known facts. First, we invoke
classical results of E. Hecke [H] (see also H. Maass [M] and C. Siegel [Si]) about torus periods of
Eisenstein series. Namely, we consider the automorphic representation Eiss generated by the (normal-
ized) Eisenstein series E(z) for PGL, over Q. Let T C PGL, be the torus corresponding to E, and
e e Te(Q) \ Te(Ag) be the class of the identity element. The (Fourier) expansion of the Eisenstein
series E(z) along the orbit Tg(Q) \ Te(Ag) C PGLy(Q) \ PGL2(Ag) is given in terms of Hecke charac-
ters of E, and naturally leads to Hecke L-functions L(s, x) for Hecke characters x of the field E. This
allows us to realize the series Dg (s, w) as the spectral expansion of Es(vy,,e), w € C, for the function
Es(vw, X) € Eisg corresponding to some special vector v,. The family of vectors v, is constructed ex-
plicitly in the induced model of the representation isomorphic to Eis;. We note that the vector v, is
not smooth, and belongs to an appropriate Sobolev space completion of Eis;. In particular, we invoke
the meromorphic continuation of smooth Eisenstein series as opposed to K-finite Eisenstein series
(for a general treatment, see [BK,L]; for a congruence subgroup of PGL,(7Z), an elementary treatment
based on Fourier expansion of E;(z) is also available).

To prove the meromorphic continuation of Es(vy,e), we use Hecke operators and the classical
technique going back to at least M. Riesz [R] (and might be attributed to Euler) of the analytic con-
tinuation strip by strip (which the author learned from the seminal paper [B]). The main observation
that allows us to apply this technique is the fact that modulo higher Sobolev spaces, the vector v,
is an approximate eigenvector of (appropriately understood) Hecke operators (see Lemma 2.5). This
is verified in a standard model of an abstract representation of the principal series, and does not use
the theory of automorphic functions.

Finally, we would like to point out that for the method we use, the meromorphic continuation of
Es(vy,e) is what comes naturally, and the series Dg(s, w) is used in order to express this fact in the
classical language of automorphic functions on H.

14. Cusp forms

One can apply the same argument to a Hecke-Maass cusp form ¢ instead of the Eisenstein series
E(s). The resulting series is a usual Dirichlet series in one variable built from the coefficients a, which
are (twisted) torus periods of the cusp form ¢. We now recall the definition of these coefficients.

Let ¢ be a Hecke-Maass form for the group I = PGLy(Z) (one can easily extend our arguments
to a congruence subgroup). In particular, ¢ is an eigenfunction of the Laplace-Beltrami operator A
on the Riemann surface PSLy(Z) \ H with the eigenvalue which we denote by A(¢) = (1 — t%)/4



330 A. Reznikov / Journal of Number Theory 133 (2013) 328-342

for T = t(¢p) € iRU (0,1) (of course, for PGLy(Z), the parameter 7 is pure imaginary, and this is
expected to hold for congruence subgroups). We normalize ¢ by its L2-norm. We denote by (V¢, ;)
the isomorphism class of the (smooth) automorphic representation of G = PGL,(R) generated by ¢.
The structure of such a representation is well-known, and in particular V; has an orthonormal basis
of K-types {en}ne2z which we fix (here K =PSO(2, R) ~ S! is a maximal connected compact subgroup
of G). We consider the Taylor-like expansion of ¢ at z =1 (generally we consider a CM-point 3 € H; in
fact such an expansion exists at any point of ). Denote by F; (n, g) = (¢ (g)eo, en)x,, N € 2Z, matrix
coefficients in the representation ;. Functions F;(n, g) are right K-invariant and hence could be
viewed as functions of z € H ~ PGLEr (R)/K. Functions F;(n, z) are eigenfunctions of A on H with the

same eigenvalue as ¢, and spherically equivariant F; (n, <§?§g ’CZiS“:) z) =eMF_(n,Zz). It is also well-

known that functions F;(n,z) have simple integral representation and could be expressed through
the Legendre function (see [Vi]). We have the following well-known expansion (first considered by
H. Petersson [P] for holomorphic forms and later by A. Good [Go] in general; also see [Sa]):

$(@) =) aFr(n2), (1.3)

ne2z

where a, = a,(¢) € C. Of course, coefficients a, depend on the normalization of functions F;(n, z),
which we fix in Section 2.3.3 (by choosing a basis {e,} of m;). This normalization will essentially
coincide with one of the classical normalizations of the special function F;(n,z). In particular, this
will not depend on ¢ but only on the parameter t. We note that the analogous expansion is valid for
the Eisenstein series E(s, z) as well, and gives a,(E(s)) = L(s, X—n)-.

We consider the Dirichlet series

De(¢, w)=dao+ Y anln|™" (14)

ne2Z\0

defined for |w|>> 1. As with the Eisenstein series we consider the function

S

2

55((1), w) = @

-De(¢p, w). (1.5)

[\

Theorem 1.5. The Dirichlet series Dg (¢, w) extends to a holomorphic function on C.

1.6. Hyperbolic periods

A similar treatment is available for real quadratic fields. These correspond to (compact) closed
geodesics on the Riemann surface Y = PGL(Z) \ PGLy(R). In fact, from the adelic point of view, there
is no difference in the treatment of CM-points and of closed geodesics.

Let I C Y be a closed geodesic. Such a geodesic corresponds to a closed orbit of the diagonal sub-
group A = {diag(a,b)} C G acting on the right on X = I" \ G. We denote this orbit by the same letter
I C X. Consider the corresponding pointwise stabilizer A; = Staby (l). We will assume that it is cyclic
and we will choose a generator a; = diag(uy, j:ul’l) € A;. This choice gives the corresponding hyper-

bolic element y; € I' which is conjugate to a; = g,y,gl‘l. Eigenvalues of g; (and of y;) generate the
group of units in a quadratic field E. In fact, there is a finite number of closed geodesics correspond-
ing to the same field and this is reflected in the class number of the field.

For a closed geodesic | as above, we obtain an expansion of automorphic functions similar to
the expansion at a CM-point we discussed above. Such an expansion is valid for cusp forms and for
Eisenstein series (e.g., see [Gol]). To describe these in classical terms, one introduces special functions
similar to F;(n,z) above. This time we use characters x : A;\ A — C* of the compact group Aj\
A~ S, For any such a character, we consider the function G;(x,z) on # which is an eigenfunction
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of A, is right K-invariant, and satisfies GI(X,g,qagl 02z) = x(a)G¢(X,2). In fact, we can view the
function G;(x,z) as defined on the hyperbolic cylinder H; = I7\ H for which [ is the “neck” (i.e.,
the shortest geodesic). We have to normalize functions G;(x,z) which we do in Section 2.3.3 by
presenting an explicit integral representation for these functions (the function G, ()x,z) classically
is given in terms of the Gauss hypergeometric function as could be seen from its explicit integral
representation as a matrix coefficient). We obtain the expansion analogous to (1.3)

$(2) =) bjG:(j,2), (16)

Jjez

where bj = by,(¢) € C are the coefficients of this hyperbolic expansion, and functions G (j,2) =

G (Xj,2) are indexed by characters y; in the group m ~ 7. With this for |[w| > 1, we define the
Dirichlet series

De(¢, w)=bo+ Y bjljlI™". (1.7)
JEZ\O

As before, we consider the function

NS

2

De(p, w) = —iTwe
rds®)

-De(¢p, w). (1.8)

Theorem 1.7. The Dirichlet series Dg (¢, w) extends to a holomorphic function on C.

We hope that by denoting the series by the same symbol as in the CM-case, we will not cause too
much of a confusion (and in fact from the adelic point of view the treatment of these two cases is
identical).

1.8. Remarks

(1) In definitions (1.1), (1.4) and (1.7) of the corresponding Dirichlet series one clearly can omit the
zero's term in the sum. One also can take the sum over positive n only. Our method is applicable to
such series as well.

(2) Under the normalization, we chose in (1.3), coefficients a, satisfy a mean-value bound ¢4 <
7! Z\nng lag|? < Cy for appropriate constants Cy,cs >0 as T — oo. Hence coefficients a, are not
exponentially small on the average, and this is not a reason behind the meromorphic continuation of
the series D (¢, w). The same is true for by’s in (1.6).

(3) Coefficients a, and b, are related to L-functions in a more subtle way than for the Eisenstein
series. Namely, the theorem of J.-L. Waldspurger (see [W,JC,KW]) relates the value of |a,|?> and of
|by|? to the ratio of L-functions L(1/2, BCg(¢) ® xn)/L(1, Ad(¢)), where BCg(¢) is the base change
of the cusp form ¢. In spite of this relation, our method naturally treats coefficients a;, and not
quantities |a,|2.

(4) The proof that we give shows that the polar divisor of Dg(s, w) is contained in the union of
the line s =1 with the union of two families of lines

w=2-2s—j, or w=1—j, j=0,1,2,.... (1.9)

A somewhat more symmetric form of Dg (s, w) and of its polar set is discussed in Remark 3.1. For
a Hecke-Maass cusp form ¢, we show that the series Dg(¢, w) is holomorphic. One can also obtain
polynomial bounds in s and w for the resulting function Dg(s, w).
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After announcing the results of the paper, the author was kindly informed by the referee that one
can deduce the meromorphic continuation, and the exact locations of poles for the series Dg(s, w)
from properties of the Lerch zeta function (see [LG]), and from the functional equation for the Hecke
L-functions L(s, x). While this approach is more elementary, it could not cover the case of cusp forms.
On the other hand, for the Eisenstein series, this approach leads to the exact location of poles, while
our method only gives the potential polar divisor of Dg(s, w).

It is also apparently possible to deduce meromorphic continuation of Dg(¢, w) for cusp forms
which are not necessarily Hecke forms, using methods of [BLZ], as was demonstrated by R. Bruggeman
(personal communication). It is however less clear how to extend this approach to cover real quadratic
fields or the Eisenstein series.

(5) The set of all Hecke characters x,(a) = (a/|a))*", n € Z, of E = Q(i) could be described as the
set Xyn(E) of all (maximally) unramified Hecke characters of E. One can consider a slightly more
general series by prescribing the ramification of Hecke characters. Let S be a finite set of primes of
a quadratic field E, including all primes ramified in E, and let X’s be the set of Hecke characters
unramified outside S. The natural extension of our method then gives the meromorphic continuation
for the series erXs Ls(s, X)Rs(x5)|xeol =%, where Ls(s, x) is the partial L-function, Rs(x%) is a
rational in g; function for g; that are norms of primes in S, and %% is the ramified part of x.

(6) An important issue in the theory of (double) Dirichlet series is the presence of functional
equation(s). The theory of Eisenstein series provides the functional equation in s relating Dg(s, w)
and Dg(1 —s, w). It is not clear if there is a functional equation involving w.

(7) Finally, we note that from the point of view of the method we present, there is nothing special
about series Dg (s, w) and Dg(¢, w). Namely, one can change the weight |n|™" to many other similar
weight functions, and still obtain the meromorphic continuation by the same method. As a result, it
is possible that one might have to modify these series in order to study their possible arithmetical
properties (e.g., special values).

2. Torus periods

We refer to [Bu] for standard facts about automorphic functions and automorphic representations
(of real and adele groups).

2.1. Torus periods of Eisenstein series

We recall the classical result of E. Hecke. We present it in (a more transparent to us) adelic
language. Let G = PGL,. By specifying an isomorphism E* C Autg(E) :Aut@(Q2), we obtain the
corresponding tori Tg C PGL, defined over Q. For s € C, s # 1, let & ~ ®p<mEs,p be the auto-
morphic representation of Gy, corresponding to the classical normalized Eisenstein series (given by
Es(z) =Y 4¥°/Icz+d|* for Re(s) > 1, where the summation is over (c,d) € Z? \ (0,0)). In this nor-
malization, the unitary Eisenstein series corresponds to Re(s) = 1/2. We consider vectors in & which
are pure tensors of the form ve ® vy € & where vf =), _o, Vp is the standard K-fixed vector
for the maximal compact subgroup Ky of G over finite adeles, and v is an arbitrary vector in the
infinite component Eg , of &. Recall that the theory of Eisenstein series provides the automorphic
realization Eg(v, g) (i.e., a function on X, ) for a vector v € Ds in the principal series representation
Ds of Gyg, where Ds is the space of homogeneous functions with respect to the Aa action on the

space Zag =Nag \Gag = ]_[;,@o Ng, \ Gg,- The space Ds has the natural structure of the (restricted)

tensor product Ds ~ ®pgooDs,p coming from the above product structure of Za, (unlike the space
&s where the tensor product is not described in terms of the underlying space Xs = Gg \ Ga). Here
local components are the spaces D;, of homogeneous functions on N, \ Gp. Hence when talking
about models of the local representations Es,, we can use the spaces Ds ), (in fact, we only use
p = oo since we will not discuss ramified Hecke characters).

According to Hecke (via the standard by now, unfolding) (see [G,Gol]) we have the following
relation. Let v =ve ® vy € & be a vector with almost everywhere unramified standard finite com-
ponents. We have then
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Es(v.0) X () dt = Lo (S, Yoo Voo) [ [ 1v(S. Xp- vp) - Ls(s. ). (21)
TE(Q\TE(Ag) pes

for any character x = Xoo ® X5 : Zc(AQ)TE(Q) \ TE(Ag) — C* (i.e, for a Hecke character of E trivial
on A(XJJ C Af). Here the functional Iso(S, Xoo, *) : Es,c0 = C is given by

Too (s, Xoo>s Voo) = / Voo(t)Xoo(t) dt7 (2-2)
Te(R)

for a vector v € Ds ~, and similarly for ramified primes p € S. Ls(s, x) denotes the partial L-function
with Euler factors removed at ramified primes.

Note that for E = Q(i), the group Tg(R) could be naturally identified with the subgroup Ko, =
PSO(2,R) C PGLy(R) (i.e., Koo = PSO(2,R) is the standard maximal connected compact subgroup
of Goo = PGL(R)). Hence for a Hecke character yp, the resulting functional I (S, Xn 00, ) could be
identified with the projection to the particular norm one n-th K..-type in the representation Es p.
Moreover, in the realization of Es as Ds oo, this functional is given by the integration against
the character itself on the image of the compact subgroup Ko C Zo = Ny \ G coming from the
archimedean part (Tg)so C Goo Of the torus Tg. For other CM-fields, we obtain a compact subgroup
conjugated to PSO(2,R), and hence have to consider types with respect to the corresponding sub-
group.

By abuse of notations, we denote by e € Gg \ Ga,, the image of the identity. From the Plancherel
formula for Tg(Q) \ Tg(Ag) (i.e., the Fourier expansion w.r.t. characters of Tg(Ag) trivial on Tg(Q)),
and the Hecke formula (2.1), we see that the following expansion holds for a vector v =v,, @ vy € &;:

Es(v,e) = Z L(s, xn) - Lo (S, Xn 005 Voo)- (2.3)
Xn€Xun

2.2. Periods of cusp forms

Periods of cusp forms could be defined in the same way as for the Eisenstein series. However there
is an important difference concerning their normalization.

Let w =~ ®p<oo”p be an automorphic cuspidal representation of G(A) in the space of smooth

vectors V, >~ ®p<w Vr,, together with the isometric realization vy : Vy — C*°(Xa). Let Tg(Q) \
Te(Ag) C PGL2(Q) \ PGL2(Ag) be the orbit of Tg(A). For a Hecke character x of E, we consider
the corresponding x-equivariant functional d‘)’(”t € Homr,a)(7r, x) given by the integral (as for the
Eisenstein series)

ww= [ sozod (24)
Te(@\TE(Ag)

where ¢, = v7 (v) € C*°(X) is the automorphic function corresponding to the smooth vector v € V
under the isometry v, (i.e., the automorphic realization of the vector v). It is well-know that the
space of local equivariant functionals is at most one-dimensional dim Homr, (7Tp, xp) <1, and hence
we have a decomposition d}' = @, dy, for some local functionals dy, € Homr, (p, x). However,
unlike in the case of Eisenstein series, the lack of unfolding for the integral (2.4) does not allow us to
choose easily a specific element in the space Homr, (7p, xp). In fact, one can normalize dy, up to a
constant with absolute value one (this is connected to the Waldspurger theorem alluded before, and
discussed in great generality in [II]), but for our purposes it is not enough since we are interested in
the period itself and not in its absolute value. Hence, we will choose the trivial normalization of local
functionals in the following way.
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We assume that the representation 7 is unramified everywhere, i.e., that the Hecke-Maass form ¢
is invariant under the full group PSL,(Z) (in fact, we can easily deal with any congruence subgroup).
The notion of restricted tensor product assumes that we have chosen a Kp-invariant vector ep €
Vi, of norm one for every finite p (in general for almost all p). We have dimHomr, (7, xp) =1
since we assumed that m, is unramified for all p. It is known (see [GP]) that a non-zero invariant
functional does not vanish on the vector e,. We denote by d%’d € Homr, (7p, xp) the functional

satisfying d';(’;d(ep) = 1. We consider the corresponding functional d’)’g;’d =Qpeco d%’d for finite adeles
which clearly satisfies d')?}’d(ef) =1 for ey = @), ep. Hence for any choice of a non-zero functional

d%’od € Homr_, (77, Xoo), We obtain the coefficient of proportionality ay = ay (vz,dy,,) € C such that
daut —a. - dmod ® dmod (2 5)
X X Xoo f- :

In fact, since we will only consider vectors of the form v = v ® e, we can write d‘)‘(”f(voo) =

ay ~d;?if1(voo). We now specify the functional d';fod. As we mentioned, for E = Q(i), we can naturally
identify T, = Tg(R) with the subgroup K. Characters of T, related to equivariant functionals on ir-
reducible representations of G, are parameterized by even integers n € 2Z, and naturally correspond
to projectors onto (one-dimensional) K..-types. Let {e;}nc2z be an orthonormal basis of Vi consist-
ing of Ko,-types. We denote by d;’l“’d € Homr_ (7, Xn) the functional given by dg“’d(voo) =(v,en)n.,

where the character y, is given by X, ((°°59 —sme)) =ein?,

sinf cos6
Hence we have the decomposition analogous to (2.3)

P (@) =V (Vo)) = ) - d7* (Vo). (26)

Xn€Xun
It is easy to see that this expansion coincides with the expansion (1.3) given in classical terms on .
2.3. Test vectors

In order to realize the series Dg(s, w) and Dg(¢, w) as the right hand side of formulas (2.3)
and (2.6), we need to construct a vector v, in the principal series representation satisfying certain
properties. We construct such a vector and make computations in a well-known model of induced
representations of PGL, (R).

2.3.1. The plane realization

The basic affine space Z., is isomorphic to the punctured plane R? \ 0. This leads to the standard
realization of the principal series representation in even homogeneous functions on the plane. For
a complex parameter 7 € C and ¢ € {0, 1}, the (smooth part of the) representation 7; . of principal
series has the realization in the space of homogeneous functions on R?\ 0 of the homogeneous degree

T — 1. The twisted action 77 ¢ (g) f(t) = f(g”t)|detg|TT_1 det(g)?, t e R?\ 0, defines a representation
of GLy(R) with the trivial center character, and hence defines a representation of PGL,(R). The trivial
representation is the subrepresentation for T =1, £ =0 (and the quotient for T = —1). The standard

Casimir operator acts on m ¢ by multiplication by the scalar %. The dual representation to 7
could be naturally identified with _; .. Representations 7; . are unitarizable for 7 € iIRU (-1, 1).

Taking the restriction of functions on R? \ 0 to the circle S ¢ R?\ 0, we obtain the circle (or
compact) model for the space of 7, . This means that we realize the space of the representation
as the space of smooth even functions Cé’ﬁ(sl) on the circle S! (or on Ko =~ S!). Hence in such
a model, a Ko-equivariant functional is given by the integration against the exponent e’ ie. the
scalar product with a norm one n-th Koo-type.

Taking the restriction of functions on the plane to a line L ¢ R?\ 0, we obtain a line (or unipotent)
model for the space of 7 ¢.
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An easy computation shows that in the above described normalization of the principal series and
the identification Z, ~ R?\ 0, the infinity component E; o, is isomorphic to the representation of the
principal series with the parameter T =1 — 2s.

In what follows we will treat “even” representations only (i.e., € = 0). The treatment of “odd”
representations is identical. Hence in what follows, we denote representations of PGL,(R) by 7, sup-
pressing &. We note that, for PSL,(Z), representations appearing as Eisenstein series are automatically
even.

2.3.2. Test vectors

In order to realize the series Dg(s, w) (and the corresponding series Dg(¢,w)), we construct
the test vector v,, in the representation of the principal series 1_ps (respectively in 7;) of Goo =
PGL,(R) with the K.o-types components satisfying v, (n) := (vy,e,) = [n|~" for an even integer
n#0, and Vv, (0) = 1. Clearly, such a vector exists in an appropriate completion of the corresponding
smooth representation. For the unitary principal series 7, the vector v, belongs to the L2-Sobolev
space S, (m¢) of index o = Re(w) — 1/2 (see [BR]). Moreover, it is easy to see that such a vector has
“local” singularities in the natural spherical model of the representation. This fact is central for our
approach. We now describe the construction and the structure of singularities of the test vector.

The (smooth part of the) representation m1_»s of principal series has the above mentioned re-
alization in the space C§$(S1) of smooth even functions on the circle S!. We denote by 6 the
parameter on S' (e.g.,, 6 € [0, 27)), and by e, (9) = e the standard orthonormal basis. For a smooth
even function f € C;’ﬁ(Sl), we denote by f(n) its Fourier coefficients. This defines the isometry
"1 12,(S') — L%(Z). Hence for any w € C with Re(w) > 1/2, we have a function v,, € L,(S!) such
that ¥, (n) = |n|~" for n #0, and V,(0) = 1. For w < 1/2, we should view v,, as a distribution on
C;‘)(Sl). It turns out that it is not convenient to work directly with the vector v, since it does not
“localize” (i.e., it is not supported in a small neighborhood of 6 = 0, the fixed point of a Borel sub-
group). Instead we construct a vector u,, (i.e., a function in cgﬁ(sl)) which has small support and
asymptotically has essentially the same Fourier coefficients as v,.

Well-known properties of the Fourier transform suggest that the vector with a local behavior
|6]"~1 near # = 0 should give us the desired Fourier coefﬁc}ients [n|~Y, at least for |n| — oo. It is also

well-known that, as an analytic family, the distribution IE(TT/Z) -1t"=1 (on R) and its Fourier trans-

form F?:M,/Zw) - |€]~% behave better than the distribution |¢|"’~! and its Fourier transform (see [G1]).
7
This explains our multiplication of the series Dg(s, w) by the factor F(#_/ZW)
7

Let f € C;?(S]) be a smooth even function which is supported in a small neighborhood (to be
specified later) of points 6 =0, ir, and f(#) =1 in some (smaller) neighborhood of 0, 7. We consider
the vector in the circle model given by

1—

N
2

2
reg)

uw(@) = 101" 1), (2.7)

for || near 0, and then extended to an even function on S! (i.e., we define u,, near & =0 and then
extend it to an even function on S!). We have then, for an even integer n = 0,

X ; 2%
i, () =/uw(9)e—’”9 do=_—="_

rige)

AT+ (fwom)], (2.8)
sl
where r(f, w,n) is a holomorphic function in w for every n, which is decaying at least as |n|~! for

every fixed f and w. Moreover, the function r has an asymptotic expansion in |n|~! with coefficients
effectively bounded in terms of w and derivatives of f. Namely, we have for any N > 1 and n #0,
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N
r(f,w,m) = c(f, W™ +ry(f, w,n), (29)
k=1

for some coefficients c,(f, w) holomorphically depending on w for a fixed f. Here the remainder
satisfies the bound

Irn(f, wom)| < Cn(f, wln| N1, (210)

for a constant Cy(f, w) depending on w and f.

The relation (2.8) is valid for Re(w) > 0, but could be extended to the whole C if we view the
family of functions u,, as a distribution analytically depending on w € C for a fixed f.

Together with the relation (2.3) and known properties of K-finite Eisenstein series (moderate
growth in the type and analyticity in s), the relation (2.8) implies that

Es(uw.€) =Y _an(E(s)) - fw(n) = Dp(s. w) + R(f. 5, w), (2.11)

where R(f,s, w) = Znsﬁo an(E(s))-r(f,w,n). Here we denote by a,(E(s)) = L(s, x—n) the correspond-
ing coefficients for the Eisenstein series. This relation holds as long as Es(uy, e) is well-defined. The
theory of smooth Eisenstein series [BK,L] implies that the value at a point for an Eisenstein series
for a non-K-finite vector is well-defined as long as the defining vector is smooth enough (e.g., be-
longs to a certain Sobolev space). In particular, Eg(uy, e) is well-defined for Re(w) > T(s) with some
T(s) € R depending on s (e.g., for unitary Eisenstein series E(s), Re(s) = 1/2, we can take T(s) =1
although this is immaterial to us). For Re(w) > T(s), the series Dg(s, w) is absolutely convergent. We
point out the crucial fact for us that the series R(f,s, w) is absolutely convergent in a bigger domain
Re(w) > T(s) — 1 as follows from the expansion (2.9) and the bound (2.10).

Hence in order to meromorphically continue the series Dg(s, w) (and as a result the series
DEg(s, w)), it is enough to analytically continue Eg(u.,e). We do this strip by strip in the variable
w for each fixed s. Analyticity in s comes from the theory of smooth Eisenstein series. We point out
that for the method we use, the meromorphic continuation of Es(u,e) is what comes naturally.
The series Dg(s, w) is used in order to translate this fact into the classical language of automorphic
functions on H.

For a Hecke-Maass cusp form ¢ in a representation ., the construction of the test vector u,, is
identical, and we have

bu,, (&) = De(p, W) + R(f, vz, W), (212)

where the function R is holomorphic in a bigger domain. This relation holds as long as ¢y, (g) is
well-defined. According to [BR], this is satisfied if the vector u,, belongs to the 1/2-Sobolev space for
the representation 7. The last condition holds if Re(w) > 1. Hence (2.12) is valid for Re(w) > 1.

2.3.3. Normalization of functions F;(n, z) and G (X, 2)

In order to construct the Dirichlet series Dg(¢, w), it seems that we have to normalize matrix
coefficients F;(n, z), and hence the coefficients a, in the expansion (1.3) (and similarly for the expan-
sion in (1.6)). In fact it is not needed. Consider any orthonormal basis {e,} of K-types, corresponding
matrix coefficients F(n, z) = (7 (g)eo, en), and the expansion (1.3) ¢(2) =), cyz anF (n, ). We have
then Dg(¢p, w) =ap+ Znezz\o an(Vw, en)x,. This expression does not depend on the choice of the ba-
sis {en}. We note that for the Eisenstein series the unfolding provides the natural choice of the basis
and hence the normalization of functions F;(n, z). In particular, we can choose the same normaliza-
tion for cusp forms as well.

The same is true for special functions G (), z) appearing in the hyperbolic expansion (1.6). Func-
tions G¢(x,z) could be defined via the generalized matrix coefficient G (X, g) = (7w (g)eo,dy),
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where d, is an explicit x-equivariant functional on the representation V. (e.g., see Section 3.3).
It is easy to write down explicitly such a functional in one of the models of the representation ;.
For example, in a line model such a functional is given essentially by the character x itself, twisted
by 7 in order to compensate for the action of A in the line model of 7r;. Hence in such a realization
the functional d, is given by the (shifted) Mellin transform.

2.4. Automorphic functionals

We now switch to a more classical language of automorphic representations of Gg = PGL(R). Let
I' =PGLy(Z) and Xgr = I' \ Gg. We will view automorphic representations through the Frobenius
reciprocity (see [BR]).

2.4.1. Cusp forms

Let e € Xg be the class of the identity element. Evaluation at this point defines a I"-invariant func-
tional on the space of smooth functions C*°(Xg). Let (;r, V, v;) be an automorphic cuspidal repre-
sentation, where V; is the space of smooth vectors of 7 and vy : V; — L%(X) is an isometry. It is
well-known that v; : V; — C°°(XRr). Hence we obtain the I'-invariant functional ¢, € Hom(V,, C)
given by £, (v) = vy (v)(e) for any v € V. The Frobenius reciprocity of Gelfand and Fomin [G6] (also
see [BR] for the quantitative version) is the isomorphism Hom¢ (V,, C*°(Xgr)) >~ Hom(V, C). Given
£ € Homp(V5, C) we obtain v, : V; — C®(XR) by ve(v)(g) =L (g)v). It is also well-known that a
cuspidal vy : V; — C®(Xg) extends to the map of Hilbert spaces v, : Ly — L%(Xg), where Ly is the
completion of V; with respect to the invariant Hermitian norm.

2.4.2. Eisenstein series

Let Es(g) be the normalized non-holomorphic Eisenstein series for PGL,(Z) as in Section 2.1.
The theory of (smooth) Eisenstein series implies that the function Es(g) generates an irreducible
(for s # 1) smooth representation Eis; C C°°(Xgr) which is isomorphic to the (generalized) princi-
pal series representation m1_ps. Hence the evaluation at e € Xr defines a I'-invariant functional
lys—1 € Hom (71125, C). The automorphic function (i.e., the automorphic realization) ¢, correspond-
ing to a vector v € Vi, _,  is given by ¢y (X) = £a5_1(7T1-25(8) V).

It is natural to view the functional £,5_1 as a (generalized) vector in the dual representation my;_1
(i.e., in the usual notations £;_1 € V;z‘i‘j] ). We have the canonical pairing (-,-) : m1_25 ® 7251 — C.
We assume that this pairing coincides with the pairing on automorphic functions given by the integral
over Xg. Hence we have (£35_1, V) =Es(v, g)lg=e for a vector v e Vy_,..

2.4.3. Hecke operators

We consider Hecke operators acting on automorphic representations of Gg. The theory of Hecke
operators provides for each integer prime p, a collection of elements y; € PGL,(Q), 0 < i < p, such
that the Hecke operator acting on the space C°°(XR) is given by

1
THHW == > fm. (213)

The Eisenstein series Es(g) is an eigenvector of an operator T, with the eigenvalue A,(s) = p2~—° +

p"%. For a cuspidal representation (7, v), we denote the corresponding eigenvalues by A, () sup-
pressing the dependence on v (in fact, if & stands for a representation of the adele group, then the
multiplicity one for automorphic representations of PGL, implies that = determines the image of v
uniquely).

The operator T, is a scalar operator on the space Eis; (or in fact on any automorphic representation
of Gr coming from an adele automorphic representation). It turns out that, as a result, the functional
£s—1 is an eigenfunctional of some operators with the same eigenvalue Ap(s) (or rather with A, (1 —
s) = Ap(s)) with respect to the usual action on the right by Gg on the automorphic representation
Eis1_s (the dual of Eiss). We emphasize that there is no group algebra “action” of T, on 7. It is acting
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as a scalar operator on the automorphic realization of 7r! The formula (2.13) does not come from
the group algebra action of PGL,(R) on Xg, but from the action of the adele group. However, on the
special vector ¢, this scalar action coincides with the action of an operator coming from the group
algebra action of PGL,(R) on 7.

2.4.4. Hecke and Frobenius

Let v:Vy; — C°°(X) be an automorphic representation. Hence a vector v € V; (in an abstract
representation 77 ) has the corresponding automorphic realization ¢, (x) = V(7w (g)v) € C®°(X). Let £, €
Hom(mr, C) be the corresponding automorphic functional given by £, (v) = v(v)(x)|x=. for any smooth
vector v € V; in . We write ¢; suppressing v and view it as a (generalized) vector in the dual
representation 7 *. We denote by (-, ) : m ® m* — C the natural pairing. We assume it coincides with
the pairing on X for automorphic realizations of 7 and 7* (at least for cuspidal v).

It turns out that the functional ¢, is an eigenfunction of some similarly looking operators with
the same eigenvalue X, (7r) with respect to the usual action of Gg on the right on functions on Xg.

Consider elements y; € Gr from the expression (2.13) for Hecke operators. Let 7p = ﬁ > yf] be

an element of the group algebra of Gg. We want to show that 7w*(7,)¢r = Ap () - £7. We have

(T (Tt v) = %;@*W)em: %;wwemv)

1 1
= 7 lZ(en, T(y)v)= [ﬁ Z V(V)(X)/i)j|

= [T (V) @] =, = Ap(T) - VV)(©) = Ap(TT) - (£, V)

for any v € V. Hence we have
1
T (Tplly = —= Y T Yi)lg =Ap(T) - L. (2.14)
p)tm \/E Z i)tmw P T

We stress again that this is not the action of the classical Hecke operator on the automorphic repre-
sentation (77, v) (since Tp acts by the scalar A, (;r) on the whole space V).
We also have (essentially from the definition)

(T (T, v) = (. T (Ty) V), (2.15)
where n(7;j) = ﬁ > i (yi) is the action of an element in the group algebra of Gg.

2.5. Approximate eigenvectors

It will be crucial for us that all elements y; appearing in the description (2.13) of Hecke opera-
tors could be chosen in the same Borel subgroup. The (convenient for us) classical choice for these

elements is yi:(f?> for0<i<p—1and yp:(ég .
The main observation is that all elements y; preserve the point # = 0 (under the natural action

on S1), the singularity of the vector u,. As a result, the vector u,, is essentially an eigenvector of the
operator 7;]. We have the following elementary

Lemma. Let 7t be a principal series representation of PGLy (R), p be an integer prime, elements y; as above,
and 7;] = p_% 3" yi be the corresponding element in the group algebra. For any o € C and a smooth function
g € C®°(S1) with a small enough support around = 0, the following relation holds:
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e (T5) (1017 - 8(0)) = Bp(T.0) - 101° gp.1.0 (0). (2.16)

where functions g, r o are smooth functions (in 6) holomorphically depending on T and o, and By(t,0) =
pi o 4 p"_%. Moreover, we have g, ¢ 5 (0) = g(0) forall T and 0.

Here we view all functions of the variable 6 (possibly depending on complex parameters T and o)
as (a family of) vectors in the representation ;r; (realized in the same model space cgs(sl), but with
the action of PGL,;(R) depending on 7).

Proof of the lemma. It is easier to write formulas in the line (or unipotent) model of 7. We recall
that the principal series representation m; of PGLy(R) with the trivial character (i.e., representation
of PGL,(IR)) has a realization in the space of functions on the real line, and the action is given by
restricting the action 7, (g) f(x) = f(g~'x)|detg|=", x € R?, on the plane to the line {x = (¢, 1)}.
Specializing to the (lower) Borel subgroup, we have

T ((g 2)) f)= f(ﬁ)l—bt—i—al"lmdl%.

Consider a vector v(0) = |0|° - g(8), 6 € S, in the circle model of the representation ;. Assume
that g is a smooth function and has small support around 6 = 0 (and hence |6|° makes sense).
Clearly, in the line model such a vector is given by v(t) = [t|° §; o (t) for some smooth function g;
supported near t =0, and depending holomorphically on 7 and o.

Hence for y; as above and f € C*°(R) supported in a small enough neighborhood of 0 € R, we have

-1 . 11
T ()L F(0) =p 77 |t fro.i(t) for 0<i <p—1, and 7r (¥p) (17 f () = p°~ 7 |t1° fr.op(D),
where functions f; s ; are smooth compactly supported functions on R (depending on 7, o and y;).
Hence we have nr(7;,’)(|t|‘7f(t)) = (p“’+% + p“‘%)ltl"gp',,g(t) for some smooth function gp ¢ o.
Taking the limit t — O on both sides, we obtain the last claim in the lemma. O

3. Meromorphic continuation

3.1.  We have the following main result

Theorem. Let E(s, z) be the classical (normalized) Eisenstein series for I' = PGL,(Z) and £»5_1 the corre-
sponding automorphic functional on the irreducible representation 11_ys of the principal series of PGL, (R).
Letuy, ; € Vy,_,, be avector such that in the line model of 1_p; it is given by uy ,(t) = [e|W=1F,(t), where
w € C, Re(w) > 1, and F; € C*°(R), is a holomorphic family (in z) of smooth functions of compact support.
Then the function defined for Re(w) > 1, by £25_1 (U 2), is @ meromorphic function in s, w and z.

The same claim holds for the function £ (u, ;) associated to a Hecke-Maass cuspidal representation .

In other words, the value at the identity for the Eisenstein series E(s, uw z, &) is a meromorphic
function in s, w and z. The same holds for the cuspidal function ¢, ,(g) evaluated at g =e.

Proof of the theorem. We first treat the case of cusp forms and then discuss a more delicate case of
the Eisenstein series. The main difference between these two cases concerns the issue of boundness
of the corresponding automorphic functional in an appropriate norm. For cusp forms, there is a clear
answer in terms of Sobolev norms provided by [BR]. For the Eisenstein series, we will use the Fourier
expansion instead.

Let {F;};cz be an analytic family of compactly supported smooth functions on R, and uy ;(t) =
[t|"~1F,(t) the corresponding family of functions which we view as an analytic family of vectors in
the line model of an appropriate representation of the principal series. Consider an automorphic cus-
pidal representation 7 =~ 7, of the principal series, and the corresponding automorphic functional ¢ .
The main theorem of [BR] claims that the functional ¢; belongs to some Sobolev space completion
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of the dual representation m* ~ w_,. This implies that the value of the corresponding automorphic
function at the identity, which is given by the pairing

Puy, (@) = (r, [t]YFL(D)),

is well-defined for Re(w) > T for some T > 0 which is large enough. Moreover, the function ¢, ,(e)
is analytic in parameters w € C and z € Z wherever it is well-defined. In fact, we can choose T =1
since the above quoted theorem from [BR] states that £, is bounded in the L?-Sobolev norm of index
o for any o > 1/2.

Consider the operator 7;’ from Lemma 2.5, and the function

gwt)=Bp(t,w—1) Uy, — 7 (TPI)(UW,Z)

This is an analytic family of vectors in the space V, . Lemma 2.5 implies (via the computation of the
germ at t = 0) that gw (t) = [t|" &p,,w,z(t), Where gp r w,, is a smooth compactly supported function
analytically depending on all parameters. Hence the function g, belongs to the Sobolev space on
which the functional ¢, is well-defined for w in a bigger region Re(w) > T — 1. This implies the
meromorphic continuation of (¢, uw ;) to a bigger strip. Namely, it follows from (2.15) and (2.14)
that

(. &w) :<e7rs Bp(t,w—1) Uy, — 7 (ﬁ)(uwz»
=Bp(T, W —1){lr, Uwz) — <7T—r(7;7)£n» uw,z>

=[BT, W= 1) = 2p(D)] - (b th 2).

The left hand side is defined for Re(w) > T — 1. Hence we obtain the meromorphic continuation of
(lx,Uw. z) to the half-plane Re(w) > T — 1 which is to the left of the half-plane Re(w) > T where
(€, uw z) was originally defined. This continuation is defined off the zero set of the function

bp(t.w—1)=Bp(T.w—1)—Ap(r) =p' "I 4+p 1HW"2 — 3 (7).

However, if wg € C is a zero of bp(t, w — 1) for a given p, we can change the prime p. For cuspidal
representations, it is well-known that not all eigenvalues of Hecke operators are of the form A,(7) =
p* + p~* for the same A € C independent of p, and hence the above argument shows that Dg(¢, w)
is holomorphic.

For the Eisenstein series, the treatment is in principle identical. The only issue we have to resolve
is the existence of an appropriate norm on the representation mps_1 with respect to which the func-
tional £2s_1 is bounded. Results form [BR] are not directly applicable in this case since it was required
there that the representation appear discretely in L2(I" \ G). One can however deduce from the the-
ory of smooth Eisenstein series (e.g., [BK] and [L]) that the functional £5_1 is bounded in a smooth
enough Sobolev norm. A more elementary treatment is also available from the Fourier expansion of
the Eisenstein series (e.g., from the fact that Fourier coefficients are at most polynomial for fixed s).
Hence the value

E(s, [t 7' F,(t). €) = (€251, 1tV ' F2(0))

is well-defined for Re(w) > T(s) with T(s) depending on s. The rest of the argument goes as in the
cuspidal case, and gives the meromorphic continuation of Dg(s, w). This continuation is defined off
the zero set of the function



A. Reznikov / Journal of Number Theory 133 (2013) 328-342 341

by(1—2s,w—1)=Bp(1 =25, w —1) — Ap(s)
— pw+sfl/2 + p7w75+1/2 _ (psq/z + pl/Zfs)_

Values of w which are zeros of all functions b,(1 — 2s, w — 1) for all primes p are w =1 and w =
2 — 2s. However, once wy is a potential pole, all values wg — j, j=0,1,2,... are potential poles due
to the iterative process of the continuation strip by strip. Hence the potential polar divisor of Dg (s, w)
is contained in the set

w=1—j and w=2-2s—j, forj=0,1,2,.... (3.1)

Using the Fourier expansion for the Eisenstein series, one can see that there are in fact poles at
w=1,2-2s. O

Remark. One can see that the main property of the test vector u,, we use is that it is essentially an
eigenvector in Vy, for a Borel subgroup. This is achieved by considering a vector which is essentially
a small piece of a multiplicative character of a torus (in that Borel subgroup). Hence it would be
more natural from the point of view of representation theory to parameterize vectors u,, by that
character and not by the “artificial” parameter w appearing in Dg (s, w). This introduces a shift by the
infinitesimal parameter of the representation. Namely, u,, corresponds to the character diag(a,a™!) —
la|~ of the diagonal subgroup, where o = —2 + 2s + 2w. Accordingly, the polar set (3.1) takes a more
symmetric form (with respect to the natural change s+~ 1—5s) x =—2+2s—2j and o = —2s — 2],
j=0,1,2,....

3.2. General CM-points

Let 3 € H be a CM-point corresponding to an imaginary quadratic field E. There exists a non-
trivial element y; € PGL,(Q) which fixes 3. Consider the connected compact subgroup K; C PGLz(R)
fixing 3. We have y; € K;. Let h PGL;(]R) be an element such that K; = h~=1PSO(2, R)h. Consider
the set S; = K; - (1,00 CR?\ 0 (i.e, S; =h~!S! for the standard circle S!). Note that we have a
rational point s; = y; - (1, 0) e S; on this ellipse. Let B; C PGL(Q) be the rational Borel subgroup
having a rational eigenvector s;. Now we can repeat our construction of the test vector u, from
Section 2.3.2. We consider the orthonormal basis {e3 = 7 (h~")en}neaz of K;-types. This allows us to
normalize corresponding matrix coefficients by Fi(n, g) = (7 (g)eg, e,ﬁ,)nr, and obtain the expansion
D@ = ez al F3(n, z) analogous to the expansion (1.3) (this is the spherical expansion of ¢ cen-
tered at 3). The corresponding test vector is given by ud, = w(h~"uy, and as a function on S; has
the singularity at the point s;. The proof that the vector u?, is an approximate eigenvector of Hecke
operators given in Section 2.5 now proceeds as before once we notice that one can choose represen-
tatives y; for a Hecke operator in the rational Borel subgroup B;. The rest of the proof of Theorem 3.1
is identical to the case we considered.

3.3. Real quadratic periods

Only a slight modification is needed in order to treat real quadratic fields, and, as is well-known,
adelically one can treat CM and real quadratic fields simultaneously.

Let £ C H be a geodesic corresponding to a real quadratic field E (the equivalence class of
such geodesics corresponds to an appropriate class group of E). There exists a non-trivial element
y¢ € PGLy(Q) fixing ¢, which is conjugate to a diagonal matrix hy,h~! = diag(u, u~1!), where u is a
unit in E. We will assume that y, generates the corresponding group of units (i.e., u is a fundamen-
tal unit), and choose two linearly independent eigenvectors vq, vy € R? of y, (note that v; ¢ Q?2).
Consider a character of the diagonal group x.(diag(a, b)) = |a/b|~%. To any such a character, we as-
sociate the equivariant functional dy : V;, — C given in the plane model by the kernel dq(x, y) =
|X|4+T/2=1/2) y|=e+T/2=1/2 (je, w_;(diag(a, b))dy = x«(diag(a, b))dy). The functional d, = 7_; (h)dg
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is ye-equivariant (i.e., satisfies w_¢ (y¢)dy = Xo (U)dy ). We consider characters x; = ;. i € Z, which
are trivial on the unit group, i.e., |[u|* =1 (this implies that «; = i1). We define then special func-
tions for the hyperbolic expansion (1.6) by G¢ (i, g) = (7w (g)eo, dy;).

Let B(Q) be a rational Borel subgroup, and £ € R\ 0 be an eigenvector of B(Q). Consider an affine
line L ¢ R? \ 0 generated by the eigenvector v of y, (it is transversal to &). We denote by 0; the
point of intersection of L with the line Rv,, and introduce the linear parameter t on L such that t =0
corresponds to O;. Let Hy, be the plane realization of the principal series representation V., (ie.,
Hy, is the space of homogeneous functions of the homogeneous degree T — 1). We restrict functions
in Hy, to the affine line L, and obtain the standard (twisted) linear fractional action of G on the line
model for ;. All elements in B(Q) are fixing the point b; = L N R&, which we assume corresponds
to t = 1. Hence we can repeat our construction by choosing Hecke operators with representatives
in B(Q), and construct the test vector uy(t) = |t — 1/"~1f(t — 1) through the coordinate t as in
Section 2.3.2. The computation of the spectral expansion of u,, with respect to df; is straightforward
since on L the functional dé coincides with the Mellin transform in t (and hence, (uw,df;) is given
essentially by the Beta function).

Acknowledgments

It is a pleasure to thank Joseph Bernstein for endless discussions concerning automorphic func-
tions, Dorian Goldfeld who suggested to study the series Dg (s, w), Roelof Bruggeman for enlightening
comments, and the referee for pointing out a mistake in an earlier draft of the paper and suggesting
another proof for the Eisenstein series.

References

[B] J. Bernstein, Analytic continuation of generalized functions with respect to a parameter, Funct. Anal. Appl. 6 (1972) 273-
285.

[BK] J. Bernstein, B. Kroetz, Smooth Frechet globalizations of Harish-Chandra modules, preprint.

[BR] J. Bernstein, A. Reznikov, Sobolev norms of automorphic functionals, Int. Math. Res. Not. 2002 (40) (2002) 2155-2174.

[BLZ] R. Bruggeman, L. Lewis, D. Zagier, Function theory related to the group PSL,(R), in: H.M. Farkas, R.C. Gunning, M.I. Knopp,
B.A. Taylor (Eds.), From Fourier Analysis and Number Theory to Radon Transforms and Geometry, In Memory of Leon
Ehrenpreis, in: Dev. Math., vol. 28, Springer-Verlag, 2013.

[Bu] D. Bump, Automorphic Forms and Representations, Cambridge University Press, 1998.

[G] P. Garrett, Standard compact periods for Eisenstein series, notes on the homepage of P. Garrett.

[G1] L Gelfand, G. Shilov, Generalized Functions, vol. 1, Academic Press, 1964.

[G6] L Gelfand, M. Graev, I. Piatetski-Shapiro, Representation Theory and Automorphic Forms, Saunders, 1969.

[Gol] D. Goldfeld, Automorphic Forms and L-Functions for the Group GL(n, R), Cambridge University Press, 2006.

[Go] A. Good, On the Taylor coefficients of cusp forms, preprint.

[GP] B. Gross, D. Prasad, Test vectors for linear forms, Math. Ann. 291 (2) (1991) 343-355.

[H] E. Hecke, Uber die Kroneckersche Grenzformel fiir reelle quadratische Kérper und die Klassenzahl relative-Abelscher Kér-
per, in: Mathematische Werke, Vandenhoeck & Ruprecht, Gottingen, 1959, pp. 198-207.

[lI]  A. Ichino, T. Ikeda, On the periods of automorphic forms on special orthogonal groups and the Gross-Prasad conjecture,
Geom. Funct. Anal. 19 (5) (2010) 1378-1425.

[JC] H. Jacquet, N. Chen, Positivity of quadratic base change L-functions, Bull. Soc. Math. France 129 (1) (2001) 33-90.

[KW] M. Kimball, D. Whitehouse, Central L-values and toric periods for GL(2), Int. Math. Res. Not. 2009 (1) (2009) 141-191.

[L] E. Lapid, A remark on Eisenstein series, in: Eisenstein Series and Its Applications, in: Progr. Math., vol. 258, Birkhduser,
2008, pp. 239-249.

[LG] A. Laurincikas, R. Garunkstis, The Lerch Zeta-Function, Kluwer Academic Publishers, Dordrecht, 2002.

[M] H. Maass, Zetafunktionen mit Grossencharakteren und Kugelfunktionen, Math. Ann. 134 (1957) 1-32.

[P]  H. Petersson, Einheitliche Begriindung der Vollstandigkeitssdtze fiir die Poincaréschen Reihen von reeller Dimension bei
beliebigen Grenzkreisgruppen von erster Art, Abh. Math. Sem. Hansischen Univ. 14 (1941) 22-60.

[R] M. Riesz, L'intégrale de Riemann-Liouville et le probléme de Cauchy, Acta Math. 81 (1949) 1-223.

[Sa] P. Sarnak, Integrals of products of eigenfunctions, Int. Math. Res. Not. 1994 (6) (1994) 251-260.

[Si] C. Siegel, Lectures on Advanced Analytic Number Theory, Tata Institute of Fundamental Research, Bombay, 1961.

[Vi] N. Vilenkin, Special Functions and the Theory of Group Representations, Transl. Math. Monogr., vol. 22, American Mathe-
matical Society, Providence, RI, 1968.

[W] J.-L. Waldspurger, Sur les valeurs de fonctions L-automorphes en leur centre de symétrie, Compos. Math. 54 (1985) 173-
242.



	Torus period coefﬁcients on PGL(2) and Dirichlet series
	1 Introduction
	1.3 Torus periods
	1.4 Cusp forms
	1.6 Hyperbolic periods
	1.8 Remarks

	2 Torus periods
	2.1 Torus periods of Eisenstein series
	2.2 Periods of cusp forms
	2.3 Test vectors
	2.3.1 The plane realization
	2.3.2 Test vectors
	2.3.3 Normalization of functions Fτ(n,z) and Gτ(χ,z)

	2.4 Automorphic functionals
	2.4.1 Cusp forms
	2.4.2 Eisenstein series
	2.4.3 Hecke operators
	2.4.4 Hecke and Frobenius

	2.5 Approximate eigenvectors

	3 Meromorphic continuation
	3.2 General CM-points
	3.3 Real quadratic periods

	Acknowledgments
	References


