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(1) Let K be a number field (i.e. K is a finite extension of Q) and let OK be the integral
closure (הסגור השלם) of Z in K. Prove that FracOK = K.

Hint: Prove the following more precise statement. Let y ∈ K. Then cnyn + cn−1y
n−1 +

· · · + c0 = 0 for suitable n and suitable c0, . . . , cn ∈ Z. Let b = lcm(c0, . . . , cn). Show that
y = a/b for some a ∈ OK .

(2) An integral basis of K is a collection of elements β1, . . . , βn ∈ OK such that:
(a) K = β1Q + β2Q + · · · + βnQ.
(b) OK = β1Z + β2Z + · · · + βnZ.

Every number field K has an integral basis, and you may assume this. Prove that OK is a
Dedekind domain.

Hint: Let P ⊂ OK be a non-zero prime ideal. Show that P ∩ Z = pZ for some prime p.
The integral basis may help you prove that OK/P is a field.

(3) Suppose that B and B′ are transcendence bases (בסיסי נעלות) of R. Prove that they have
the same cardinality. (We did this in class for B and B′ finite).

Hint: Each element of B is algebraically dependent on a finite number of elements of B′,
and the union of these finite subsets is all of B′.

(4) Prove the Noether Normalization Lemma for arbitrary fields F .
Hint: This can be done using the following variation of the proof we saw in class for infinite

fields F . Recall that R = F [a1, . . . , an], and if tr.degF (R) < n, let f ∈ F [X1, . . . , Xn] be a
polynomial such that f(a1, . . . , an) = 0. Write

f =
∑

γi1,...,inX i1
1 · · ·X in

n .

Now let uj be the highest degree of Xj that appears in any monomial of f , and define
u = 1 + max{u1, . . . , un}. Now set

f̂ = f(X1 + Xun−1

n , X2 + Xun−2

n , . . . , Xn−1 + Xu
n , Xn)

and define ci = ai − aun−1

n for 1 ≤ i ≤ n − 1. Then f̂(c1, . . . , cn−1, an) = 0. Set R′ =
F [c1, . . . , cn−1] and define h ∈ R′[Xn] by h(Xn) = f̂(c1, . . . , cn−1, Xn). Now show that h

has an invertible leading coefficient.

חנוכה שמח!
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