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(1) Recall that l(M) is the length of a composition series, if it exists, of a module M . If
M = M1 ⊕ M2, prove that l(M) = l(M1) + l(M2).

(2) Let R be an arbitrary ring, and let M be a simple R-module. Prove that there exists a
maximal left ideal I ⊂ R such that M ≃ R/I as R-modules.

(3) Let F be a field and n ≥ 1, and let Tn(F ) be the ring of all upper triangular n×n matrices
with entries in F . Consider Fn as a Tn(F )-module in the obvious way: if v ∈ Fn and
A ∈ Tn(F ), write v as a column and define the scalar multiplication A · v to be the product
of matrices Av. Find a composition series for Fn as a Tn(F )-module.
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