PRO-ISOMORPHIC ZETA FUNCTIONS OF SOME D* LIE LATTICES
OF EVEN RANK

YIFAT MOADIM LESIMCHA AND MICHAEL M. SCHEIN

ABSTRACT. We compute the local pro-isomorphic zeta functions at all but finitely
many primes for a certain family of class-two-nilpotent Lie lattices of even rank,
parametrized by irreducible monic non-linear polynomials f(z) € Z[z]. These Lie
lattices correspond to a family of groups introduced by Grunewald and Segal. The
result is expressed in terms of a combinatorially defined family of rational functions.

1. INTRODUCTION

1.1. Pro-isomorphic zeta functions. Let G be a finitely generated group. The pro-
isomorphic zeta function of GG, which was originally introduced by Grunewald, Segal, and
Smith [14], is the Dirichlet series (5 (s) = > oy an,(G)m™*. Here s is a complex variable
and a), (G) is the (necessarily finite) number of subgroups H < G of index m such that
the profinite completion of H is isomorphic to that of G. In practice it is convenient
to interpret this series as counting linear objects. Let £ be a Z-algebra, which for our
purposes is a free Z-module of finite rank endowed with a Z-bilinear multiplication. Its
pro-isomorphic zeta function is the Dirichlet series (P(s) = > oo by (L)m™5, where
b0 (L) is the number of subalgebras M < L of index n such that M ® Z, ~ L ® 7Z,
for all primes p. An elementary but fundamental result [14, Proposition 4] is the Euler
decomposition (7 (s) = Hp Cé\vp(s), where Cé\’p(s) counts only subalgebras of p-power
index or, equivalently, Z,-subalgebras of £ ® Z, that are isomorphic to £ ® Z,. An
analogous decomposition holds for finitely generated torsion-free nilpotent groups. If G
is such a group, then there is a Lie lattice £(G), namely a Z-algebra whose multiplication
is a Lie bracket, such that (7, () = ¢4 ,(s) for all but finitely many p. If G is of class
two, then this equality holds for all primes p; see, for instance, [14, §4] and [3, §2.1].

The present work computes the pro-isomorphic zeta functions of many members of
a certain family of class-two-nilpotent Lie lattices of even rank considered by Berman,
Klopsch, and Onn [5]. This family corresponds to the representatives constructed by
Grunewald and Segal [13] of commensurability classes of D*-groups of even Hirsch
length; see Section 1.5.1 below.

1.2. Statement of results. We now present our main results more precisely. Let
A(z) € Z[z] be a primary polynomial, i.e. A(x) = f(z)¢ for an irreducible monic poly-
nomial f(z) and £ € N. If A(z) = 2" + ap_12" 1 + -+ + a17 + ap for a; € Z, recall its
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companion matrix

0 1 0 0
0 0 1 0
Ca = : : : . : € My (Z).
0 0 o .- 1
—ap —ap —az -+ —Aap-1

Let LA be the Lie lattice of rank 2n + 2 with basis x1,...,Zn, Y1, ., Yn, 21, 22 and Lie
bracket determined by the following:
o [z, xj] = [yi,y;] =0forall 1 <i,j <m
o [z;,y;] = 0i521 + (Ca)ijze for all 1 < 4,5 < n, where §;; is the Kronecker delta;
e z; and 23 lie in (and indeed span) the center of La.

We consider the case where A(z) = f(x) is an irreducible polynomial of degree n > 2
and determine Cﬁf’p(s) for all but finitely many p. Indeed, let 5 be a root of f(z) and
consider the number field Ky = Q(3). Recall that the conductor F is the largest ideal
of the ring of integers Ok, that is contained in Z[g]. For all primes p coprime to Fy, we
compute ¢ éfm(s) explicitly when n > 3. Theorem 1.4 treats the case n = 2, which was
actually treated 35 years ago, under a different name, by Grunewald, Segal, and Smith.

Moreover, we prove the following finite uniformity statement. Suppose that K is a
number field, p is a prime, and e = (ey, ..., e,) and f = (f1,..., fr) are vectors of natural
numbers. We say that p has decomposition type (e, f) in K if pOg = p{' -- - p&r, where
the p; 9 O are distinct prime ideals with residue fields of cardinality |Ox /p;| = pfi for
every 1 <14 <r. This implies that n = )., e;f;. Let 1 denote the vector (1,...,1).

Theorem 1.1. Let n > 3, and let e = (e1,...,e,) and £ = (f1,..., fr) satisfy n =
iy eifi. Consider the rational function

r Xzig] fi

1
X,Y) = — —)Hl X,Y).
Warl%,Y) 21;[1 <1 - Xfi) 1C{12... r}( ) 1 — X4ntiereifiyn+2 €QX.Y)

If f(x) € Zx] is any irreducible monic polynomial of degree n, and if the prime p is
coprime to Fy and has decomposition type (e,f) in Ky, then C£f7p(s) = Wer(p,p™*).

Moreover, if e = 1, i.e. p is unramified in Ky, then Wy ¢(X,Y") satisfies the following
functional equation:

(11) W]_’f(Xil, Y*l) _ (_1)1“4*1])977,7(21’L+4)Svv'l’f(dx'7 Y)

In fact, in (3.4) below we realize the functions Wy ¢ as specializations of combinato-
rially defined functions @, in 2" variables introduced for every r € N in Definition 2.1.
While these @, are reminiscent of some functions that have appeared recently in the lit-
erature in the context of enumerative problems arising from algebra [21, 8, 20, 18], they
do not seem to be special cases of them. Then (1.1) is immediate from Proposition 2.2,
which proves a self-reciprocity of the functions ®, under inversion of the variables.

We illustrate the explicit formulas of Theorem 1.1 in a simple example:

Corollary 1.2. Let f(z) = 2% — 2.
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(1) If p= 1mod 3 and there exist a,b € Z such that p = a® + 27b* (equivalently, if
p is totally split in Ky = Q(g@)), then
(1 — p2-5s) (1 — p13=5s)(1 — pld=5s)(1 — plb—5s)"

(2) If p = 1mod 3 and there do not exist a,b € 7 such that p = a® + 27b* (equiva-
lently, if p is inert in Ky ), then

Cyp(8) =

1
C;:\f,p(s) = (1 — pl2=5s)(1 — pl5-5s)”

(3) If p> 2 and p = 2mod 3 (equivalently, if pOr, = p1p2 with Ok, /p1 ~ F), and
(’)Kf/pg ~TF,2) then

1 — p27-10s

Crols) = (1 — pl2-55)(1 — pl3—Bs)(1 — pld—5s)(1 — plo-5%)°

(4) If p € {2,3} (equivalently, if p is totally ramified in Ky), then

. 1 4 pld=5s | pla—5s
Ly p(s) = 12—bs 15—5s) "
! (1 —=pt2=%)(1 — pto=59)

Note that the rational function governing ¢ é\f’p(s) for the ramified primes p € {2, 3}
does not satisfy a functional equation for any symmetry factor.

Remark 1.3. Observe in passing that the functional equation (1.1) satisfies [5, Conjec-
ture 1.5]. Unlike the situation for zeta functions counting subrings, ideals, and some
related structures [25, 17], it is not known in general whether local pro-isomorphic zeta
functions of nilpotent Lie lattices, even of class two, satisfy functional equations. See [4]
for an example of a Lie lattice of class four none of whose local pro-isomorphic zeta
functions satisfies a functional equation. However, Berman, Klopsch, and Onn have
conjectured, based on a study of known examples, that if £ is graded and Cgp(s) sat-
isfies a functional equation at almost all primes p, then the exponent of p~® in the
symmetry factor at almost all primes should be the weight of a minimal grading of
L; see [5] for definitions and details. Indeed, the Lie lattices £ considered above are
naturally graded in the sense of [5], and hence the weight of a minimal grading is
rkzﬁf + I‘kz[[,f, ,Cf] = (2n + 2) +2=2n+4.

1.3. The quadratic case. For completeness, we state the pro-isomorphic zeta func-
tions Cﬁﬁp(s) at all but finitely many primes when f(z) € Z[x] is an irreducible monic
quadratic polynomial. Note that there are only three decomposition types for a prime in
a quadratic number field: inert ((e,f) = ((1),(2))), totally split ((e,f) = ((1,1),(1,1)))
and totally ramified ((e,f) = ((2),(1))). The following claim is essentially due to
Grunewald, Segal, and Smith [14] and is analogous to Theorem 1.1.

Theorem 1.4. Consider the rational function

1
(1— X%Y2)(1 — XoV?2)’

W(X,Y) =
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For each of the three decomposition types (e, f) above, set Wes(X,Y) = [[/_, W(X /i, Y /i).
If flx] € Z[x] is an irreducible monic quadratic polynomial and p is coprime to Fy and
has decomposition type (e,f) in the quadratic number field Ky, then

(2, p(8) = Wer(p,p™).

For all three decomposition types, the following functional equation holds:
Wer(X 1Y) = pEict MO (X Y).

Proof. Let 1 and (2 be the roots of f(x). They are both contained in the Galois
extension K;/Q. Let H be the Heisenberg Lie lattice H = (x, v, z)z such that [z,y| = z
and the product of any other pair of generators vanishes. Consider H @z Ok, as a Lie
lattice by restriction of scalars. Since p is coprime to Fy, we have Z,[81] = Ok + ®z Ly
and it is easy to verify that there is an isomorphism ¢ : L ®z Z,, 5 (Hey OKf) ®z Ly
given by

(x1,22,y1,Y2, 21, 22) = (2@ 1,2 @ L1,y ® (=F2),y ®1,2® (—f2),2® 1).

Thus %\f’p(s) = Cﬁ@zOKf ,p(s), and the right-hand side of this equality was computed by

Grunewald, Segal, and Smith in Theorem 7.1 and Lemma 7.2 of [14]; see Theorem 5.10
and Remark 5.12 of [3] for an alternative derivation of the same explicit result. O

Observe that the local pro-isomorphic zeta functions Cﬁfvp(s) appearing in Theo-
rem 1.4 decompose as products of factors parametrized by primes of K; dividing p.
This is a special case of a general phenomenon [3, Proposition 3.14]. The Lie algebras
H ®zQ, satisfy a rigidity property [3, Definition 3.8] originally introduced by Segal [22];
as a consequence, the pro-isomorphic zeta function C;A{®OK’p(s) may be computed easily
for any number field K. Such rigidity does not hold for the Lie algebras £y ®z Q) of
Theorem 1.1; this is essentially a consequence of the arithmetic of the number field Ky,
which is larger than Q, controlling the local pro-isomorphic zeta functions ¢ é\ﬁp(s).

1.4. Overview. It is a simple but fundamental observation that computations of local
factors of pro-isomorphic zeta functions can be reduced to p-adic integrals of a certain
form. Consider the Q-Lie algebra Lan = LA ®7Q, and let Ga be its algebraic automor-
phism group. This is the algebraic group defined over Q characterized by the property
that GA(F) ~ Autg(La ®q E) for every field E of characteristic zero. Fixing the
ordered basis (z1,...,Zn,Y1,-..,Yn,21,22) of LA gives an embedding Gao < GLayo.
Now set GZ(QP) = Ga(Qp) NMap12(Zp), and let GA(Zy) = GA(Qp) NGLaop42(Zy). Let
¢ be the right Haar measure on the group Ga(Q)), normalized so that u(Ga(Zy)) = 1.
Then by [14, Proposition 3.4] we have

(1.2 aple) = [ Jdetgldn,
AP a (@) P
where | - |, is the normalized valuation on Q,. The structure of Ga, for all primary

polynomials A(z) = f(x)*, was determined by Berman, Klopsch, and Onn; see Proposi-
tion 3.1 below for the case deg f(x) > 3. When A(x) = f(x) is irreducible, the domain
of integration of (1.2) is sufficiently simple that the integral may be computed directly
using the Cartan decomposition of SLy(F') for p-adic fields F'/Q,. See Remark 3.5 for
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the reason for the restriction to the irreducible case. The earlier work cited in the proof
of Theorem 1.4 also amounts to the computation of an integral (1.2). After establishing
several preliminary results, we prove Theorem 1.1 and its corollary in Section 3 below.

The algebraic group Ga has a particularly complicated structure when A(z) is a
power of a linear polynomial. The pro-isomorphic zeta functions of LA are obtained
in [5] for A(z) = 2? and A(z) = 2? after computations substantially more involved
than the ones in Section 3; it is notable that the simplifying assumptions used in [11] to
analyze the integrals (1.2) do not hold in these cases.

1.5. Related work and questions. This section mentions some results related to our
work, as well as directions for future research.

1.5.1. D*-Lie lattices of odd rank. A D*-group is a radicable, finitely generated, class-
two-nilpotent, and torsion free group with finite Hirsch length and with a derived sub-
group of Hirsch length two. Grunewald and Segal [13, §6] classified D*-groups up to
commensurability. They showed that every D*-group has a central decomposition into
indecomposable constituents, which are unique up to isomorphism. The Lie lattices cor-
responding to indecomposable D*-groups of even Hirsch length are precisely the family
L, parametrized by primary polynomials A(z) € Z[x], that is considered in this arti-
cle. The indecomposable D*-groups of odd Hirsch length were also determined in [13].
The pro-isomorphic zeta functions of the associated Lie lattices, and indeed of a family
of Lie lattices generalizing them, were obtained by a lengthy calculation by Berman,
Klopsch, and Onn [7, Theorem 1.4]; these have a somewhat different flavor from the
functions of Theorem 1.1. The results of [7] were generalized in [3, Theorem 5.17] to the
pro-isomorphic zeta functions of the restriction of scalars to Z of the base extension of
such Lie lattices to the ring of integers of an arbitrary number field.

1.5.2. Ideal zeta functions. We note that the ideal zeta functions (7(s), namely the
Dirichlet series counting ideals of finite index in £, were computed explicitly by Voll [24,
Propositions 2 and 3] for Lie lattices £ corresponding to indecomposable D*-groups of
arbitrary Hirsch length. He also computed [26, Theorem 1.1] the ideal zeta functions of
the generalized family considered in [7].

1.5.3. General D*-groups. As mentioned above, Lie lattices corresponding to general
D*-groups arise as central amalgamations of the lattices corresponding to indecompos-
able D*-groups. The pro-isomorphic zeta function of the central amalgamation of n
copies of the Heisenberg Lie lattice H was computed in [3, Theorem 5.10]; see also [11,
§3]. The complexity of the expression obtained grows factorially with n, suggesting that
computing the pro-isomorphic zeta functions of arbitrary D*-groups remains a signif-
icant challenge. By contrast, observe that an algorithm for computing the ideal zeta
functions of arbitrary D* groups is given in [24, §3.3]; see also [2, Theorem 1.2], which
shows that ideal zeta functions behave well, in a precise way, under central amalgamation
of copies of the same Lie lattice.

1.5.4. Uniformity on Frobenius sets. A well-known consequence of Takagi’s existence
theorem in global class field theory states that if the Galois closure of a finite extension
K /Q is non-abelian, then the set Splj of totally split primes in K/Q is not characterized,
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among the unramified primes, by any finite collection of congruences. Precisely, there
do not exist m € N and S C {0,...,m — 1} such that Sply = {p : p = amodm, a €
S}; see, for instance, [12, Theorem 7.21]. In particular, Theorem 1.1 shows that for
any monic irreducible f(x) € Z[z] such that K;/Q has non-abelian Galois closure,
the function p — CZ\N;(S) is not uniform on residue classes. Corollary 1.2 provides

an example of this phenomenon; note that the Galois closure of Q(3/2)/Q has Galois
group Ss. By contrast, it is follows from the proof of [16, Theorem 1.2] that the set
of primes of fixed decomposition type in K;/Q is a Frobenius set, namely that it is
defined by the solvability of a fixed collection of polynomial congruences; see [16] for
precise definitions. It was recently shown [23, Corollary 1.8] that the function assigning
to a prime p the order of the automorphism group of the group of F,-points of certain
unipotent group schemes is polynomial on Frobenius sets, but not on residue classes. It
would be interesting to describe classes of enumerative problems of algebraic structures
whose solution is uniform on Frobenius sets.

2. PRELIMINARIES

This section contains two results that will be used in the computation of pro-isomorphic
zeta functions and their functional equations that comprise the core of the paper. We
give their proofs here to avoid breaking the flow of the computation later.

2.1. A combinatorial function. We introduce a family of combinatorially defined
functions in terms of which it will be convenient to express the local pro-isomorphic
zeta functions Cﬁf »(8). For every r € N, let [r] denote the set {1,2,...,7}.

Definition 2.1. Let r € N. Let {X};c|,] be a collection of 2" variables, one for each
subset I C [r]. We consider the following function in these variables:

®,({X1}icp) = g{;](—n'”l_xg

Proposition 2.2. The function ®, satisfies the following self-reciprocity upon inversion
of the variables:

(I)T<{XI_1}) - _CI)T({XI})’

Proof. Let P[r] denote the power set of [r]. Writing the rational function over a common
denominator, we find that

(21) @.({X;'}) =

= -1 [I]4+1 (1-X
3 (_1)IIIX+1 -y (=pir*t 2repp)(—1) HJ?;’}]( 7)
—1
1€Pr] L=X I€Pr] =X [Lepp (1 —X0)
Similarly,
Zlep[r](_l)quXI [[ierm (1 —X)
(2.2) —0,({X;}) = Sor

[Liepp (1= X0)
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Thus it suffices to show that the numerators of the two expressions are the same. Mul-
tiplying out the parentheses and computing the coefficient of the monomial [] ;. X
for each T' C PJr|, we find that the numerator of (2.1) is

PORCELL | (CES R ST LI R C N | PR
]

IEP[T} JEP[r Iep[r] T/ CPr] JeT!
J#I %
Z (_1>|T|+1 Z (_1)|I| H X, = Z (_1)|T| (Z(_l)m) H X,
TCPr] IEP[\T JET TCP[r] Ier JET

where the last equality follows from the elementary observation that » Iep[r](—l)” | =
[I;—;(1 —1) = 0. Analogously, the numerator of (2.2) is

S X S )T ] K= 3 i S e T x =
]

IePlr] T/CP[r JeT! IePr] UCP[r] Jeu
rgr’ reu
5 (S I
TCP[r] \I€T JeT

where the first equality is obtained by setting U = T U {I}. This completes the proof
of our claim. N

2.2. The Cartan decomposition of SLy(F'), for a p-adic field F. Let p be a prime,
and let v, be the normalized additive valuation on Q,. Let F'/Q, be a finite extension
with ring of integers Op. Fix a uniformizer 7 € Op. Let kp = Op/(7) be the residue
field, and let ¢ denote its cardinality. Given A € kj, let [\] € Op denote the (¢ — 1)-st
root of unity lifting A, and set [0] = 0. Let Iy = {0}, and for every m € N define the set

I, = {[)\0] +7T[>\1] + - +7Tm_1[)\m,1] : ()\0,.‘ . 7)\m71) S k‘?} C Orp.

Lemma 2.3. Let F//Q, be a finite extension, and let 1 € Of be a uniformizer. A list
of representatives of right cosets of SLa(OFp) in SLo(F') is given by

I{(,5, 2 )eem ITIL{(L0 50, ) e}

m>1

Proof. Set 6 = < g 91 ) € SLy(F). From the Cartan decomposition
T

SLy(F) = ] SL2(Or)8™SLa(OF),

m>0
setting K, = SL2(Op) N6~ ™SLa(Op)d™ for m > 0, one deduces the decomposition
SLo(F) = [] 11 SLa(OF)d™k
m>0 KmkEKm\SLQ(OF)

of SLo(F') into right cosets of SLa(Op). The claim follows by a straightforward com-
putation. An alternative list of coset representatives may be obtained from [1, Propo-
sition 1.1], noting that left cosets of SLy(Op) correspond to vertices of the Bruhat-Tits
tree of SLo(F') lying at an even distance from vy, in the notation of [1]. O
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Corollary 2.4. Let e denote the ramification degree of F'/Q,. Let vp be the right Haar
measure on SLa(F'), with the normalization 1(SL2(OF)) = 1. For a € Zy \ {0}, set

Sp(a) = {( a2 ) € SLo(F) : < aoar o > c MQ(OF)}.

Qo1 Q92 ac21 (22

_gevp(a)+1
Then vp(Sp(a)) = 2 qlfq
Proof. 1t is easy to see that Sp(a) is invariant under left multiplication by any element
of SL2(OF) and thus consists of a union of right cosets of SLa(Op). Observe that

aOp = 7e»(@Op. Among the coset representatives listed in Lemma 2.3, the ones
m

1 _
contained in Sg(a) are precisely ( 0 (1) ) and < Wf)m _W—’/;rn—',-lﬂ ) for m € [evp(a)]
and Kk = Z?ZTZ 7t[\;] divisible by 7™~ i.e. satisfying \g = - - - = Apy_2 = 0. There are
evp(a)
1— qevp(a)Jrl
1 m_ 4
o S
m=1
of these. Since each right coset has measure 1, the claim follows. O

3. COMPUTATION

3.1. The algebraic automorphism group. Let f(z) € Z[x] be an irreducible monic
polynomial of degree n > 3. Consider the primary polynomial A(z) = f(z)¢ for £ € N,
and set Ka = Q[z]/(A(x)); this ring has dimension fn as a Q-vector space. To describe
the algebraic automorphism group of L we define three algebraic subgroups of GLog, 1o.
There is a morphism of algebraic groups ps : Resg, joSLa — SLag, 42 given by

1,(0411> L(Oqg)
orr o2
p2 ( > = | tla21) t(az) ;
Qo1 02
I
where for any Q-algebra R the map ¢ : Ka ®g R — My, (R) is determined by (8 ®@71) =
rC% for any i € NU {0} and r € R, and 8 = z + (A(z)) € Ka. Equivalently, () is
the matrix of the R-linear endomorphism of KA ®g R corresponding to multiplication
by a, with respect to the basis (3’ ® l)fzal. By a standard exercise in linear algebra,
or [15, Theorem 1], the image of ps is indeed contained in SLogy, 4 o.
Consider the embedding of algebraic groups p1 : Gy, — GLag, 12 given by

alp, O 0
P1 (a) - 0 Ipy, 0
0 0 al

and the embedding ps : GﬁZ” — SLogy, 49 given by

1 1 Con+1
p3(ct, ... cam) = 1 copm  Catm
1 0

0 1
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Recall that our chosen Z-basis of L allows us to identify the algebraic automorphism
group Ga of La with an algebraic subgroup of GLsgg,+2. Its structure, which was
determined by Berman, Klopsch, and Onn, consists essentially of an internal semi-direct
product of the three subgroups of GLgg, 12 just defined. There exists a symmetric matrix
o € GLg,(Z) such that cCac~! = CF; see [5, §2.1]. Set

[Zn
I

Proposition 3.1. Let A(x) = f(2)’, where f(z) € Z[z] is an irreducible monic polyno-
mial of degree n > 3. Then

Ga = (p3(Gy"™) % T(p2(Resge, jgSL2))E71) % p1(Gim),

where the action in each internal semi-direct product is by conjugation.

Proof. The subgroup Go a C Ga of automorphisms acting trivially on the center (21, 22)
is described by [5, Theorem 2.3] and its proof and is p3(G2) x X (py (Resg, jgSL2)) X7t
Under the assumption n > 3, every automorphism acts on the center as a scalar by [6,
Theorem 1.4]; this case is not treated in the final version of [5], which focuses on n = 1.
It is easy to check that p;(Gy,) C Ga. Thus, for any field extension F/Q, any element
of GA(F) may be expressed uniquely as a product of an element of p;(E*) and one of
Go,a(E), and the claim follows. O

Remark 3.2. Observe that when f(z) € Z[z] is an irreducible monic quadratic polyno-
mial, the expression of Theorem 1.1 coincides with the correct local factor ¢ é\f,p(s), as
given in Theorem 1.4, when p is inert in K, but not for the remaining two decompo-
sition types. We showed in Section 1.3 that Ly ®z Z, ~ (H ®z Ok,) ®z Z, when p
is coprime to Fy, and this gives rise to extra symmetries of L;. Indeed, by [6, Theo-
rem 1.4], the structure of G¢(Q,) in this case is described by Proposition 3.1, except
that p1(G,,(Qp)) is replaced by a group isomorphic to fo rather than Q.

3.2. Notation. From now on we assume ¢ = 1, namely that A(z) = f(z) € Z[z]
is an irreducible monic polynomial of degree n > 3. To simplify the notation, write
G C GLg, 42 for Ga. Similarly, write K for Ka; this is the number field Q(/3), where 3
is a root of f(x). Let O denote the ring of integers of K, and recall that the conductor
Fy is the largest ideal of Ok contained in Z[f].

Now let p be a rational prime that decomposes in K as pOg = p* - - p&r, where the
distinct prime ideals p; < O have residue fields O /p; of cardinality ¢; = pfi. Then
Qp ®q K >~ Fy x --- X F,, where for every i € [r] we write F; for the localization K, .
Similarly, Zp ®7 Ok ~ OFl X - X OFW

Assume that p is coprime to Fy. In this case Z,[x|/(f(x)) = Z, @z Z[p] = Zy @7 Ok.



10 YIFAT MOADIM LESIMCHA AND MICHAEL M. SCHEIN

3.3. Setup and evaluation of a p-adic integral. It is immediate from Proposition 3.1
that

G(Qp) =p1(Qy) x (S(p2(SL2(Qp ®g K)))E" x p3(Q,")) =

p1(Q,) x (2 <P2 (H SL2(E‘)>> DIREEN p3(@§n)> -

We now explicitly determine the two subsets of G(Q,) necessary for our calculation.

Lemma 3.3. Suppose that p is coprime to the conductor Fy. Suppose that a € Qp,
that A = ( ) € SL2(Q, ®g K), and that ¢ = (c1,...,c4n) € an. Then
021 (22

p3(c)Epa(A)X " p1(a) € G(Zy) if and only if a € LY, whereas A € SLy(Z, @7z Ok) and
c € Zy". Given a € Zy \ {0}, define

arr Q12

GH(a) = {A € SLy(Q, ®g K) : < a2 > € My(Zp 0z OK)}
acp] 022
G§(a) = {ce Qﬁ" c(acy, ... acyy) € Z;;”}.

Then p3(c)Xp2(A)X"1p1(a) € GT(Qyp) if and only if a € Z, \ {0}, while A € GJ (a) and
c € G5 (a).

Proof. A simple computation shows that

ar(ary)  wla)o™t  aCh
(3.1) pg(c)Epg(A)E_lpl(a) = | aoi(az) oulag)o™t aCs |,
0 0 aIQ

where we use p1, p2, p3 to denote the corresponding morphisms on Q,-points, and where

C1 Con+1 Cn+1 C3n+1
C = : : , Co=

Cn C3n Con Can

Observe, given a € Q, ®qg K, that «(a) € M,,(Z,) if and only if a € Z), ®7z Z[f], which
is equivalent to a € Z, ®7 Ok by our hypothesis on p. Since o € GL(Z) C GL2(Z,),
the claim is now immediate from (3.1). O

The previous claim allows us to express the pro-isomorphic zeta function ¢ éf,p(s) as
an iterated integral. Indeed, let p; be the right Haar measure on Q}f, normalized so
that 11(Z,) = 1. Similarly, let p2 and p3 be the right Haar measures on SL2(Q, ®q K)
and on Qp", respectively, normalized to p2(SLa(Z, ®z Ok)) = 1 and p3(Z,") = 1. By
the first part of Lemma 3.3, these normalizations are compatible with that of the right



PRO-ISOMORPHIC ZETA FUNCTIONS OF D* LIE ALGEBRAS 11

Haar measure p on G(Qp). Then

A (s) = / | det g[S dp(g) =
o G+(Qp) P

/ / / | det pa(€) pa( A)S 1 (a)|dpia(c) dpa(A)dpn (a) =
Z\{0} JG¥ (a) /GF (a)

/ / / lal§ 2 dps (c)dpa(A)dpa (a) =
zp\{0} /G (a) / GF (a)

Lo ] el Ay @,
Zp\{0} /G (a)

Here the first equality is (1.2), the second follows from the second part of Lemma 3.3
and [19, Proposition 28], and the last equality holds because the integrand is constant
on each set G5 (a) and p3(G5 (a)) = |al,*" for every a € Z,, \ {0}. Since the integrand
is also constant on each G3 (a), we have

(3.2) 2, () = /Z o G () )

Recall the notation defined in Section 3.2.

_ e;vp(a)+1
Lemma 3.4. Suppose that p is coprime to Fy. Then ps(G4 (a)) = [T\, ! qil_qi

all a € Zy \ {0}.

for

Proof. The decomposition SLy(Q, ®g K) = [[;_, SLa(F;) induces SLy(Z, ®z Ok ) =
[T, SL2(OF,) and Gy (a) = [1,_, Sk, (a), for the sets Sp,(a) defined in Section 2.2, and
the Haar measure jio is the product of the measures vg, defined there. Hence the claim
follows from Corollary 2.4. U

Remark 3.5. Lemma 3.4 is the step in our computation that obliges us to restrict to
the case of irreducible A(x). For a general primary polynomial A(x), it appears to be
difficult to compute the measure of the set

a2

{aest@aae: ) € Moz lal/ (A }

acol 02
in the absence of a suitable analogue of the p-adic Cartan decomposition.

3.4. Proof of Theorem 1.1. We can now easily deduce the main result stated in the
introduction. Indeed, let f(x) € Z[z] be an irreducible monic polynomial of degree
n > 3. Let p be a prime coprime to F; having decomposition type (e, f) in the number
field Ky = Q(x)/(f(x)). We deduce from (3.2) and Lemma 3.4 that

peifivp(a)+fi

T 1 _
)= [ g ] R
o Zp\{0} i=1 1—ph
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For any v > 0, we have p1({a € Z; : vy(a) = v}) = u1(p*Z,) = 1. Hence
o0 T .. .
1— eifivtfi
A _ (4n—(n+2)s)v p _
CLyp(s) = UE 0:p 1_[1 1—pfi
= 1=

ZIC['I‘ ( )| ‘Z p(4" (n+2)s)v (Zie] eifi)v+Y ier fi
[Ti= (1 = p%) ’

and by summing geometric series we find that Céfvp(s) = Wet(p,p~*) for

T 1 Xziel fi
_ L _1)HI
(3.3) Weyf(X,Y) H <1 — Xfi) Z ( 1) 1 — XA+ creifiyn+2’

i=1 IC[r]

which indeed depends only on e and f. If e = 1, we observe by inspection of (3.3) that

1

(3.4) Wig(X,Y) = Xy 2 ([ (1 __Xﬂ)@N{Xihgm%

with @, as in Definition 2.1 and X; = X*+Zicr fiy"+2 for all I C [r]. The claimed
functional equation (1.1) follows from Proposition 2.2 and a simple calculation.

3.5. Proof of Corollary 1.2. If f(z) = 2% — 2, then K = K; = Q(v/2), and it is a
classical fact (see, for instance, [9, Theorem 6.4.13]) that Ox = Z[v/2]. Thus Fy = (1)
and Theorem 1.1 applies to all primes. The discriminant of K is —108, so the only
ramified primes are p € {2, 3}, and one easily verifies that they are both totally ramified.
If p > 3, then it follows from [9, Corollary 6.4.15] and the characterization of the totally
split primes in e.g. [10, Theorem 9.8] that p is totally split if p = a® + 27b? (which
implies p = 1 mod 3), whereas pOg = p1p2 with fi =1 and fo = 2 if p = 2mod 3 and
p is inert otherwise. With this classification of primes by decomposition type in hand,
the claimed formulas are obtained from Theorem 1.1 by straightforward computation.

Acknowledgements. We are grateful to the anonymous referee for helpful suggestions.
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