Algebraic Number Theory (88-798)
5773 Semester A
Question Sheet 9

Due 17/1/2013, 2"vwn vawa "

(1) Let 7, : Z/p"Z — Z/p" 'Z be the natural projection (reduction modulo p"~!. Let R =
I'&HZ/an be the ring of sequences (ci,ca,...) such that ¢, € Z/p"Z and m,(c,) = cp—1,
where addition and multiplication are defined term by term.

Prove that R is a local ring with maximal ideal pR, and prove that R/p"R ~ Z/p"Z for
alln > 1.
(2) Recall that Z, = {x € Q, : vp(x) > 0}. Prove that R and Z, are isomorphic as rings.
(3) Define the topology on R by giving it the weakest topology such that all the natural maps

R — Z/p"Z
(c1,¢0,...) — ¢y

are continuous. Find an isomorphism of rings between R and Z, that is also a homeomor-
phism (where Z, carries the metric topology that it inherited from Q).

(4) Let K be a field that is complete with respect to the non-Archimedean valuation | - |, and
let f(z) = apa™ + -+ + a1z + ap € KJz| be an irreducible polynomial with a,, # 0. Prove
that max{|ao|, |a1],...,|an—1l, |an|} = max{|ag|,|an|}. In particular, show that any monic
irreducible f(z) € K[x] with ap € O is automatically contained in Olx].

Hint: Hensel’s lemma.

(5) Let K be a field with respect to the valuation |- |. Let V be an n-dimensional K-vector
space. Recall that a norm on V' is a function |- |: V — R>¢ such that for all v,w € V and
a € K we have

(a) |v| =0 if and only if v = 0.
(b) Jv+w| < o]+ |w].
(©) lav] = lalle].
Let {v1,...,v,} be a basis of V, and define

llarvi + - -+ + apvp|| = max{|a1], ..., |an|}.

Prove that || - || is a norm on V.

(6) Now suppose that K is complete with respect to its valuation. Let || be an arbitrary norm
on V. Choose a basis {vi,...,v,} of V and define a norm || - || as above. The aim of the
next exercises is to show that | - | and || - || are equivalent, in the sense that they define the
same metric topology on V. For this is suffices to show that there exist constants p,p’ > 0
such that p||z|| < |z| < p'||z|| for all z € V.

Show that p’ = |v1]| + - + |vy,| works.
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(7)

To prove the existence of p, use induction on n. First prove the claim for n = 1. Now, for
each i = 1,2,...,n, let V; C V be the span of {v1,...,v;—1,0i41,...,0,}. By induction,
prove that each V; is complete with respect to the norm |- |. Deduce that | J;" (Vi + v;) is
closed in the |- |-topology. Prove that there exists p > 0 such that p < |v; +w;| for all i and
all w; € V.

Now, let = ajv1 + - - - + ayv, € V — {0} and suppose ||z|| = |ay|. Prove that p < |a; ‘|
and conclude the desired claim.
Let K be a number field, let p be a prime number, and suppose that pOx = P --- PSr.
Let Op, be the valuation ring of Kp,, the completion of K with respect to the F;-valuation.
Let M; be the maximal ideal of Op,. Show that pOp, = M;".
If K is a valued field, let kx be the residue field O/M, where O is the valuation ring of
K and M is its maximal ideal. In particular, kg, = Fp. A finite extension F/Q, is called
unramified if [kp : F,] = [F : Qp]. Prove that any unramified extension F/Q,, of degree n
is isomorphic to Q,(¢), where ¢ is a primitive (p™ — 1)-th root of unity.



