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Abstract. Let L be a nilpotent algebra of class two over a compact discrete valuation

ring A of characteristic zero or of sufficiently large positive characteristic. Let q be the

residue cardinality of A. The ideal zeta function of L is a Dirichlet series enumerating

finite-index ideals of L. We prove that there is a rational function in q, qm, q−s, and

q−ms giving the ideal zeta function of the amalgamation of m copies of L over the

derived subring, for every m ≥ 1, up to an explicit factor. More generally, we prove

this for the zeta functions of nilpotent quiver representations of class two defined by

Lee and Voll, and in particular for Dirichlet series counting graded submodules of a

graded A-module. If the algebra L, or the quiver representation, is defined over Z,

then we obtain a uniform rationality result.

1. Introduction

1.1. Amalgamated powers. Let A be a commutative unital ring. The following def-

initions are tailored to the needs of this paper. An A-algebra is a free A-module L

of finite rank equipped with an A-bilinear multiplication [ , ] : L × L → L. We con-

sider nilpotent A-algebras of class at most two, namely those for which the inclusion

[L,L] ⊆ Z(L) = {x ∈ L : ∀y ∈ L, [x, y] = [y, x] = 0} holds. Here [L,L] is the image of

the multiplication map. A (two-sided) A-ideal of L is an A-submodule I ≤ L such that

[x, y] ∈ I and [y, x] ∈ I for all x ∈ I and y ∈ L. Suppose that the number a/An (L) of

A-ideals of L of index n is finite for every n ∈ N. The ideal zeta function, introduced

by Grunewald, Segal, and Smith in [16], is the Dirichlet series

ζ/AL (s) =
∑
I≤L

[L : I]−s =
∞∑
n=1

a/An (L)n−s,

where the sum in the middle term runs over A-ideals of finite index. The sequence

a/An (L) grows polynomially in n if the ring A is either finitely generated (as a Z-algebra)

or semi-local [29, Theorem 1]; in these cases, the zeta function ζ/AL (s) converges on some

right half-plane.

Denote N = {1, 2, . . . } and N0 = N ∪ {0}. Let m ∈ N, and let J ⊆ L be an ideal.

Define the (direct) amalgamated m-th power L∗mJ to be the amalgamated product of m

copies of L, with the copies of J identified. More precisely, given x ∈ L and 1 ≤ i ≤ m,

set ei(x) ∈ Lm to be the m-tuple with x in the i-th component and 0 elsewhere. Then

L∗mJ = Lm/ 〈ei(x)− ej(x) : x ∈ J, 1 ≤ i, j ≤ m〉 .
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We write L∗m for L∗m[L,L]. A motivation of this work is to study the behavior of ideal zeta

functions with respect to the operation of taking amalgamated powers.

In this paper we focus on the case where A is a discrete valuation ring that is compact

or, equivalently, complete with finite residue field. Such rings are precisely the valuation

rings of local fields [30, §II.4-5]. Let q be the residue cardinality of A. For the abelian

A-algebra An with [x, y] = 0 for all x, y ∈ An, it is known (cf. [16, Proposition 1.1]) that

(1) ζ/AAn(s) =

n−1∏
i=0

(1− qi−s)−1.

An A-Lie lattice is an A-algebra in which the multiplication is anti-symmetric and sat-

isfies the Jacobi identity. Consider now the Heisenberg Z-Lie lattice H = 〈x, y, z〉Z with

product determined by [x, y] = z and z ∈ Z(H). In this case (cf. [16, Proposition 8.4]):

(2) ζ/A(H⊗ZA)∗m(s) = ζ/AA2m(s)
1

1− q2m−(2m+1)s
.

The ideal zeta functions ζ/A(Hr⊗ZA)∗m(s), for r ∈ N, were computed by the first author [1];

while they are considerably more complicated than the right-hand side of (2), the de-

pendence on m is of the same type. See [5, §5.4] for further variations. It is thus natural

to ask whether the form of the dependence of ζ/A(H⊗ZA)∗m(s) on m exhibited in (2) is a

general phenomenon. We prove that it is.

Theorem 1.1. Let n, d ∈ N. There exists Mn,d ∈ N such that the following holds:

Let A be a compact discrete valuation ring either of characteristic zero or of char-

acteristic at least Mn,d. Let q be the residue cardinality of A. Let L be a nilpotent

A-algebra of class at most two such that L/[L,L] is a free A-module of rank n and [L,L]

is a free A-module of rank d. There exists a rational function WL ∈ Q(X,Y0, Y1, Y2)

such that

ζ/AL∗m(s) = ζ/AAmn(s)WL(q, qm, q−s, q−ms)

for all m ∈ N and all s ∈ C with Re s �m 0. The function WL may be expressed

with a denominator which is a product of factors of the form (1 −XbY a0
0 Y a1

1 Y a2
2 ) with

a0, a1, a2 ∈ N0 and b ∈ Z.

For any nilpotent A-algebra L, the ideal zeta function ζ/AL (s) may be expressed as

a rational function in q−s at least when charA = 0; see [16, Theorem 3.5] for the first

general theorem of this form. Theorem 1.1 may be viewed as a refinement of this result

that makes precise the dependence of ζ/AL∗m(s) on m; see Remark 1.4 below. The bound

on Re s in the statement of Theorem 1.1 and our other results depends on m; see the

proof of Theorem 1.12 below.

Since only one residue cardinality q is considered in Theorem 1.1, the numerator of

WL is not uniquely defined. However, if the algebra L is defined over Z, and hence may

naturally be interpreted by extension of scalars as an algebra over any compact discrete

valuation ring A, then we prove a version of Theorem 1.1 that is uniform over all such

A of sufficiently large residue characteristic.

Theorem 1.2. Let L be a nilpotent Z-algebra of class at most two, and suppose that

L/[L,L] is a free Z-module of rank n. Then there exist r, g,M ∈ N, rational functions
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W1, . . . ,Wr ∈ Q(X,Y0, Y1, Y2), which may be written with denominators of the same

form as in Theorem 1.1, and a collection of g-ary formulae ψ1, . . . , ψr in the language

of rings, such that the following holds for all compact discrete valuation rings A of

residue characteristic at least M and all m ∈ N: For all s ∈ C with Re s�m 0 we have

ζ/A(L⊗ZA)∗m(s) = ζ/AAmn(s)

r∑
i=1

mi(k)Wi(q, q
m, q−s, q−ms),

where k is the residue field of A, with q = |k| and mi(k) = |{ξ ∈ kg : k |= ψi(ξ)}|.

Remark 1.3. If L = H, then (2) fits into the framework of Theorem 1.2 as follows:

ζ/A(H⊗ZA)∗m(s) = ζ/AA2m(s)m(k)W (q, qm, q−s, q−ms),

wherem(k) = |{ξ ∈ k : k |= ψ(ξ)}| for ψ(η) = {η = 0} andW (X,Y0, Y1, Y2) = 1
1−Y 2

0 Y1Y
2
2

.

Remark 1.4. A consequence of Theorems 1.1 and 1.2 is that taking amalgamated powers

does not increase the complexity of ideal zeta functions, apart from the explicit factor

ζ/AAmn(s). More precisly, there exists an expression for ζ/AL∗m(s)/ζ/AAmn(s) having uniform

complexity for all m; we cannot exclude the possibility that it admits further cancellation

for particular values of m. Indeed, let L be a nilpotent Z-algebra of class at most two

as in Theorem 1.2. Then, for all compact discrete valuation rings A of sufficiently large

residue characteristic, the ideal zeta function ζ/AL∗m(s) has the form

ζ/AL∗m(s) = ζ/AAmn(s)

∑M
i=1 κiq

ai0m+ai1−(bi0m+bi1)s∏N
i=1(1− qci0m+ci1−(di0m+di1)s)

for suitable coefficients κi ∈ Q and aij , bij , cij , dij ∈ Z that are independent of m. Thus,

apart from the explicit factor ζ/AAmn(s), the only dependence of ζ/AL∗m(s) on m is that the

exponents of monomials appearing in the rational function are linear in m.

The hypothesis of nilpotency class at most two in our results appears to be necessary.

The ideal zeta functions ζ
/Zp

M3⊗ZZp
(s) and ζ

/Zp

(M3⊗ZZp)∗2
(s) are computed in Theorems 2.26

and 2.30 of [15]; here M3 is a certain nilpotent Z-Lie lattice of class three and M∗23 is the

amalgamation of two copies of M3 over the center. The latter function is significantly

more complex than the former, suggesting that no analogue of Theorem 1.2 applies.

The generality of Theorems 1.1 and 1.2 stands in stark contrast to the difficulty of

computing ideal zeta functions explicitly. No explicit ideal zeta functions are known for

nilpotent A-algebras of class five or greater. Even in class two, the known examples

either have small rank, such as those listed in [16, §8] and [15, §2], or have a particular

combinatorial structure rendering them tractable, such as those considered in [13, 27,

28, 33, 5]. The rational functions describing ideal zeta functions of base extensions to

compact discrete valuation rings of nilpotent Z-algebras of class two generically satisfy

functional equations upon inversion of the variables [31, Theorem C].

1.2. Counting normal subgroups. Theorem 1.2 may be interpreted in the context

of counting normal subgroups of finitely generated nilpotent groups. Indeed, let G be
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a finitely generated torsion-free nilpotent group. Grunewald, Segal, and Smith [16]

introduced the function

(3) ζ/G(s) =
∑
HEG

[G : H]−s,

where the sum runs over all normal subgroups of G of finite index. There is an Euler

decomposition ζ/G(s) =
∏
p ζ

/
G,p(s), where the product runs over all primes and ζ/G,p(s)

is defined as in (3) but counts only the normal subgroups of p-power index [16, Propo-

sition 1.3]. If G is nilpotent of class two, then L(G) = G/Z(G) × Z(G) with the mul-

tiplication [(g1Z(G), z1), (g2Z(G), z2)] = (g1g2g
−1
1 g−1

2 Z(G), z1z2) is a nilpotent Z-Lie

lattice of class two, and there is a natural correspondence between normal subgroups

of G and ideals of L(G) that preserves inclusion and index. Thus ζ/G(s) = ζ/ZL(G)(s)

and ζ/G,p(s) = ζ
/Zp

L(G)⊗ZZp
(s) for all primes p. Any class-two nilpotent Z-Lie lattice L is

isomorphic to L(G) for a suitable group G, and it is easy to see that the operation L∗m

corresponds to amalgamating m copies of G over the derived subgroup [G,G].

1.3. Comparison with related zeta functions. It is natural to ask how zeta func-

tions behave under operations on the underlying objects such as direct product, amal-

gamation, and base extension. In this light we observe that the “preservation of com-

plexity” under amalgamated powers in Remark 1.4 contrasts with behavior under base

extension: given an A-Lie lattice L and an extension B/A of rings such that B is free of

finite rank as an A-module, we may consider the restriction of scalars of L⊗A B as an

A-Lie lattice and seek to study ζ/AL⊗AB
(s). For instance, if B = Ar, then L⊗AB = Lr is

the direct product of r copies of L. It appears that the complexity of ζ/AL⊗AB
(s) grows

rapidly with rkAB. For the class of Lie lattices considered in [5, Theorem 4.21], for

instance, it is possible to express ζ/AL⊗AB
(s) as a sum of explicit combinatorially defined

functions, where the number of summands grows super-exponentially in rkAB.

Nearly the opposite behavior occurs if we consider the pro-isomorphic zeta functions

ζ∧AL (s) =
∑
M'L

[L : M ]−s,

where the sum runs over all A-Lie sublattices M ≤ L that are isomorphic to L; these

are necessarily of finite index. Let L be a nilpotent Z-Lie lattice, of arbitrary class, such

that Z(L) ≤ [L,L]. By [3, Theorem 1.3(2)] there exist formulae ψ̂1, . . . , ψ̂r and rational

functions Ŵ1, . . . , Ŵr ∈ Q(X,Y1, Y2) such that, for any number field K of degree m and

any prime p such that L⊗Z Zp is rigid in the sense of [3, Definition 3.8], we have

(4) ζ
∧Zp

(L⊗ZZp)⊗ZOK
(s) =

∏
p|p

(
r∑
i=1

m̂i(kp)Ŵi(qp, q
m
p , q

−s
p )

)
,

where the product runs over places p of K dividing p, and qp is the cardinality of the

residue field kp = OK/p. Here m̂i(kp) = |{ξ ∈ kep : kp |= ψ̂i(ξ)}|. Interpreting (4) as a

rational function in qp and q−sp , this means that the exponents of qp depend linearly on

m, while all other coefficients and exponents are independent of m.

Although [3, Theorem 1.3(2)] involves a fine Euler decomposition, whereas Theo-

rem 1.2 includes the factor ζ/AAmn(s), the two theorems and their proofs share a similar
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spirit. In both cases, the relevant zeta functions are interpreted as p-adic integrals whose

domains of integration are definable sets and integrands are powers (possibly depending

on m) of valuations of definable functions that do not depend on m. The theorems

thus become rationality and uniformity results for such integrals and are proved using

arguments from the theory of p-adic integration.

By contrast, pro-isomorphic zeta functions do not behave well under amalgamated

products. For instance, the functions ζ∧A(H⊗ZA)∗m(s) are computed in [14, Example 1.4(2)]

for m ∈ {2, 3} and [3, Theorem 5.10] in general; their complexity appears to grow

factorially with m.

1.4. Quiver representations. Our main results hold in greater generality than pre-

sented above. Let Q = (V,E) be a finite quiver, namely a directed graph, possibly

containing loops and multiple edges. Here V and E are the sets of vertices and edges of

Q, respectively. Given an edge e ∈ E, we denote its tail by t(e) and its head by h(e).

We denote [n] = {1, 2, . . . , n} for all n ∈ N.

Definition 1.5. Let A be a commutative unital ring, and let Q be a quiver.

(1) An A-representation of Q is a pair (L,f), where L = {Lv}v∈V is a family of

A-modules and f = {fe : Lt(e) → Lh(e)}e∈E is a family of A-module homomor-

phisms. We occasionally write L for (L,f), especially in subscripts.

(2) AnA-subrepresentation of (L,f) is a family Λ = {Λv ≤ Lv}v∈V ofA-submodules

such that fe(Λt(e)) ⊆ Λh(e) for every e ∈ E. Note that (Λ, {(fe)|Λt(e)
}e∈E) is an

A-representation of Q. We say that Λ has finite index in L if [Lv : Λv] <∞ for

all v ∈ V .

Quiver representations, especially over fields, have attracted considerable interest over

the last several decades; see, for instance, the expository works [4, 12]. Zeta functions of

nilpotent quiver representations over rings were introduced recently by Lee and Voll [18]:

Definition 1.6. Let A be a commutative unital ring, and let (L,f) be an A-representation

of a quiver Q = (V,E). Assume that for every (κv)v ∈ NV there are only finitely many

A-subrepresentations Λ of L such that [Lv : Λv] = κv for all v ∈ V . The zeta function

of (L,f) is the Dirichlet series

ζL(s) =
∑
Λ≤L

∏
v∈V

[Lv : Λv]
−sv ,

where the sum runs over all finite-index A-subrepresentations of (L,f), there is a com-

plex variable sv for every v ∈ V , and s = (sv)v∈V .

To avoid repeating a long string of adjectives throughout the paper, we make the

following ad hoc definitions. The representations here called admissible are, in the

terminology of [18], the homogeneous nilpotent A-representations of class at most two

that are free of finite rank.

Definition 1.7. Let Q = (V,E) be a quiver, and let A 6= 0 be a commutative unital ring.

(1) An admissible A-representation of Q is an A-representation (L,f) together with

a decomposition Lv = Lv,1 ⊕ Lv,2 for every v ∈ V , where Lv,1 and Lv,2 are free
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A-modules of finite rank, such that 0 ⊕ Lt(e),2 ⊆ ker fe and im fe ⊆ 0 ⊕ Lh(e),2

for every e ∈ E.

(2) Given an admissible A-representation (L,f), set n(v, i) = rkALv,i for v ∈ V and

i ∈ [2]. The rank vector of (L,f) is n(L,f) = (n(v, 1), n(v, 2))v∈V ∈ (N2
0)V .

Remark 1.8. Let L be a nilpotent A-algebra of class at most two, and let [L,L] ⊆
J ⊆ Z(L) be an ideal such that J and L/J are free A-modules of finite rank. Let

(b1, . . . , bn+d) be an A-basis of L such that J = 〈bn+1, . . . , bn+d〉A. Set L1 = 〈b1, . . . , bn〉A
and L2 = J . Consider the quiver consisting of a single vertex v0 and 2n loops. It has

an admissible A-representation (L,f), where Lv0 = L = L1 ⊕ L2 (the equality is one

of A-modules), and the 2n maps fe : L → L are the left and right multiplications by

b1, . . . , bn. It is clear that ζ/AL (s) = ζL(s).

Further important examples of quiver representation zeta functions are Dirichlet series

enumerating graded ideals of a graded A-algebra and submodules of an A-algebra that

are invariant under the action of a collection of endomorphisms [25, 26, 32]. Indeed,

quiver representation zeta functions are equivalent to the class of Dirichlet series counting

graded submodules invariant under a collection of endomorphisms [18, §1.3.3].

Let Q = (V,E) be a quiver and m ∈ N. Set Q∗m = (V,E × [m]), where t(e, i) = t(e)

and h(e, i) = h(e) for every i ∈ [m]. Informally, the vertex set of Q∗m is the same as

that of Q, but every edge of Q is replaced by m edges with the same tail and head.

Definition 1.9. Let (L,f) be an admissible A-representation of Q and m ∈ N. The amal-

gamated m-th power of (L,f) is the following admissible A-representation (L∗m,f∗m)

of Q∗m. For every v ∈ V , set L∗mv = (Lv,1)m ⊕ Lv,2 and put L∗m = {L∗mv }v∈V . For

every e ∈ E and i ∈ [m], define the map fe,i : L
∗m
t(e) → L∗mh(e) to be fe on the i-th compo-

nent of Lmt(e),1 and zero on the remaining components of L∗mt(e). Then f∗m is the family

{fe,i}(e,i)∈E×[m].

Remark 1.10. The previous definition is compatible with the notion of amalgamated

powers of A-algebras via the dictionary of Remark 1.8. Indeed, if (L,f) is the quiver

representation defined there, then ζ(L∗m,f∗m) = ζ/AL∗mJ
.

We can now state our main results in terms of zeta functions of quiver representations.

Theorem 1.11. Let Q = (V,E) be a quiver, and let n ∈ (N2
0)V . There exists Mn ∈ N

such that the following holds:

Let A be a compact discrete valuation ring either of characteristic zero or of charac-

teristic at least Mn, and let q be its residue cardinality. Let (L,f) be any admissible

A-representation of Q with rank vector n(L,f) = n. There exists a rational function

WL ∈ Q(X,Y0,Y1,Y2), where Y1 = (Y1,v)v∈V and Y2 = (Y2,v)v∈V , such that

ζL∗m(s) =

(∏
v∈V

ζ/A
Amn(v,1)(sv)

)
WL(q, qm, (q−sv , q−msv)v∈V )

for all m ∈ N and all s ∈ CV with Re sv �m 0 for all v ∈ V . The rational function

WL may be expressed over a denominator which is a product of factors having the form

(1−XbY a0
0

∏
v∈V (Y

a1,v
1,v Y

a2,v
2,v )) with a0, a1,v, a2,v ∈ N0 and b ∈ Z.
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We emphasize that the bound Mn in Theorem 1.11 depends only on the rank vector

n, not on the representation (L,f) or on m.

Given a Z-representation L of Q, we may naturally extend scalars to any ring A to ob-

tain an A-representation L⊗ZA of Q; see, for instance, [18, §1.1]. Zeta functions of base

extensions to compact discrete valuation rings of admissible quiver Z-representations

generically satisfy functional equations [18, Theorem 1.7], generalizing the result for

ideal zeta functions mentioned above. By Remark 1.10 the following claim generalizes

Theorem 1.2, just as Theorem 1.11 generalizes Theorem 1.1.

Theorem 1.12. Let (L,f) be an admissible Z-representation of a quiver Q. There

exist r, g,M ∈ N, rational functions W1, . . . ,Wr ∈ Q(X,Y0,Y1,Y2), and a collection

of g-ary formulae ψ1, . . . , ψr in the language of rings, such that the following holds for

all compact discrete valuation rings A of residue characteristic at least M and for all

m ∈ N: for all s ∈ CV such that Re sv �m 0 for all v ∈ V we have

ζ(L⊗ZA)∗m(s) =

(∏
v∈V

ζ/A
Amn(v,1)(sv)

)
r∑
i=1

mi(k)Wi(q, q
m, (q−sv , q−msv)v∈V ),

where k is the residue field of A, with q = |k| and mi(k) = |{ξ ∈ kg : k |= ψi(ξ)}|.
Moreover, there exists a universal bound M = Mn that works for all admissible Z-

representations (L,f) of Q with fixed rank vector n(L,f) = n.

1.5. Structure of the paper. In Section 2 below we obtain three auxiliary results on

which the proofs of our main theorems rely. Proposition 2.1 states that certain p-adic

integrals, over a fixed local field, are expressed by rational functions. Proposition 2.2

is a uniformity result for p-adic integrals of a particular type, whereas the crucial com-

binatorial Lemma 2.3 counts A-submodules Λ of a direct product Lm such that the

sum of the projections of Λ to the components of Lm is a fixed submodule of L. In

Section 3 we carry out the program outlined in Section 1.3 above by expressing the zeta

functions of amalgamated powers of admissible quiver representations as p-adic integrals

and applying the results of Section 2 to prove Theorems 1.11 and 1.12.

2. Preliminaries

2.1. A rationality result. Let Loc denote the collection of pairs (F, πF ), where F is

a non-Archimedean local field with normalized additive valuation vF and πF ∈ F is a

uniformizer; we will generally omit πF in the notation. Write OF for the valuation ring

of F ∈ Loc, and let kF = OF /(πF ) be the residue field and qF = |kF | its cardinality. The

multiplicative valuation on F is given by |x|F = q
−vF (x)
F for x ∈ F . For every n ∈ N, we

denote by µF the Haar measure on Fn normalized so that µF (OnF ) = 1. Given M ∈ N,

let LocM ⊂ Loc denote the collection of F ∈ Loc with char kF ≥ M . Let Loc0 ⊂ Loc

denote the collection of local fields of characteristic zero.

Let F ∈ Loc0. A set Y ⊂ F ` is semi-algebraic [11, Definition 1.2] if it may be

constructed from sets of the form {x ∈ F ` : ∃z ∈ F, f(x) = zn}, where n ≥ 2 and

f ∈ F [x1, . . . , x`], by taking finitely many unions, intersections, and complements. By

Theorem 1.3 and Lemma 2.1 of [11], a set Y ⊂ F ` is semi-algebraic if and only if Y is
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definable in Macintyre’s language [21]. A function is called semi-algebraic if its graph is

a semi-algebraic set [11, Remark 1.5].

The following claim generalizes Denef’s classical rationality theorem [10, Theorem 7.4].

We say that S ⊂ Rn is a generalized right half-space if (s1, . . . , sn) ∈ S implies that

(s′1, . . . , s
′
n) ∈ S whenever s′i ≥ si for all i ∈ [n]. If s = (s1, . . . , sn) ∈ Cn, we denote

Re s = (Re s1, . . . ,Re sn) ∈ Rn.

Proposition 2.1. Let F ∈ Loc0, let Y ⊂ F ` be a semi-algebraic set, and consider semi-

algebraic functions f0, f1, . . . , fn : Y → F . If there exists a generalized right half-space

S ⊂ Rn such that the function

I(s1, . . . , sn) =

∫
Y
|f0(y)|F |f1(y)|s1F · · · |fn(y)|snF dµF

is defined for all s = (s1, . . . , sn) ∈ Cn with Re s ∈ S, then I(s1, . . . , sn) is a rational

function in the variables q−s1F , . . . , q−snF . The denominator may be expressed as a product

of factors of the form (1 − q−a0−a1s1−···−ansnF ) with (a1, . . . , an) ∈ Nn0 and a0 ∈ Z such

that (a0, . . . , an) 6= (0, . . . , 0).

Proof. We imitate the proof of [8, Corollary 15], which is our claim in the case n = 1.

For every t ∈ N set

O(t)
F = {πvF (1 + πtFα) : v ∈ N0, α ∈ OF } ⊂ OF .

By [8, Theorem 7] there is a finite partition of Y into semi-algebraic parts such that each

part B either has measure zero (this corresponds to the map g being a composition of

bijections that include maps of the type f0, in the notation of [8, Theorem 8]), or there

exists a bijective semi-algebraic function ϕ : (O(t)
F )` → B such that, for every 0 ≤ j ≤ n,

we have vF (fj(ϕ(x))) = vF
(
βj
∏`
i=1 x

µij
i

)
for some βj ∈ F and (µ1j , . . . , µ`j) ∈ Z`.

Moreover, the valuation of the Jacobian determinant of ϕ has the same form. Thus,

possibly adjusting the integers µi0 to absorb the Jacobian, we decompose I(s1, . . . , sn)

into a sum of finitely many integrals of the form∫
(O(t)

F )`

∣∣∣∣∣β0

∏̀
i=1

xµi0i

∣∣∣∣∣
F

n∏
j=1

∣∣∣∣∣βj ∏̀
i=1

x
µij
i

∣∣∣∣∣
sj

F

dµF .

Since the integrand decomposes into a product of factors depending on a single variable

xi, we may assume without loss of generality that ` = 1. Then we obtain the integral∫
O(t)

F

|β0x
µ0 |F

n∏
j=1

|βjxµj |
sj
F dµF (x) =

∞∑
v=0

µF (πvF (1 + πtFOF ))|β0|F
n∏
j=1

|βj |
sj
F q
−v(µ0+µ1s1+···µnsn)
F =

q−tF |β0|F
∏n
j=1 |βj |

sj
F

1− q−1−µ0−
∑n

j=1 µjsj
F

=
q
−t−vF (β0)−

∑n
j=1 vF (βj)sj

F

1− q−1−µ0−
∑n

j=1 µjsj
F

.

Here the second equality follows by our assumptions regarding the convergence of

I(s1, . . . , sn). Note that all terms of the series above are positive when (s1, . . . , sn) ∈ Rn,
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so we must have µj ≥ 0 for all j ∈ [n]. Moreover, if µj = 0 for all j ∈ [n], then µ0+1 > 0.

This completes the proof. �

2.2. A uniformity result. The rationality result of Proposition 2.1 may be upgraded

to a claim providing uniformity as F varies over all local fields of sufficiently large residue

characteristic.

The Denef–Pas language LDP [24, Definition 2.3] has three sorts: the valued field sort

VF and the residue field sort RF are endowed with the language of rings with constants

0, 1, and the valued group sort VG, which we will simply call Z, is endowed with the

Presburger language of ordered abelian groups with constant symbol 0. Moreover, LDP

has two function symbols: v : VF \ {0} → VG and ac: VF → RF, interpreted as a

valuation map and an angular component map, respectively. Any formula ϕ in LDP

with c1 free VF-variables, c2 free RF-variables, and c3 free Z-variables yields a subset

ϕ(F ) ⊆ F c1×kc2F ×Zc3 for any F ∈ Loc. A collection X = (XF )F∈LocM with XF = ϕ(F )

and M ∈ N is called an LDP-definable set. A collection of functions f = (fF : XF →
YF )F∈LocM is called an LDP-definable function if the associated collection of graphs is

an LDP-definable set.

Proposition 2.2. Let Y = (YF )F be an LDP-definable subset of VFc, let n ∈ N, and

let Φ0,Φ1, . . . ,Φn : Y → Z be LDP-definable functions. Suppose that there exists a gen-

eralized right half-space S ⊂ Rn and M ∈ N such that for all F ∈ LocM the inte-

gral
∫
YF
q

Φ0(y)+Φ1(y)s1+···+Φn(y)sn
F dµF converges for all s = (s1, . . . , sn) ∈ Cn satisfying

Re s ∈ S.

Then there exist r, g,M ′ ∈ N, a collection of g-ary formulae ψ1, . . . , ψr in the language

of rings, and rational functions W1, ...,Wr ∈ Q(X,Y1, . . . , Yn) such that the following

holds for all F ∈ LocM ′ and all s ∈ Cn satisfying Re s ∈ S:∫
YF

q
Φ0(y)+Φ1(y)s1+···+Φn(y)sn
F dµF =

r∑
i=1

mi(kF ) ·Wi(qF , q
−s1
F , . . . , q−snF ),

where mi(kF ) denotes the cardinality of the set {ξ ∈ kgF : kF |= ψi(ξ)} for all i ∈ [r].

Moreover, for each i ∈ [r] the denominator of Wi is a product of factors of the form

(1−Xa0Y a1
1 · · ·Y an

n ) for (a1, . . . , an) ∈ Nn0 and a0 ∈ Z such that (a0, . . . , an) 6= (0, . . . , 0).

Proof. The case n = 1 is [2, Theorem B]. The case n = 2 is [3, Theorem 4.1]; its

proof, like that of Proposition 2.1, uses rectilinearlization ([6, Theorem 2] and [7, The-

orem 2.1.9]). Moreover, it generalizes in an obvious way to arbitrary n ∈ N. �

2.3. A combinatorial lemma. The following observation is key to the method of this

paper. Let A be a compact discrete valuation ring.

Lemma 2.3. Let m,n ∈ N, and let Ω be a free A-module of rank mn. Suppose that we

are given a decomposition Ω = Ω1⊕· · ·⊕Ωm and an A-module isomorphism ϕi : Ωi → An

for every i ∈ [m]. Let πi : Ω→ Ωi be the projection onto the i-th component. For every

finite-index A-submodule H ≤ An, let SH be the set of finite-index A-submodules Λ ≤ Ω

such that
∑m

i=1 ϕi(πi(Λ)) = H. Then∑
Λ∈SH

[Ω : Λ]−s =
ζ/AAmn(s)

ζ/AAn(ms)
[An : H]−ms.



10 TOMER BAUER AND MICHAEL M. SCHEIN

Proof. Fix a uniformizer π ∈ A. There exists an A-basis (β1, . . . , βn) of An and integers

ν1, . . . , νn ∈ N0 such that H is the A-linear span of {πν1β1, . . . , π
νnβn}. Set β

(i)
j =

ϕ−1
i (βj) for every i ∈ [m] and j ∈ [n]. Then {β(i)

j : (i, j) ∈ [m]× [n]} is an A-basis of Ω.

Consider the A-module endomorphism ψ : Ω→ Ω determined by ψ(β
(i)
j ) = πνjβ

(i)
j . Let

ψ̃ be the endomorphism of An given by ψ̃(βj) = πνjβj . For any finite-index A-submodule

Λ ≤ Ω, it is clear that

m∑
i=1

ϕi(πi(ψ(Λ))) = ψ̃

(
m∑
i=1

ϕi(πi(Λ))

)
.

In particular, since ψ̃(An) = H, the map ψ induces a map SAn → SH . This map is

injective since ψ is. Moreover, it is easy to see that if Λ ≤ H, then there exists an

A-submodule Λ′ ≤ Ω satisfying Λ = ψ(Λ′). Thus ψ induces a bijection between SAn

and SH . Moreover,

[Ω : ψ(Λ)] = q
∑m

i=1

∑n
j=1 νj [Ω : Λ] = qm

∑n
j=1 νj [Ω : Λ] = [An : H]m[Ω : Λ]

for any A-submodule Λ ≤ Ω. Hence

(5)
∑

Λ∈SH

[Ω : Λ]−s = [An : H]−ms
∑

Λ∈SAn

[Ω : Λ]−s.

We conclude that

(6) ζ/AAmn(s) =
∑
Λ≤Ω

[Ω : Λ]−s =
∑
H≤An

∑
Λ∈SH

[Ω : Λ]−s =

 ∑
H≤An

[An : H]−ms

 ∑
Λ∈SAn

[Ω : Λ]−s

 = ζ/AAn(ms)
∑

Λ∈SAn

[Ω : Λ]−s.

where the sums run over finite-index submodules. The claim is immediate from (5)

and (6). �

Remark 2.4. In the case m = 1, Lemma 2.3 is a special case of [5, Proposition 4.2],

which is proved by a similar argument. A mutual generalization of Lemma 2.3 and [5,

Proposition 4.2] is readily obtained, but we do not state it as we shall not need it in this

paper.

3. Quiver representation zeta functions and p-adic integration

Fix a quiver Q = (V,E). Throughout this section, A is a compact discrete valuation

ring with a fixed uniform residue field of cardinality q.

3.1. Rewriting the zeta function. Let (L,f) be an admissible A-representation of

the quiver Q. For i ∈ [2], define Li to be the family (Lv,i)v∈V . Given two families

H = (Hv) and H ′ = (H ′v), we write H ≤H ′ if Hv ≤ H ′v is a finite-index A-submodule

for all v. For H ≤ L1 and v ∈ V , set

f(H)v =
∑
e∈E
h(e)=v

fe(Ht(e)) ≤ Lv,2.
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This defines a family f(H) ≤ L2. Recall the rank vector n(L,f) from Definition 1.7.

The following claim, for which admissibility is essential, is the analogue for quiver rep-

resentations of [16, Lemma 6.1].

Lemma 3.1. Let (L,f) be an admissible A-representation of Q with rank vector n.

Then

ζL(s) =
∑

H≤L1

∑
M≤L2

f(H)≤M

(∏
v∈V

[Lv,1 : Hv]
−sv [Lv,2 : Mv]

n(v,1)−sv

)
.

Proof. A square matrix with entries in A is said to be in Hermite normal form if it is

upper triangular, the diagonal elements are powers of π, and the entries in a column

above a diagonal element πj lie in a fixed set of coset representatives of A/πjA. For

every v ∈ V , let bv,1 and bv,2 be A-bases of Lv,1 and Lv,2, respectively. Concatenate

them to obtain an A-basis of Lv. For every finite-index A-submodule Λv ≤ Lv, there

exists a unique matrix Mat(Λv) in Hermite normal form such that Λv is spanned by the

rows of Mat(Λv), viewed as elements of Lv with respect to the chosen basis; see, for

instance, [20, Theorem 22.1]. Consider Mat(Λv) as a block matrix

Mat(Λv) =

(
Mat(Hv) Cv

0 Mat(Mv)

)
,

where Cv is an n(v, 1)×n(v, 2) matrix with entries in A, while Hv ≤ Lv,1 and Mv ≤ Lv,2
are finite-index A-submodules. It is clear that Λ = (Λv)v∈V is an A-subrepresentation

of L if and only if f(H) ≤ M . Clearly [Lv : Λv] = [Lv,1 : Hv][Lv,2 : Mv], and, given

Hv and Mv, the Hermite normal form admits [Lv,2 : Mv] possible choices for each of the

n(v, 1) rows of Cv. The claim follows. �

The next proposition allows us to rewrite the zeta function ζL∗m(s) as a product of

an explicit factor and an infinite sum in which only the summands depend on m, but

the set parametrizing them is independent of m.

Proposition 3.2. Let (L,f) be an admissible A-representation of Q with rank vector

n, and let m ∈ N. Then

ζL∗m(s) =

(∏
v∈V

ζ/A
Amn(v,1)(sv)

ζ/A
An(v,1)(msv)

) ∑
H≤L1

∑
M≤L2

f(H)≤M

(∏
v∈V

[Lv,1 : Hv]
−msv [Lv,2 : Mv]

mn(v,1)−sv

)
.

Proof. For v ∈ V and i ∈ [m], let πv,i : L
m
v,1 → Lv,1 be the projection onto the i-th

component and let ϕv,i : πv,i(L
m
v,1)

∼→ Lv,1 be the natural identification, so that for each

v we are in the setup of Lemma 2.3 with Ω = (L∗m)v,1 = Lmv,1. By Lemma 3.1 we have

(7) ζL∗m(s) =
∑

Λ≤Lm
1

∑
M≤L2

f∗m(Λ)≤M

(∏
v∈V

[Lmv,1 : Λv]
−sv [Lv,2 : Mv]

mn(v,1)−sv

)
.

Given Λ ≤ Lm1 , set S(Λ)v =
∑m

i=1 ϕv,i(πv,i(Λv)) for every v ∈ V . Observe that

f∗m(Λ)v =
∑
e∈E
h(e)=v

m∑
i=1

fe,i(Λt(e)) =
∑
e∈E
h(e)=v

fe

(
m∑
i=1

ϕt(e),i(πt(e),i(Λt(e)))

)
= f(S(Λ))v.
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Hence the right-hand side of (7) may be expressed as∑
H≤L1

∑
M≤L2

f(H)≤M

∑
Λ≤Lm

1
S(Λ)=H

(∏
v∈V

[Lmv,1 : Λv]
−sv [Lv,2 : Mv]

mn(v,1)−sv

)
.

Our claim follows from Lemma 2.3, since S(Λ) = H if and only if Λv ∈ SHv for all

v ∈ V in the notation of that lemma. �

3.2. Restatement in terms of p-adic integrals. Let F be the fraction field of A, and

fix a uniformizer π ∈ A. Then (F, π) ∈ Loc and A = OF . Let (L,f) be an admissible

A-representation of Q with rank vector n, and consider the infinite sum

(8)
∑

H≤L1

∑
M≤L2

f(H)≤M

(∏
v∈V

[Lv,1 : Hv]
−msv [Lv,2 : Mv]

mn(v,1)−sv

)
,

which by Proposition 3.2 is equal to ζL∗m(s) up to an explicit factor. Our aim is to

express it as a p-adic integral to which the results of Section 2 are applicable. This type

of argument, for sums running over subgroups, was introduced in [16, §2].

Definition 3.3. Let U be a free A-module of rank r with a fixed basis (b1, . . . , br). Set

Ui = 〈bi, . . . , br〉A for every i ∈ [r + 1]. In particular, Ur+1 = 0. If M ≤ U is a

finite-index A-submodule, we say that an A-basis (c1, . . . , cr) of M is a good basis if

〈ci, . . . , cr〉A =M∩ Ui for every i ∈ [r].

Consider the additive algebraic group Tr of upper triangular r × r matrices, defined

over Z. For any F ∈ Loc we identify Tr(F ) with F (r+1
2 ) in the natural way and let

µF be the additively invariant measure on Tr(F ) normalized so that µF (Tr(OF )) = 1.

For M ≤ U as above, let T (M) ⊂ Tr(A) be the set of all matrices C ∈ Tr(A) such

that the rows of C, interpreted as elements of U with respect to the A-basis (b1, . . . , br),

constitute a good basis of M. The following claim is the analogue in our setting of [19,

Lemma 15.1.1]; see also [16, Lemma 2.5].

Lemma 3.4. Let U be a free A-module of rank r, and let M ≤ U be an A-submodule

of finite index. Then T (M) is an open subset of Tr(A) and

µF (T (M)) = (1− q−1)rq−
∑r

i=1 iλi ,

where λi, for all i ∈ [r], is determined by qλi = [Ui : (M∩ Ui) + Ui+1]. Moreover, for

any C = (cij) ∈ T (M) the following holds:

[U :M] = qλ1+···+λr =

r∏
i=1

|cii|−1
F .

Proof. We construct T (M) inductively from the bottom row up. For any i ∈ [r] the

i-th row of a matrix C ∈ T (M) necessarily has a leading term of additive valuation

vF (cii) = λi. This implies the second part of our claim, since [U : M] = | detC|−1
F for

any C ∈ T (M). If the lower rows of C have been constructed already, then the i-th

row is well-defined modulo addition of A-multiples of the lower rows. Thus the set of
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possible matrix entries cii has measure (1 − q−1)q−λi in F , whereas the set of possible

(r − i)-tuples (ci,i+1, . . . , cir) has measure q−(λi+1+···+λr) in F r−i. �

For every v ∈ V , fix A-bases bv = (bv1, . . . , b
v
n(v,1)) of Lv,1 and βv = (βv1 , . . . , β

v
n(v,2))

of Lv,2. Having chosen these bases, given families H ≤ L1 and M ≤ L2 we can

define good bases of Hv and Mv for every v ∈ V . For every edge e ∈ E and for

every (i, j) ∈ [n(t(e), 1)] × [n(h(e), 2)] let aeij ∈ A be the structure constants satisfying

fe(b
t(e)
i ) =

∑n(h(e),2)
j=1 aeijβ

h(e)
j .

Definition 3.5. Let YL be the set of tuples

(Cv,1, Cv,2)v ∈
∏
v∈V

(Tn(v,1)(F )× Tn(v,2)(F )) =
∏
v∈V

(
F (n(v,1)+1

2 )+(n(v,2)+1
2 )

)
such that the A-linear spans of the rows of Cv,1 = (cv,1ij ) and Cv,2 = (cv,2ij ), with respect

to the bases bv and βv, are finite-index A-submodules Hv ≤ Lv,1 and Mv ≤ Lv,2,

respectively, satisfying f(H) ≤M . Equivalently, (Cv,1, Cv,2)v ∈ YL if and only if the

following conditions are satisfied:

• vF (cv,`ij ) ≥ 0 for all v ∈ V and ` ∈ {1, 2} and 1 ≤ i ≤ j ≤ n(v, `).

• detCv,` 6= 0 for all v ∈ V and ` ∈ {1, 2}.
• For all e ∈ E and (i, j) ∈ [n(t(e), 1)]× [n(h(e), 2)] there exists deij ∈ F such that

vF (deij) ≥ 0 and the following holds for all (i, k) ∈ [n(t(e), 1)]× [n(h(e), 2)]:

n(t(e),1)∑
`=i

c
t(e),1
i` ae`k =

k∑
j=1

deijc
h(e),2
jk .

It is clear that the conditions of Definition 3.5 can be expressed by an LDP-formula

ψ((Cv,1, Cv,2)v) that depends only on the quiver Q, the rank vector n(L), and the

structure constants aeij ∈ A. Observe that

(9) YL =
⋃

H≤L1

⋃
M≤L2

f(H)≤M

∏
v∈V

T (Hv)× T (Mv),

where the union is disjoint. Thus the expression (8) may be rewritten as

(10)
∑

H≤L1

∑
M≤L2

f(H)≤M

∏
v∈V

∫
T (Hv)×T (Mv)

[Lv,1 : Hv]
−msv [Lv,2 : Mv]

mn(v,1)−sv

µF (T (Hv)) · µF (T (Mv))
dµF .

Lemma 3.6. Let (L,f) be an admissible A-representation of Q with rank vector n.

Then

ζL∗m(s) =
∏
v∈V

(
ζ/A
Amn(v,1)(sv)

ζ/A
An(v,1)(msv)

(1− q−1)−(n(v,1)+n(v,2))

)
×

∫
YL

∏
v∈V

n(v,1)∏
i=1

|cv,1ii |
msv−i
F

n(v,2)∏
j=1

|cv,2jj |
sv−mn(v,1)−j
F

 dµF .

Proof. The equality follows from Proposition 3.2 and the observation (9), after substi-

tuting the claims of Lemma 3.4 into (10). �
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3.3. Proof of Theorem 1.12. Let (L,f) be an admissible Z-representation of Q. For

every v ∈ V , fix Z-bases bv of Lv,1 and βv of Lv,2. Recall the structure constants aeij ∈ Z
for e ∈ E and (i, j) ∈ [n(t(e), 1)]×[n(h(e), 2)]. For every F ∈ Loc, the OF -representation

L⊗Z OF is determined by the constants aeij , interpreted as elements of OF . Set

YF = YL⊗ZOF
=

{
(Cv,1, Cv,2)v ∈

∏
v∈V

(
F (n(v,1)+1

2 )+(n(v,2)+1
2 )

)
: F |= ψ((Cv,1, Cv,2)v)

}
as in Definition 3.5. The collection Y = (YF )F∈Loc is then an LDP-definable set.

We treat m as a formal complex variable and apply Proposition 2.2 to the statement

of Lemma 3.6, where we take n = 2|V | + 1 and the variables s1, . . . , sn to be −m in

addition to sv and msv for all v ∈ V . To see that the hypotheses of Proposition 2.2

are satisfied, set O = O(n(v,1)+1
2 )+(n(v,2)+1

2 )
F and note that the integrand of the integral in

Lemma 3.6 is positive if the sv are real. In this case the integral is bounded by∫
O

∏
v∈V

n(v,1)∏
i=1

|cv,1ii |
msv−i
F

n(v,2)∏
j=1

|cv,2jj |
sv−mn(v,1)−j
F

 dµF ,

which converges when msv − n(v, 1) > 0 and sv −mn(v, 1)− n(v, 2) > 0 for all v ∈ V .

Thus the integral converges for all s ∈ C2|V |+1 such that Re s lies in the generalized half-

space cut out by the conditions Remsv > n(v, 1) and Re sv + n(v, 1)Re (−m) > n(v, 2).

These are satisfied, for instance, when Re sv > mn(v, 1) + n(v, 2) for all v ∈ V .

By Proposition 2.2 we conclude that there exists M ∈ N, depending on (L,f), such

that for all F ∈ LocM we have

(11) ζ(L⊗ZOF )∗m(s) =

∏
v∈V

 ζ/OF

Omn(v,1)
F

(sv)

ζ/OF

On(v,1)
F

(msv)
·

q
n(v,1)+n(v,2)
F

(qF − 1)n(v,1)+n(v,2)

 · r∑
i=1

mi(kF ) ·W̃i(qF , q
m
F , (q

−sv
F , q−msvF )v∈V )

for rational functions W̃1, . . . , W̃r ∈ Q(X,Y0, (Y1,v, Y2,v)v∈V ) and for g-ary formulae

ψ1, . . . , ψr, where mi(kF ) = |{ξ ∈ kgF : kF |= ψi(ξ)}|. Here qF is the cardinality of

the residue field kF of F . Set

Wi(X,Y0,Y1,Y2) = W̃i(X,Y0,Y1,Y2)
∏
v∈V

( −X
1−X

)n(v,1)+n(v,2)

·
n(v,1)−1∏
j=0

(1−XjY2,v)

.
Recall that any complete discrete valuation ring with finite residue field is the valuation

ring of a local field. We deduce from (1) and (11) that these rational functions, and the

formulae ψ1, . . . , ψr, satisfy the statement of Theorem 1.12.

It remains to show that the bound M on the residue characteristic may be chosen in

a way that depends only on the rank vector n; this will be done in Remark 3.8 below.

Remark 3.7. The argument above relies on Proposition 2.2, whose proof in turn uses

relatively recent uniformity results as in [7] to obtain a statement holding for all compact

discrete valuation rings A of sufficiently large residue characteristic. Weaker versions

of the theorem can be obtained by the same argument, using older uniformity results;
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for instance, the original work of Denef [10], as well as [22, 24], considered A = Zp
for sufficiently large p, while [9] considered all A of characteristic zero with bounded

ramification.

3.4. Proof of Theorem 1.11. First let A be a compact discrete valuation ring of

characteristic zero, and let F ∈ Loc0 be its fraction field. Let (L,f) be an admissible

A-representation of Q. The domain of integration YL of Definition 3.5 is semi-algebraic

by [11, Lemma 2.1]. Hence Theorem 1.11 follows in this case by applying Proposition 2.1

to the statement of Lemma 3.6 and proceeding analogously to the end of the proof of

Theorem 1.12.

In order to treat equal-characteristic local fields of sufficiently large characteristic, we

need a bit more technology. Fix n ∈ (N2
0)V , and let Ln be the expansion of the Denef–

Pas language LDP by
∑

e∈E n(t(e), 1)n(h(e), 2) constant symbols aeij , for e ∈ E and

(i, j) ∈ [n(t(e), 1)]× [n(h(e), 2)], of the valuation ring. These will be interpreted as the

structure constants of a representation of the quiver Q. Thus, a model will be a triple

(F, πF , (L,f)), where (F, πF ) ∈ Loc, while (L,f) is an admissible OF -representation

with OF -bases bv of Lv,1 and βv of Lv,2 for every v ∈ V and arrows determined by

fe(b
t(e)
i ) =

∑n(h(e),2)
j=1 aeijβ

h(e)
j for edges e ∈ E and i ∈ [n(t(e), 1)]. Let LocRep be the set

of such triples. With these data we can define YL ⊂
∏
v∈V

(
F (n(v,1)+1

2 )+(n(v,2)+1
2 )

)
as in

Definition 3.5, and the collection {YL}(F,πF ,L)∈LocRep is an Ln-definable set.

Consider the Ln-formula ϕ
(
(Cv,1, Cv,2, Dv,1, Dv,2, tv,1, tv,2)v∈V , u

)
, where u ∈ Z and

tv,i ∈ Z, while Cv,i, Dv,i ∈ F (n(v,i)+1
2 ) for v ∈ V and i ∈ [2], expressing the following:

there exist H ≤ L1 and M ≤ L2 such that:

• [Lv,1 : Hv] = q
tv,1
F for all v ∈ V ;

• [Lv,2 : Mv] = q
tv,2
F for all v ∈ V ;

•
∏
v∈V [Lv,2,Mv]

n(v,1) = quF ;

• (Cv,1, Cv,2)v and (Dv,1, Dv,2)v are contained in
∏
v∈V (T (Hv)× T (Mv)) ⊂ YL.

More precisely, ϕ may be taken to be the conjunction of the conditions:

• (Cv,1, Cv,2)v, (D
v,1, Dv,2)v ∈ YL;

•
∑n(v,`)

i=1 vF (cv,`ii ) =
∑n(v,`)

i=1 vF (dv,`ii ) = tv,` for all v ∈ V and ` ∈ [2];

• u =
∑

v∈V n(v, 1)tv,2;

• For every v ∈ V and ` ∈ [2] there exists Bv,` ∈ Tn(v,`)(OF ) with unit diagonal

entries such that Cv,` = Bv,`Dv,`; this condition is obviously LDP-definable.

The formula ϕ affords an Ln-definable equivalence relation on YL. Set ti = (tv,i)v∈V
for i ∈ [2], and let δϕ,L,t1,t2,u be the number of equivalence classes. This is the number of

pairs (H,M), where H ≤ L1 and M ≤ L2 and f(H) ≤M , such that [Lv,1 : Hv] = q
tv,1
F

and [Lv,2 : Mv] = q
tv,2
F for all v ∈ V . By [23, Theorem 4.1.1], whose hypotheses hold

by [23, Example 2.3.7], there exists Mn ∈ N such that the Poincaré series∑
(t1,t2,u)∈N2|V |+1

0

δϕ,L,t1,t2,uT
u
0 T

tv,1
1,v T

tv,2
2,v

may be expressed as a rational function W̃L ∈ Q(T0, (T1,v, T2,v)v∈V ) with denominator of

the requisite form provided that the residue characteristic of F is at least Mn. Note that



16 TOMER BAUER AND MICHAEL M. SCHEIN

we absorb the cardinalities denoted #Y (kK) in the statement of [23, Theorem 4.1.1] into

the rational coefficients of the numerator. Alternatively, Theorem 6.1 and Corollary 6.8

of [17] may be used in place of [23, Theorem 4.1.1], with the observation that, by the

Ax–Kochen–Ershov principle, the proof of [17, Corollary 6.8] applies to all local fields

of sufficiently large positive characteristic. Hence

ζL∗m(s) =
∏
v∈V

(
ζ/A
Amn(v,1)(sv)

ζ/A
An(v,1)(msv)

)
W̃L(qm, (q−sv , q−msv)v∈V )

by Proposition 3.2, from which our claim follows.

Remark 3.8. Theorem 1.12 may also be deduced via an application of [23, Theorem 4.1.1]

as in the proof of Theorem 1.11. In fact, such an argument provides the additional in-

formation that the bound M in the statement of Theorem 1.12 depends only on the

quiver Q and the rank vector n of the representation (L,f), as claimed. We chose in

Section 3.3 above to present an argument using Proposition 2.2, to illustrate the inter-

play between the model-theoretic results we invoke and the algebraic and combinatorial

arguments. Model-theoretic claims may often be treated as “black boxes” that can be

swapped into existing proofs to obtain variants, refinements, or generalizations of their

conclusions.

In the proof of Theorem 1.11, by contrast, as far as we are aware we really need the

power of the results of [17, 23] to treat cases where A has positive characteristic.

Acknowledgements. We are very grateful to Itay Glazer, Immanuel Halupczok, Seungjai
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vol. 24, Soc. Math. France, Paris, 2012, pp. 103–144.

5. A. Carnevale, M. M. Schein, and C. Voll, Generalized Igusa functions and ideal growth of nilpotent

Lie rings, Preprint, arXiv:1903.03090.

6. R. Cluckers, Presburger sets and p-minimal fields, J. Symbolic Logic 68 (2003), 153–162.

7. R. Cluckers, J. Gordon, and I. Halupczok, Integrability of oscillatory functions on local fields: trans-

fer principles, Duke Math. J. 163 (2014), 1549–1600.

8. R. Cluckers and E. Leenknegt, Rectilinearization of semi-algebraic p-adic sets and Denef’s rationality
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