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Abstract. We construct infinite families of irreducible supersingular mod p repre-

sentations of GL2(F ) with GL2(OF )-socle compatible with Serre’s modularity conjec-

ture, where F/Qp is any finite extension with residue field Fp2 and ramification degree

e ≤ (p− 1)/2. These are the first such examples for ramified F/Qp.

1. Introduction

1.1. Supersingular representations. The irreducible smooth mod p representations

of GL2(F ) admitting a central character, where F/Qp is a finite extension, were classified

by Barthel and Livné [3, Theorems 33-34], except for the supersingular representations.

The irreducible supersingular representations of GL2(Qp) were determined by Breuil [5,

Théorème 1.1]. By contrast, little is known about the irreducible supersingular repre-

sentations of GL2(F ) when F 6= Qp. Wu [27, Theorem 1.1] has shown that they do

not have finite presentation; this was proved earlier by Schraen [26, Théorème 2.23] in

the case [F : Qp] = 2. Thus a direct construction of such representations appears to

be difficult. However, the method of diagrams introduced by Paškūnas [23] can be used

to show the existence of supersingular representations with certain properties; indeed,

such representations of GL2(F ), for arbitrary F , were produced in [23, Theorem 6.25].

A primary motivation for studying supersingular representations of GL2(F ) is their

appearance in a hypothetical mod p local Langlands correspondence. The relevant

representations for this purpose have a GL2(OF )-socle that is compatible with Serre’s

modularity conjecture; see Section 1.2 below. We refer to such representations as having

good socle. While the supersingular representations constructed in [23] only have good

socle when F = Qp, Breuil and Paškūnas constructed infinite families of diagrams

giving rise to supersingular irreducible representations of GL2(F ) with good socle for all

unramified F/Qp with p > 2. These families are parametrized by choices of a collection

of isomorphisms between one-dimensional Fp-vector spaces. In particular, there are far

more irreducible mod p representations of GL2(F ) than there are mod p representations

of the absolute Galois group of F . While the families considered in [9] are not exhaustive,

they include supersingular representations arising from global constructions that are

believed to realize the mod p local Langlands correspondence; see [7, 8, 13] and references

therein.

1.2. Good socles. Let O be the ring of integers of F , and let k be its residue field.

Set G = GL2(F ) and K = GL2(O). A Serre weight is an irreducible Fp-representation
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of the finite group Γ = GL2(k), which can be viewed as a representation of K by

inflation. Every irreducible smooth Fp-representation of K arises from a Serre weight

in this way. Let Σ be the set of Serre weights. Write GF = Gal(Qp/F ), and let ρ

be a continuous two-dimensional representation of GF defined over a sufficiently large

extension of Fp. The mod p local Langlands correspondence is expected to associate to

ρ a mod p representation π(ρ) of G whose socle as a K-module is

socKπ(ρ) =
⊕
σ∈Σ

σ⊕µσ(ρ),

where the µσ(ρ) are the “intrinsic multiplicities” whose existence is the content of

the generalized Breuil-Mézard conjecture [15, Conjecture 2.1.5]; see also [21, Conjec-

ture 2.2.3]. In this paper we consider irreducible ρ; in this case π(ρ) is expected to be

supersingular and irreducible. It is also expected [14, Conjecture 3.2.7] that µσ(ρ) > 0 if

and only if σ ∈ D(ρ), where D(ρ) is the set of Serre weights associated to ρ by the weight

part of Serre’s modularity conjecture. For semisimple ρ, the set D(ρ) is given explicitly

in [24, §2]; see [2, Lemma 4.22] and [14, Example 7.1.7] for more modern interpretations

of D(ρ). In the situations considered in this paper, it is either known [15, 11] or believed

that µσ(ρ) = 1 for all σ ∈ D(ρ); we thus seek mod p representations V of G whose

K-socle has the form

(1) socKV =
⊕

σ∈D(ρ)

σ.

1.3. Results. The main result of this paper is the following. See Definition 2.4 below

for the genericity condition imposed on ρ, noting that it implies that p > 2 and that

F/Qp has ramification degree e ≤ (p− 1)/2.

Theorem 1.1. Let F/Qp be a finite extension with residue field Fp2. If ρ is generic, then

there exists an explicit infinite family of diagrams giving rise to irreducible supersingular

representations V of GL2(F ) satisfying (1).

To the author’s knowledge this is the first construction of supersingular representa-

tions with good socle for ramified p-adic fields. If F/Qp is the quadratic unramified

extension, then the supersingular representations associated to our diagrams coincide

with those obtained by Breuil and Paškūnas. The hypotheses of Theorem 1.1 are dis-

cussed at the end of Section 1.4 and in Remark 2.6 below.

A curious and rather unexpected feature of our diagrams is that, besides depending

on choices of isomorphisms analogous to those in [9], they depend on the choice of an

element in a large finite set, namely the set of Hamiltonian walks on an e × e square

lattice. The number of such Hamiltonian walks grows exponentially in e2 and has

been studied mostly by physicists; see [4, §9] and numerical computations, as well as

predictions based on conformal field-theoretic models, in [20, §XD] and [19].

As a consequence of the “breakage of symmetry” involved in the choice of a Hamil-

tonian walk, the representations of Theorem 1.1 appear unlikely to contribute to the

mod p local Langlands correspondence when F/Qp is ramified; see Section 1.5 below.

The present work shows that the collection of irreducible supersingular representations
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of GL2(F ) with good socle has, in general, an even more complex structure than was

discovered in [9].

1.4. Overview of the construction. In order to motivate our construction, we briefly

review some aspects of the earlier work of Breuil and Paškūnas. Fix a uniformizer

π ∈ O. Let Z ≤ G be the center, let I ≤ K be the Iwahori subgroup of residually

upper triangular matrices, and let N = NG(I) be its normalizer in G. Recall [23,

Definition 5.14] that a diagram for F is a triple (D0, D1, ι), where D0 is a smooth

mod p representation of KZ, whereas D1 is a smooth mod p representation of N and

ι : D1 → D0 is an IZ-equivariant homomorphism. Suppose that D0 is admissible, that

the element πId2 ∈ Z acts trivially, and that ι is injective. Then (in the case p = 2, which

is irrelevant for this paper, a further technical hypothesis [9, Definition 9.1] is needed)

the injective envelope Ω of socKD0 in the category of K-modules may be endowed with

an action of G such that D0 ⊂ Ω|KZ and D1 ⊂ Ω|N [9, Theorem 9.8].

Any irreducible Fp-representation of K necessarily factors through the finite quotient

GL2(k) and is thus a Serre weight; see §2 below. When F/Qp is unramified and ρ is

generic, Breuil and Paškūnas defined a family of diagrams for which D0 is the maximal

representation of Γ = GL2(k) such that socΓD0 =
⊕

σ∈D(ρ) σ and that no element

of D(ρ) appears as a subquotient of D0/socΓD0. It turns out that D0 decomposes

as D0 =
⊕

σ∈D(ρ)D0,σ(ρ), where socΓD0,σ(ρ) = σ. We view D0 as a KZ-module by

inflation, with πId2 acting trivially. The G-submodule Ψ ⊂ Ω generated by D0 is

irreducible and supersingular. A key step in the proof of this is the claim that if W ⊆ Ψ

is a G-submodule such that W ∩ D0,σ(ρ) 6= 0 for some σ ∈ D(ρ), then D0,σ(ρ) ⊂ W ;

this follows from a rather technical analysis of the structure of D0,σ(ρ) and of maps of

the form indGKZτ →W , for τ ∈ D(ρ), arising from Frobenius reciprocity. The analogous

claim fails when F/Qp is ramified, for an analogous definition of D0, since indGKZτ does

not contain enough non-split extensions of Serre weights factoring through Γ.

We now briefly describe the present work; the details are found in the body of the

paper. Let Qp ⊆ F0 ⊆ F be the maximal unramified subextension, and let f = [F0 : Qp].

Given an irreducible generic ρ as above, there is a set S of irreducible generic Galois

representations ρ′ : GF0 → GL2(Fp) such that |S| = ef and D(ρ) =
⋃
ρ′∈S D(ρ′); this

union is disjoint. We define D̃0,σ to be the KZ-submodule of D0,σ(ρ′) generated by the

I(1)-invariants, where I(1) ≤ I is the pro-p-Sylow subgroup. Then D̃0,σ has length two

if f = 2. We identify S with the set of vertices of an e × e square lattice and choose

a Hamiltonian walk γ through this lattice. Definition 3.2 modifies some of the D̃0,σ, in

a way depending on γ, to obtain KZ-modules Dγ
0,σ of length two with socle σ; these

still arise from Γ by inflation. Set Dγ
0 (ρ) =

⊕
σ∈D(ρ)D

γ
0,σ and Dγ

1 (ρ) = (Dγ
0 (ρ))I(1),

with the natural inclusion ι : Dγ
1 (ρ) ↪→ Dγ

0 (ρ). In contract to the situation in [9],

Serre weights may appear as subquotients of Dγ
0 (ρ) with multiplicity greater than one.

However, there is a unique way to extend the IZ-action on Dγ
1 (ρ) to an action of N ,

modulo the choices of isomorphisms mentioned above, if we require that no N -orbit

be contained in socKD
γ
0 (ρ). This N -action interweaves the KZ-modules Dγ

0,σ for Serre

weights σ occurring in D(ρ′) for different Galois representations ρ′ ∈ S and enables us

to prove, in Theorem 3.7, that G-modules Ψ arising from the diagrams (Dγ
0 (ρ), Dγ

1 (ρ), ι)
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are irreducible and supersingular. In the course of the proof we observe that if W ⊆ Ψ

is a G-submodule and τ ⊆ socKW , then the action of N on τ I(1) provides elements of

Dγ
0,σ, for some σ 6= τ , that are not contained in socKD

γ
0,σ but are contained in W . Since

Dγ
0,σ has length two (this is the reason for the hypothesis f = 2 in Theorem 1.1) we

immediately conclude that Dγ
0,σ ⊂ W , resolving the difficulty discussed at the end of

the previous paragraph.

1.5. Relation to the mod p local Langlands correspondence. As mentioned

above, some of the supersingular representations of GL2(F ) constructed in [9] for unram-

ified F/Qp appear in local-global compatibility results for the mod p Langlands corre-

spondence. By contrast, the diagrams constructed here for ramified F/Qp seem unlikely

to occur in completed cohomology. One indication of this is the following. Breuil [6] pro-

posed an extension to certain diagrams for unramified F/Qp of the Colmez functor from

GL2(Qp)-modules to (ϕ,Γ)-modules, and hence to Galois representations, realizing the

mod p local Langlands correspondence for GL2(Qp). If D is a diagram associated to the

irreducible representation ρ : GF → GL2(Fp), for F/Qp unramified, we let M(D) denote

the (ϕ,Γ)-module for Qp defined in [6], and V (M(D)) the associated representation of

GQp . Then Breuil [6, Corollaire 5.4] proved that V (M(D))|IQp ' (Ind
⊗GQp
GF

ρ∨)|IQp , where

IQp ≤ GQp is the inertia subgroup. Moreover, for certain choices of the isomorphisms

defining D, one has that V (M(D)) is isomorphic to the tensor induction Ind
⊗GQp
GF

ρ∨ as

representations of GQp .

As we observe in §3.3 below, one can naturally associate a (ϕ,Γ)-module M(D)

for Qp to the diagrams D constructed in this paper. In Proposition 3.11 we apply the

computations of [6] to give an explicit description of the associated Galois representation

V (M(D)). It turns out that even the restriction of V (M(D)) to the inertia subgroup

IF ≤ GF ≤ GQp depends on the Hamiltonian walk γ chosen in the construction of D,

and that in general there is no choice of γ for which we would obtain an isomorphism

V (M(D))|IF ' (Ind
⊗GQp
GF0

(Ind
GF0
GF

ρ∨))|IF .

The present work suggests that to obtain a generalization of the construction of [9]

that would be defined more canonically and would admit generalizations of the more

recent local-global compatibility results, one should consider diagrams for which the

KZ-module D0 factors not through Γ but only through a larger finite quotient. There

is work in progress in this direction.

2. Preliminaries

2.1. Serre weights. As in the introduction, let F/Qp be a finite extension, and let

F0 be the maximal unramified subextension. Let O be the ring of integers of F , fix

a uniformizer π ∈ O, and let k = O/(π) denote the residue field. Let q = pf be the

cardinality of k. If ξ ∈ k×, let [ξ] ∈ O denote the (q − 1)-th root of unity lifting ξ,

and set [0] = 0. A Serre weight is an irreducible Fp-representation of the finite group

Γ = GL2(k), which can be viewed as a representation of K = GL2(O) or of GL2(OF0)

by inflation. Every irreducible smooth Fp-representation of these two profinite groups

arises from a Serre weight in this way. Let B ≤ Γ be the subgroup of upper triangular

matrices, and let U ≤ B be the subgroup of upper triangular matrices all of whose
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eigenvalues are 1. Let K(1) be the kernel of the reduction map K � Γ, and let I and

I(1) be the preimages of B and U , respectively.

Given a Serre weight σ, write χ(σ) for the character by which the diagonal torus

H ≤ B acts on σU ; we also view χ(σ) as a character of B by inflation. For v ∈ σ

and g ∈ G = GL2(F ), we denote by g ⊗ v the element of the compact induction

indGKZ σ supported on the right coset KZg−1 and sending g−1 to v. Set the notations

α =

(
1 0

0 π

)
and w =

(
0 1

1 0

)
, and denote Π = αw =

(
0 1

π 0

)
. Let Z be the

center of G and Id2 the identity matrix. The normalizer N = NG(I(1)) is generated by

IZ and Π. Write χw : H → F×p for the character χw(h) = χ(whw); this is denoted χs

in [9]. Let σ[w] be the unique Serre weight distinct from σ such that χ(σ[w]) = χ(σ)w.

We view Serre weights as representations of KZ by letting πId2 act trivially.

Fix an embedding ε0 : k ↪→ Fp and define embeddings εi for every i ∈ N by means of

the recursion εi = εpi−1. Then every Serre weight has the form

(2) σ =

f−1⊗
i=0

(
Symrik2 ⊗k,εi Fp

)
⊗ (η ◦ det),

where 0 ≤ ri ≤ p − 1 for every i and η : k× → F×p is a character. We will write

σ = detm⊗(r0, . . . , rf−1) for σ as in (2), where m ∈ Z/(q − 1)Z is such that η = εm0 ;

then σ[w] = detm+r ⊗(p − 1 − r0, . . . , p − 1 − rf−1) for r =
∑f−1

i=0 rip
i. An irreducible

Fp-representation V of G is called supersingular if λ = 0 for every surjective map

(equivalently, for one such map) of the form indGKZ σ/(T − λ) indGKZ σ → V , where

λ ∈ Fp and T ∈ EndG(indGKZ σ) is the operator of [3, Proposition 8].

Lemma 2.1. Let σ be a Serre weight such that χ(σ) 6= χ(σ)w and let 0 6= v ∈ σI(1).

Then 〈α ⊗ wv〉K ⊂ (indGKZ σ)K(1). Moreover, 〈α ⊗ wv〉K ' IndKI χ(σ)w and we have

socK(〈α⊗ wv〉K) = T (〈id⊗ v〉K).

Proof. Clearly Id2 ⊗ v ∈ (indGKZσ)I(1), and hence α ⊗ wv = Π(Id2 ⊗ v) ∈ (indGKZσ)I(1),

since Π normalizes I(1). In particular, α ⊗ wv is invariant under the action of K(1),

and thus 〈α ⊗ wv〉K ⊂ (indGKZσ)K(1) as K(1) E K. Moreover, I acts on α ⊗ wv via

the character χ(σ)w, so by Frobenius reciprocity there is a surjection of K-modules

ψ : IndKI χ(σ)w � 〈α⊗ wv〉K . A simple computation shows that(
[ξ] 1

1 0

)
(α⊗ wv) =

(
π [ξ]

0 1

)
⊗ v.

The cosets KZ

(
π [ξ]

0 1

)−1

, for ξ ∈ k, and KZα−1 are pairwise distinct; hence

dimFp〈α ⊗ wv〉K ≥ q + 1 = dimFp IndKI χ(σ)w and ψ is an isomorphism. By [9, Theo-

rem 2.4] we then have socK〈α ⊗ wv〉K ' σ, and by [9, Lemma 2.7] a non-zero element

of (socK〈α⊗ wv〉K)I(1) is given by∑
ξ∈k

(
π [ξ]

0 1

)
⊗ v = T (Id2 ⊗ v),

where the equality follows from the explicit description of T in [18, Proposition 2.1]. �
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Recall that the socle filtration {soci(M)} of a C-module M , for any group C, is defined

recursively by soc0(M) = socC(M) and soci(M)/soci−1(M) = socC(M/soci−1(M)). For

the rest of this section, we assume f = 2. Assume p > 2, and let σ = detm⊗(r0, r1) be

a Serre weight with (r0, r1) 6∈ {(0, 0), (p− 1, p− 1)}. If r0− a0 + p(r1− a1) is even, then

there are two twists of (a0, a1) with the same central character as σ. We introduce the

following notation for brevity:

(a0, a1)+
σ = detm+ 1

2
(r0−a0+p(r1−a1))⊗(a0, a1)(3)

(a0, a1)−σ = detm+ 1
2

(p2−1+r0−a0+p(r1−a1))⊗(a0, a1).

In particular, σ = (r0, r1)+
σ and σw = (p− 1− r0, p− 1− r1)−σ .

Lemma 2.2. Let σ = detm⊗(r0, r1) be a Serre weight. If (r0, r1) 6∈ {(0, 0), (p−1, p−1)},
then the socle filtration of IndΓ

Bχ(σ)w is as follows, reading from left to right:

(r0, r1)+
σ — (p− 2− r0, r1 − 1)+

σ ⊕ (r0 − 1, p− 2− r1)−σ — (p− 1− r0, p− 1− r1)−σ .

Proof. This is a special case of [9, Theorem 2.4], which itself was originally established,

in somewhat different terminology, by Bardoe and Sin [1, Theorem C]. �

Given a Serre weight σ = detm⊗(r0, r1) such that 0 ≤ r0, r1 ≤ p− 2, define Q{0}(σ)

and Q{1}(σ) to be the quotients having socle σ of IndΓ
B χ((p − 2 − r0, r1 + 1)+

σ ) and

IndΓ
B χ((r0 + 1, p − 2 − r1)−σ ), respectively. It follows from Lemma 2.2 that these are

Γ-modules of length two with socle filtration

Q{0}(σ) : detm⊗(r0, r1) — detm+r0+1−p⊗(p− 2− r0, r1 + 1)

Q{1}(σ) : detm⊗(r0, r1) — detm+pr1+p−1⊗(r0 + 1, p− 2− r1).

Lemma 2.3. Let σ = detm⊗(r0, r1) be a Serre weight so that 0 ≤ r0, r1 ≤ p− 2. Then

dimFp Q{0}(σ)U = dimFp Q{1}(σ)U = 2.

Proof. The unique irreducible submodule of Q{0}(σ) contains a one-dimensional sub-

space of U -invariants [3, Lemma 2]. It is easy to see that IndΓ
Bχ, for any character χ, is

generated by the function ϕ supported on B such that ϕ(b) = χ(b) for all b ∈ B. Clearly

ϕ is invariant under the action of U . Hence Q{0}(σ), which is a quotient of IndΓ
Bχ for

a suitable χ, can be generated by a U -invariant. Thus dimFp Q{0}(σ)U ≥ 2. On the

other hand, Q{0}(σ) is an extension of two irreducible modules, each of which has a

one-dimensional space of U -invariants. Thus dimFp Q{0}(σ)U ≤ 2. The same argument

applies to Q{1}(σ). �

2.2. Generic Galois representations and modular Serre weights. Let GF be the

absolute Galois group of F and IF ≤ GF the inertia subgroup. Let k′ be the quadratic

extension of k, let F nr be the maximal unramified extension of F , and let L′/F nr be

totally ramified such that Gal(L′/F nr) ' (k′)×. Consider the natural projection ν ′ :

IF → Gal(L′/F nr). Let ω2f = ε′0 ◦ ν ′ : IF → F×p be a fundamental character of level 2f

corresponding to an embedding ε′0 : k′ ↪→ Fp that restricts to ε0 on k.
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Definition 2.4. An irreducible representation ρ : GF → GL2(Fp) is generic if ρ|IF is

isomorphic to a twist of

(4) ω
∑f−1
i=0 p

i(ri+1)
2f ⊕ ωq

∑f−1
i=0 p

i(ri+1)
2f

with 2e− 1 ≤ r0 ≤ p− 2 and 2e− 2 ≤ ri ≤ p− 3 for i > 0.

Note that if e = 1, then Definition 2.4 coincides with the notion of genericity of [9,

Definition 11.7]. If ρ : GF → GL2(Fp) is irreducible and D(ρ) is the set of Serre weights

associated to it in [24, §2], then by [25, Proposition 3.1] D(ρ) is a union of sets of Serre

weights associated to irreducible representations of GF0 in [10, §3.1]. If ρ is generic, then

there are ef such representations of GF0 , they are all generic, and the associated sets of

Serre weights each have 2f elements, are pairwise disjoint, and are described in [9, §11].

We now describe D(ρ) explicitly in the case that we will treat.

Assumption 2.5. For the rest of this note, assume f = 2 and that ρ : GF → GL2(Fp)
is irreducible and generic.

Suppose that ρ|IF is (4) twisted by ω
m(p2+1)
4 , and fix the Serre weight τ = detm⊗(r0, r1).

Consider the set ∆ = {(δ0, δ1) : 0 ≤ δ0, δ1 ≤ e− 1}. For every δ = (δ0, δ1) ∈ ∆, let D(δ)

be the set of four Serre weights appearing in the socle of (6) below. Then D(ρ) is the

disjoint union

(5) D(ρ) =
∐
δ∈∆

D(δ).

We associate to every σ ∈ D(ρ) a pair (δσ, Jσ), where δσ ∈ ∆ is determined by σ ∈ D(δσ),

whereas Jσ ⊆ {0, 1} is the set associated to σ in [9, §11]. These sets are ∅, {0}, {1},
and {0, 1}, by order of appearance in (6).

For δ ∈ ∆, let D̃0(δ) be the Γ-module generated by the U -invariants of the Γ-module

D0(ρ′) associated to D(δ) in [9, §13]; here ρ′ is an irreducible representation of GF0 such

that D(ρ′) = D(δ). Then D̃0(δ) is the following direct sum of four Γ-modules:

(r0 − 2δ0, r1 − 2δ1)+
τ — (r0 − 2δ0 + 1, p− r1 + 2δ1 − 2)−τ(6)

⊕
(r0 − 2δ0 − 1, p− r1 + 2δ1 − 2)−τ — (p− r0 + 2δ0 − 1, p− r1 + 2δ1 − 1)−τ

⊕
(p− r0 + 2δ0 − 2, r1 − 2δ1 + 1)+

τ — (r0 − 2δ0, r1 − 2δ1 + 2)+
τ

⊕
(p− r0 + 2δ0 − 1, p− r1 + 2δ1 − 3)−τ — (p− r0 + 2δ0, r1 − 2δ1 + 1)+

τ .

Observe that D̃0(δ) =
⊕

σ∈D(δ) D̃0,σ, where D̃0,σ = Q{0}(σ) if Jσ = {0} or Jσ = {1},
and D̃0,σ = Q{1}(σ) otherwise.

Remark 2.6. If e > (p − 1)/2, then no generic Galois representations ρ exist. We

restrict our attention to generic ρ for several reasons. Firstly, although it is known

by [15, Theorem A] that µσ(ρ) > 0 if and only if σ ∈ D(ρ), provided one believes the

Breuil-Mézard conjecture and hence that the multiplicities µσ(ρ) exist, in the case of
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F/Qp ramified nothing has yet been proved about the value of µσ(ρ) when it is positive.

However, for generic ρ it is expected that µσ(ρ) = 1 for all σ ∈ D(ρ); thus for generic ρ

we are able to specify in (1) the K-socle of the desired supersingular representations.

Secondly, if ρ is non-generic, then some of the representations ρ′ of GF0 appearing

in the right-hand side of the analogue of (5) are non-generic, and the associated sets

D(ρ′) of Serre weights do not admit the shape of the socle of (6). See [12, §4.1.1] for

an explicit description of D(ρ′) in non-generic cases. Moreover, if ρ is non-generic, then

D(ρ) contains Serre weights σ of the form (2) with r0 = p− 1 or r1 = p− 1. Such Serre

weights do not arise in soc1(IndΓ
Bχ) for any character χ, and hence Q{0}(σ) and Q{1}(σ)

cannot be defined. The uniform construction of the following section is thus limited to

diagrams whose K-socle has the form
⊕

σ∈D(ρ) σ for generic ρ.

3. Families of diagrams

3.1. Construction. We follow the spirit, although not the actual technique, of the

constructions of non-admissible irreducible Fp-representations of G in [22, 16] (see also

the expository [17]) to obtain an irreducible diagram from D̃0(ρ) =
⊕

δ∈∆ D̃0(δ) by

defining an action of Π on D̃0(ρ)I(1) that interweaves the direct summands D̃0(δ). First

we replace D̃0(ρ) with a new Γ-module D0(ρ) by modifying some of the components

D̃0,σ.

If σ ∈ D(ρ), let κ(σ) denote the Γ-cosocle of D̃0,σ. Since D̃0,σ is a non-split extension

of two irreducible Γ-modules, κ(σ) is irreducible. The following is obvious by inspection.

Lemma 3.1. Let σ, τ ∈ D(ρ). Then κ(σ) ' κ(τ)[w] if and only if one of the following

holds:

(1) The pairs associated to σ and τ are ((δ0, δ1), {0}) and ((δ0, δ1 +1), {1}) for some

(δ0, δ1) ∈ ∆.

(2) The pairs associated to σ and τ are ((δ0, δ1), {0, 1}) and ((δ0 +1, δ1),∅) for some

(δ0, δ1) ∈ ∆.

Consider the graph with vertex set ∆, where two vertices (δ0, δ1) and (δ′0, δ
′
1) are

adjacent if (δ′0, δ
′
1) ∈ {(δ0 ± 1, δ1), (δ0, δ1 ± 1)}; this is an e × e square lattice. Fix a

Hamiltonian walk γ in this graph, namely an undirected path that traverses each vertex

exactly once, with no restriction on the starting and ending vertices. It is clear that

such paths exist. We say that two adjacent elements of ∆ are γ-adjacent if γ contains

the edge connecting them.

Definition 3.2. Let σ ∈ D(ρ) be associated to the pair ((δ0, δ1), J), and let γ be a

Hamiltonian walk. Define a Γ-module Dγ
0,σ as follows:

Dγ
0,σ =



Q{1}(σ) : (δ0, δ1) is γ-adjacent to (δ0, δ1 + 1) and J = {0}
Q{1}(σ) : (δ0, δ1) is γ-adjacent to (δ0, δ1 − 1) and J = {1}
Q{0}(σ) : (δ0, δ1) is γ-adjacent to (δ0 + 1, δ1) and J = {0, 1}
Q{0}(σ) : (δ0, δ1) is γ-adjacent to (δ0 − 1, δ1) and J = ∅
D̃0,σ : otherwise.

Set Dγ
0 (ρ) =

⊕
σ∈D(ρ)D

γ
0,σ. We usually write D0(ρ) for Dγ

0 (ρ) to lighten the notation.
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Informally, if we view D̃0(ρ) schematically as in (6), then to obtain D0(ρ) we switch

one Serre weight appearing in the cosocle of D̃0(δ) with a Serre weight appearing in

the cosocle of D̃0(δ′) whenever δ and δ′ are γ-adjacent. If e = 1, then ∆ has only one

vertex and there are no switches, so the D0(ρ) constructed here is the Γ-submodule of

the Γ-module D0(ρ) constructed in [9] generated by its U -invariants.

Remark 3.3. Observe that the Γ-module D0(ρ) defined above is a direct sum of 4e2

non-split extensions of two Serre weights. Moreover, since D0(ρ) is a direct sum of Γ-

modules of the form (6), up to permutation of Serre weights appearing in the cosocle,

it is clear that a Serre weight σ appears in the socle of D0(ρ) if and only if σ[w] appears

in the cosocle. If e > 1, then there exist Serre weights σ such that {σ, σ[w]} ⊂ D(ρ);

see Example 3.9 below. In this case, σ and σ[w] each appears both in the socle and in

the cosocle of D0(ρ). Thus, unlike the situation of [9, §14], the Γ-module D0(ρ) is not

multiplicity-free when F/Qp is ramified.

Observe that dimFp D0(ρ)U = 8e2 by Lemma 2.3, and that a 4e2-dimensional subspace

lies inside socΓD0(ρ). We have the following analogue of [9, Corollary 13.6].

Lemma 3.4. There is a unique partition of the B-eigencharacters of D0(ρ)U into pairs

{χ, χw}, with χ 6= χw, such that one character of each pair arises from the socle of

D0(ρ) and the other from the cosocle.

Proof. By inspection of (6), the claim holds for the B-eigencharacters of D̃0(δ)U for every

δ ∈ ∆. Since the sets D(δ) are disjoint, the claim remains true for the B-eigencharacters

of D̃0(ρ)U . Now the sets of B-eigencharacters arising from the socle and cosocle of D0(ρ)

are the same as for D̃0(ρ), completing the proof. �

As noted above, if e > 1, then D(ρ) contains pairs {σ, σ[w]} of Serre weights. Thus

the uniqueness in Lemma 3.4 fails without the requirement that one character of each

pair {χ, χw} come from the socle and one from the cosocle.

View Dγ
0 (ρ) as a KZ-module by inflation, with πId2 acting trivially. The partition

of Lemma 3.4 gives rise to a family of basic 0-diagrams (Dγ
0 (ρ), { }) in the sense of [9,

Definition 13.7], for each choice of Hamiltonian walk γ.

3.2. Irreducible supersingular representations. It remains to show that the fam-

ilies of diagrams that we have just constructed give rise to irreducible supersingular

representations of G. First we show that the families are indecomposable.

Proposition 3.5. The family (D0(ρ), { }) cannot be written as a direct sum of two

non-zero families of diagrams.

Proof. For every σ ∈ D(ρ), let β(σ) ∈ D(ρ) be the Serre weight such that χ(σ)w arises

in the cosocle of Dγ
0,β(σ). Note that β(σ) is well-defined by Lemma 3.4 and that β is a

bijection of D(ρ) onto itself. It suffices to show that the action of Z ' 〈β〉 on the set D(ρ)

is transitive. Choose a direction of the path γ, which amounts to fixing a numbering

(γ1, . . . , γe2) of the elements of ∆ such that γi and γi+1 are γ-adjacent for every 1 ≤
i ≤ e2− 1. For every D̃0(δ), the analogously defined 〈β〉-action is transitive; this follows

by inspection of (6), observing that β permutes the subsets of {0, 1} associated to the
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elements of D(δ) in the order ∅ 7→ {0} 7→ {0, 1} 7→ {1} 7→ ∅. Alternatively, this follows

from [9, Theorem 15.4], noting that the pairing { } there matches characters arising from

the socle with characters arising from the cosocle. Since γ1 is γ-adjacent to only one

other element of ∆, there is a unique Serre weight τ ∈ D(γ1) such that Dγ
0,τ 6' D̃0,τ .

The previous observation implies that {τ, β(τ), β2(τ), β3(τ)} = D(γ1).

We proceed by induction. Suppose it is known that all elements of D(γk−1) lie in the

same orbit as τ . The same holds for D(γk) by an easy but tedious analysis of cases. For

instance, if γk = γk−1 + (0, 1) and γk+1 = γk + (1, 0), then β(γk−1,∅) = (γk, {1}) and

β(γk, {1}) = (γk,∅) and β(γk,∅) = (γk, {0}), whereas β−1(γk−1, {0}) = (γk, {0, 1});
the other cases, including the case where γk is the terminal vertex of γ, are treated

similarly. �

Remark 3.6. The choice of Hamiltonian walk γ in the definition of D0(ρ) really is nec-

essary. It would be more canonical to start with D̃0(ρ) and switch Serre weights in

the cosocle for every pair of adjacent elements of ∆. However, the family of diagrams

obtained in this way is easily checked to be decomposable in general.

Observe that if V is any smooth representation ofG, then the triple (V K(1), V I(1), can),

where can : V I(1) ↪→ V K(1) is the natural inclusion, is a diagram.

The following result completes the proof of Theorem 1.1. Smooth admissible repre-

sentations of G satisfying its hypotheses exist by the proof of [9, Theorem 19.8].

Theorem 3.7. Let (D0(ρ), D1(ρ), r) be a basic 0-diagram arising from the family con-

structed above. Let V be a smooth admissible representation of G = GL2(F ) satisfying

the following conditions:

(1) socK(V ) =
⊕

σ∈D(ρ) σ.

(2) (D0(ρ), D1(ρ), r) ↪→ (V K(1), V I(1), can).

(3) V is generated by D0(ρ).

Then V is irreducible and supersingular.

Proof. Let W ⊆ V be a non-zero G-submodule, let σ be a Serre weight contained in

socK(W ), and let 0 6= v ∈ σI(1). By Frobenius reciprocity, the inclusion ϕ : σ ↪→ W|K
corresponds to a non-zero map ψ : indGKZ σ → W of G-modules with ψ(id⊗ v) = ϕ(v).

Hence ψ(α ⊗ wv) = Π(ϕ(v)) generates Dγ
0,β(σ) and in particular β(σ) ⊆ socK(W ).

Proposition 3.5 ensures that by iterating this procedure we obtain Dγ
0,σ ⊂ W for all

σ ∈ D(ρ). Since D0(ρ) generates V , this implies W = V . Thus V is irreducible.

Moreover, the restriction to 〈α⊗wv〉K of the map ψ above has image 〈Π(ϕ(v))〉K =

Dγ
0,β(σ), which is a K-module of length two by construction. We have 〈α ⊗ wv〉K '

IndKI χ(σ)w by Lemma 2.1, which is a K-module of length 4 by Lemma 2.2. Hence

T (id ⊗ v) ∈ socK(〈α ⊗ wv〉K) ⊂ kerψ, and ψ factors through indGKZ σ/T (indGKZ σ).

Moreover, ψ is surjective since V is irreducible. Hence V is supersingular. �

We now show that different choices of Hamiltonian walks in the construction of D0(ρ)

produce disjoint families of irreducible supersingular representations.

Proposition 3.8. Let γ and γ′ be distinct Hamiltonian walks. Let V and V ′ be smooth

admissible representations of G = GL2(F ) satisfying the hypotheses of Theorem 3.7 for
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diagrams arising from the families (Dγ
0 (ρ), { }) and (Dγ′

0 (ρ), { }), respectively. Then V

and V ′ are not isomorphic.

Proof. There exist δ, δ′ ∈ ∆ which are γ-adjacent but not γ′-adjacent. Let β and

β′ be the permutations of D(ρ) defined in the proof of Proposition 3.5 for the families

(Dγ
0 (ρ), { }) and (Dγ′

0 (ρ), { }), respectively. There is a unique Serre weight σ ∈ D(δ) such

that β(σ) ∈ D(δ′). Let 0 6= v ∈ σI(1) ⊂ (socKV )I(1). As in the proof of Theorem 3.7,

we have 〈Πv〉K ' Dγ
0,β(σ). If there is a G-isomorphism f : V

∼→ V ′, then f(v) ∈
σI(1) ⊂ (socKV

′)I(1) and thus Dγ
0,β(σ) ' 〈Πf(v)〉K ' Dγ′

0,β′(σ). Taking K-socles, we

find that β(σ) = β′(σ), but this is impossible since δ is not γ′-adjacent to δ′, and thus

β′(σ) 6∈ D(δ′). �

Example 3.9. We write out Dγ
0 (ρ) in the case e = 2, f = 2, where γ is the Hamiltonian

walk in ∆ consisting of solid edges in the diagram below.

(7)

(0, 1) (1, 1)

(0, 0)

................
(1, 0)

The subscript n of each Serre weight τ ∈ D(ρ) is such that τ = βn((0, 0),∅), illustrating

Proposition 3.5. The subscripts on the cosocles indicate the matching of Lemma 3.4.

Here we use the notation of (3) for σ = detm⊗(r0, r1), but we drop the subscript σ.

((0, 0),∅) (r0, r1)+
0 — (r0 + 1, p− 2− r1)−15

((0, 0), {0}) (r0 − 1, p− 2− r1)−1 — (p− 1− r0, p− 1− r1)−0
((0, 0), {1}) (p− 2− r0, r1 + 1)+

15 — (r0, r1 + 2)+
14

((0, 0), {0, 1}) (p− 1− r0, p− 3− r1)−14 — (r0 − 1, p− 2− r1)−13

((0, 1),∅) (r0, r1 − 2)+
6 — (r0 + 1, p− r1)−5

((0, 1), {0}) (r0 − 1, p− r1)−7 — (p− 1− r0, p+ 1− r1)−6
((0, 1), {1}) (p− 2− r0, r1 − 1)+

5 — (r0, r1)+
4

((0, 1), {0, 1}) (p− 1− r0, p− 1− r1)−4 — (r0 − 1, p− r1)−3
((1, 0),∅) (r0 − 2, r1)+

2 — (p− r0, r1 + 1)+
1

((1, 0), {0}) (r0 − 3, p− 2− r1)−11 — (r0 − 2, r1)+
10

((1, 0), {1}) (p− r0, r1 + 1)+
13 — (r0 − 2, r1 + 2)+

12

((1, 0), {0, 1}) (p+ 1− r0, p− 3− r1)−12 — (p+ 2− r0, r1 + 1)+
11

((1, 1),∅) (r0 − 2, r1 − 2)+
8 — (p− r0, r1 − 1)+

7

((1, 1), {0}) (r0 − 3, p− r1)−9 — (p+ 1− r0, p+ 1− r1)−8
((1, 1), {1}) (p− r0, r1 − 1)+

3 — (p+ 1− r0, p− 1− r1)−2
((1, 1), {0, 1}) (p+ 1− r0, p− 1− r1)−10 — (p+ 2− r0, r1 − 1)+

9

3.3. Associated (ϕ,Γ)-modules. Breuil [6] associated étale (ϕ,Γ)-modules for Qp to

the diagrams of [9] by adapting the Colmez functor realizing the mod p local Langlands

correspondence for GL2(Qp). In this section we observe that his construction applies also

to the diagrams arising from the families (Dγ
0 (ρ), { }) constructed above, for a generic

irreducible Galois representation ρ : GF → GL2(Fp).
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Since we assume throughout that ρ is generic, every σ ∈ D(ρ) is determined by the

character χ(σ). Hence if 0 6= v ∈ (socKD
γ
0 (ρ))I(1) is an eigenvector for the action of I,

then the K-submodule generated by v is irreducible. If σ ∈ D(ρ) is a twist of (a0, a1),

set

s(σ) =

{
a0 + 1 : Dγ

0,β(σ) = Q{1}(β(σ))

p(a1 + 1) : Dγ
0,β(σ) = Q{0}(β(σ))

|s(σ)| =

{
a0 + 1 : Dγ

0,β(σ) = Q{1}(β(σ))

a1 + 1 : Dγ
0,β(σ) = Q{0}(β(σ)),

where β : D(ρ)→ D(ρ) is the bijection from the proof of Proposition 3.5.

Lemma 3.10. Let D = (D0, D1, ι) be a diagram arising from the family (Dγ
0 (ρ), { }),

and suppose that 0 6= v ∈ (socKD
γ
0 (ρ))I(1) is an I-eigenvector. Let σv ∈ D(ρ) be the Serre

weight such that v ∈ σ ⊆ Dγ
0 (ρ). Then s = s(σv) is the unique integer 0 ≤ s ≤ p2 − 1

such that

Ss(v) =
∑
λ∈k

λs
(
π [λ]

0 1

)
v =

∑
λ∈k

λs
(

[λ] 1

1 0

)
Πv

is a non-zero element of (socKD
γ
0 (ρ))I(1).

Proof. The claim follows from the structure of Dγ
0 (ρ) and [9, Lemma 2.7]. �

It is immediate from Lemma 3.10 that the diagram D is strongly principal in the

sense of [6, Définition 4.3]. Thus the construction of [6, Lemme 4.5], whose details we

do not recall here, provides a (ϕ,Γ)-module M(D) over Qp. More precisely, consider the

following diagram D′ = (D′0, D
′
1, ι
′) for F0 = Qp2 : here D′0 is the Γ-module D0, viewed

as a module over K0 = GL2(OF ) by inflation. Let I0(1) ≤ K0 be the pro-p-Iwahori

subgroup, and let D′1 = DU
0 = (D′0)I0(1), with

(
0 1

p 0

)
acting in the same way that Π

acts on D1. Now define M(D) to be the (ϕ,Γ) module associated to D′ in [6].

The representation V (M(D)) of GQp corresponding to M(D) has dimension |D(ρ)| =
4e2 and is described by [6, Proposition 4.7]. For every d ∈ N, let Qpd/Qp be the

unramified extension of degree d, and let νd : GQ
pd
→ F×p be a fundamental character

of level d given by νd(g) = g( p
d−1
√
−p)

pd−1
√
−p
∈ F×

pd
↪→ F×p . The claims below are independent

of the choice of embedding Fpd ↪→ Fp.

Proposition 3.11. Let D be a diagram arising from the family (Dγ
0 (ρ), { }). Let σ =

detc⊗(a0, a1) be any element of D(ρ). Then

V (M(D)) ' Ind
GQp
GQ

p4e
2

(νA4e2 ⊗Fp κ)⊗ ν−(c+a0+pa1+2)
1 ,

where A = 1
p−1

∑4e2−1
i=0 p4e2−1−i|s(βi(σ))| and κ is an unramified character of GQ

p4e
2 .

Proof. Immediate from [6, Proposition 4.7]. Note that κ may be made explicit. �
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One might hope to have V (M(D))|IF0 '
(

Ind
⊗GQp
GF0

(Ind
GF0
GF

ρ∨)
)
|IF0

; indeed, in the

case where F = F0 is an unramified extension of Qp, this was proved by Breuil [6,

Corollaire 5.4]. However, this does not hold in general. Applying Proposition 3.11 to

the diagrams arising from Example 3.9 and taking σ = detm⊗(r0, r1) ∈ D(ρ) as in that

example, where r0, r1 are determined by ρ as in (4), we obtain

A = p15(r0 +p−2)+p14(r0 +p−3)+p13(r1 +p−2)+p12(2p−2−r0)+p11(2p−3−r0)+

p10(r1 + p− 3) + p9(r0 + p− 2) + p8(r0 + p− 3) + p7(r0 + p− 4)+

p6(2p− 2− r1) + p5(2p− 3− r1) + p4(2p− 4− r1) + p3(2p− 1− r0)+

p2(2p− 2− r0) + p(2p− 3− r0) + (r1 + p− 1) = (p+ 1)(p2 + 1)B,

where B is an irreducible polynomial in the variables p, r0, r1 of degree 13 in p. It is

easy to check that Ind
GF0
GF

ρ∨ is a direct sum of two two-dimensional representations.

Thus (Ind
⊗GQp
GF0

(Ind
GF0
GF

ρ∨))IF0 is a sum of characters of level at most 4 and cannot be

isomorphic to V (M(D))IF0 . One checks similarly that the same holds for the other three

choices of Hamiltonian paths in (7).
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