WEIGHTS OF GALOIS REPRESENTATIONS ASSOCIATED TO HILBERT
MODULAR FORMS

MICHAEL M. SCHEIN

ABSTRACT. Let F' be a totally real field, p > 3 a rational prime unramified in F', and p a place of
F over p. Let p: Gal(F/F) — GL2(F,) be a two-dimensional mod p Galois representation which
is assumed to be modular of some weight and whose restriction to a decomposition subgroup at p
is irreducible. We specify a set of weights, determined by the restriction of p to inertia at p, which
contains all the modular weights for p. This proves part of a conjecture of Diamond, Buzzard, and
Jarvis, which provides an analogue of Serre’s epsilon conjecture for Hilbert modular forms mod p.

1. INTRODUCTION

Let F' be a totally real field. To a Hilbert modular eigenform on F' one can attach a mod p Galois
representation p : Gal(F/F) — GLy(F,) (see [Car2] and [Tay]). For every embedding ¢ : F — R,
there is a corresponding complex conjugation ¢, € Gal(F/F), and we call p : Gal(F/F) — GLy(F))
totally odd if det(p(c,)) = —1 for all ¢. There is a natural analogue of Serre’s conjecture:

Conjecture 1. Let p: Gal(F/F) — GLy(F,) be a continuous, irreducible, totally odd representa-
tion. Then p is modular.

Diamond, Buzzard, and Jarvis ([BDJ]) have formulated an analogue of the strong Serre conjec-
ture if p is unramified in F'. This paper proves some cases of the “epsilon conjecture” in this context.
We note that the author in [Schl] has extended the conjecture to the case where p ramifies, and
indicates there how to modify the argument of this paper to prove an analogous theorem in that
case. We use the notion of modularity of Definition 1.2, which also views weights from a somewhat
different perspective than the classical one of [F' : Q]-tuples of integers.

Throughout this paper, we assume that p > 3 is unramified in F, and fix a prime ideal p of F’
dividing p. For any place v of F', we write O, for the completion of Or at v and k, for the residue
field. Let the cardinality of k, be ¢ = p*. Let Gy, C Gal(F/F) be a decomposition subgroup for p,
and I, C G the inertia subgroup.

Definition 1.1. A weight is an irreducible Fj-representation of GLy(Or/p) = [T, GL2(ky).
By Prop. 1 of [BL], any weight has the form o = ®v‘p oy, for
oy = ® (det™ Sym" ~2k2) @, F,,

Tiky =T,
where 2 < k; <p+1and 0 <w,; <p-—1, and the w; are not all p — 1.
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Let B be a quaternion algebra over F. We shall always assume that B is split at exactly
one real place of F' and at all places over p. In other words, B ® R ~ Ms(R) x HEQ-1 and
B ®Qp >~ Mz(F ®Qp). Consider the reductive group G' = Resp/g(B*) over Q. If I # Q, then for

an open compact subgroup U C G(A*) we can define a compact Riemann surface
(1) My(C) = G(Q\G(A™) x (C-R)/U.

This Riemann surface has a canonical model My over F. As U varies, the Shimura curves My /F
form an inverse system of smooth complete algebraic curves. They are not in general geometrically
connected. As in [BDJ], we let Pic®(My) denote the identity component of the relative Picard
scheme of My /F, which parametrizes line bundles locally of degree zero. Then Pic’(My) is an
abelian variety over F.

We say that an open compact U C G(A™) is of type (x) if U = U, x UP, where U, = ker((B ®
2)y = I,jp GLa(Oy) — GLy(Op/p)) and UP C G(AP). Let V = [, GLa(O,) x UP. If UP is
sufficiently small as in section 3.1, then My /My is a Galois cover with group V/U = GL2(Op/p).
This gives an action of V/U on Pic®(My).

Definition 1.2. We say that a Galois representation p : Gal(F/F) — GLq(F,) is modular of weight
o if there exists a quaternion algebra B over F', split at one real place and all places over p, such
that p is a Jordan-Hélder constituent of (Pic®(My(G))[p] ®F, 0)GL2(OF/P) for an open compact

U C (D®Z)* C G(A®) of type (*).

Given a continuous, irreducible, totally odd p : Gal(F/F) — GLa(F,), let W(p) be the set
of modular weights. Diamond, Buzzard, and Jarvis construct sets W, (p) for each v|p, such that
W (p) depends only on p|r,, and conjecture that W (p) = {O‘ = Qy|p v 1 Ov € W;(p)} .

If pp : Gy — GL(V) is any continuous two-dimensional Fj-representation, then the wild inertia
I {J acts trivially on the semisimplification V** of V; see [Edi2] for a proof. Therefore, p**|;, factors
through the Eme inertia I, = I,/ Il’3 ~ lim F,, i{:d the action of I is given by two characters
6@ Ly — [F,. Recall that a character u : I, — I, is said to be of level r if 7 is the smallest integer
such that p factors through F.. If p is moreover induced by an embedding of fields Fyr — F,,
then it is a fundamental character of level 7; there are r of these. If p|g, is irreducible, then we see

in Lemma 4.4 that ¢ and ¢’ have level 2s and ¢’ = ¢<.
In this case, W; (p) is defined as follows. Let kj, be a quadratic extension of ky,. Then each

embedding 7 : kp — Fp has two liftings to embeddings 7’ : kl’J — Fp. For such an embedding 7

(resp. 7') let ¥y : Iy p — F; (resp. ;) be the corresponding fundamental character of level s (resp.
level 2s).

Then [BDJ] defines o, = @), (det™" Syka_ng) ®, F, € Wg (p) if and only if for every 7 it is
possible to label one of the two liftings 7 and the other one 7/ in such a way that

ss w hr 0
p‘lp ~ 1;[1/}7'7— < HT%T HTwé;r_l ) .

The main theorem of this paper is essentially a proof of one direction of the conjecture of [BDJ]
in this case. Our result is slightly weaker than the conjecture. To state it, we introduce a set of
weights Wy(p) D Wg(p), and the statement is:
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Theorem 1.3. Assume that p is unramified in F, and let p : Gal(F/F) — GLa(F,) be such that
pla, is irreducible and p is modular for a weight of the form op ® (®pa2p0g). Then o, € Wy(p).

We define Wy(p) as follows. Let 71,72,...,7s be a labeling of the embeddings k, — E, such
that 7; = TZ-pJrl for all i € Z/sZ. Similarly let o1,..., 095 be a labeling of the embeddings k’ — Fp
such that o; = UJH for all j € Z/2sZ and such that the restriction of o; to ky is 7,(;), where
™ : Z/2sZ — 7/sZ is the natural projection. Write ; for ¢o; and k; for k7. Thus {¢7, ¢z} =

{w% wi-f-S}'
Now, let op = @), (det™" Syka_Qk‘g) ®, Fp as before. Then o, € Wy(p) if and only if we have

9 ~ ]EZ/QSZw 0 m
( ) p‘lp Hw ( H]EZ/2SZ¢ It )7

such that for each j € Z/2sZ one of the following two conditions holds:

(1) {mj,mj4s} = {k; — 1,0} (note these are unordered sets).

(2) {mj,m;4s} = {kj — 2,1}. Moreover, let o € {j,m + j} be such that m, = 1. If
{mji1,mjprtst = {kjr1 — 1,0} (resp. {mjy1,mjp1es} = {kj41,1}), then mayy = 0
(resp. mg+1 = 1). Furthermore, there is some [ € 7Z/sZ such that k; # p + 1, and one of
the following must hold:

(a) kj =p+ 1
(b) [kp:TFp) >3 and ks € {p,p+ 1} for all j #t € Z/sZ, and k; = p + 1 for some ¢.

Clearly Wy(p) D Wp? (p). Moreover, if 2 < k; < p for all 7, then condition (ii) never holds and
op € Wy(p) if and only if oy € Wg(p). Observe also that if s =1 then Wy(p) = Wg(p) for all p.

If F = Q, then Theorem 1.3 is a result of Fontaine, proved in 1979 in letters to Serre. A proof
was published in [Edil], and our argument follows a similar method, albeit with more technical
difficulties. From now on we assume [F': Q] > 1, which allows us to use the results of [Carl].

As this work was completed, T. Gee proved many cases of the conjecture of [BDJ] by completely
different methods [Gee2]. While his results apply more generally than ours, in the setting of this
paper they are a subset of ours, as they apply only to weights with 3 < k; < p — 1 for all 7.
Moreover, our argument can be extended to prove an analogous statement when p is ramified in F’
([Sch1], Theorem 3.4), whereas Gee’s techniques are inapplicable in that situation as the necessary
modularity lifting theorems are unavailable at present.

Fix a representation p : Gal(F'/F) — GLo(F,) satisfying the hypotheses of Theorem 1.3, and fix
a suitable quaternion algebra B as in Definition 1.2. For every finite place v of F fix a uniformizer
m, € F,. We normalize the Artin reciprocity map so that uniformizers correspond to geometric
Frobenius elements, and we write Frob,, for arithmetic Frobenius.

Unless stated otherwise, K will be the maximal unramified extension of Fy, and K'/K the totally
ramified extension associated by class field theory to O} /(1+m,Op). Let D and D’ be the respective
valuation rings of K and K’; D is the Witt vectors of k:p Let x be the mod p cyclotomic character.

Our method is to construct a finite flat group scheme H/K such that Gal(K/K) ~ I, acts on
H(K) via the character ¢. Suppose p is modular of weight o. Choose a character 6 : T'g(p) — F;
(see section 2.1 for definitions of the notations in this paragraph) such that o, is a constituent of

I ndSOL(i()k” )g. Using 0 we find an appropriate piece H of PicO(Ml[’;‘ll(p))[poo] lifting H to D'. We

compute the action of Gal(K’/K) on cot(flﬁp), and Raynaud’s theory of vector space schemes then



4 MICHAEL M. SCHEIN

gives us a collection of possible ¢; this is precisely the collection of ¢ that are predicted by the

conjecture of [BDJ] for some constituent of I ndlgLQ(k")H.

We then find the ¢ that appear in this way for all choices of 6 such that o} is a constituent of

Indg 2\
6, but if some of the parameters k. of o, are p+ 1, there are fewer. This is the reason for condition

(ii) above, which makes our result weaker than the one conjectured in [BDJ].

It is a pleasure to thank Richard Taylor for his very patient advice, explanations, and encour-
agement, Fred Diamond for describing his conjectures to us and for several fruitful conversations,
and Kevin Buzzard for his comments on an earlier version of this work. This paper comes from
part of the author’s thesis [Sch2].

g; they are exactly the ¢ in our definition of Wy(p). Generically there are 2° choices for

2. SHIMURA CURVES

2.1. Quaternionic Shimura curves. In this and the following two sections, we need not assume
that p is unramified in F'. We begin by defining some compact open subgroups of G(A>); we work
with the Shimura curves with these level structures. Consider the following subgroups of GL2(O,):

U(p) = GL2(Oy)

i) = {(4 7)) eca©p:cen)

{

Ui(p) = {(Z Z)EGLQ(OP):d—l,CEp}
(:
{

Utd(p) = > EGLQ((’)p):a—l,c,d—lep}

U*(p) = <CCL Z)EGLQ(Op):a—l,b,c,d—lEp"},nZl.

We will denote by T'o(p) (resp. T'i(p), T (p)) the projection of Uy(p) (resp. Ui(p), Ut (p))
to GLa(kp). For H C G(A*P), we define K(n,H) = U™(p) x H. We introduce the notations

My m = Mgo,m and My, p), 5 = My,(p)xr- The Shimura curves My, (p) g and M[l}‘il(p)’H are

defined analogously. Finally, define Uy(p) = [],, U1(p), and analogously for Uy (p)bel. If the open
compact H C G(A>P?) has the form H = Hy, x H? with H, C [], GLy(F,) and HP C G(A>P),
then we write My, (), i for My, (p)x v, and analogously for M[l}‘:l(p)y e

Choose an order O in the quaternion algebra B, and for every place v of F' at which B splits,
fix a ring isomorphism B ®p F, ~ Ms(F),) such that O ®p, O, is sent to M3(O,). Hence we get
isomorphisms (B ® F,)* ~ GLa(F,).

Let T C G be the torus T' = Resp/gGm, and let v : G — T be the reduced norm map.
Then ([Carl], 1.2) the set of connected components of Mg (C) are in bijection with the set
T(Q)T\T(A*)/v(K), and v induces the natural map Mg — mo(Mg). Here T(Q)" denotes the
totally positive elements of F'*, i. e. the ones which are mapped to R>o by each embedding ' — R.

For every v € G(A*) and every open compact U C G(A*), the action of v by multiplication on
the right induces an isomorphism M (C) = M., -17,(C). This action comes from a right action of
G(A™) on the projective system of F-schemes My ([Carl], 1.1.2). Carayol proved that for suffi-
ciently small H (where “sufficiently small” depends on n), the group U°(p)/U™(p) = GL2(Oyp/p™)

[p,v#p
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acts freely on M, g ([Carl], 1.4.1.3). Also let GL2(Op/p™) act from the right on (p="/Op)? by
v-g=g lv, for g € GLy(Op/p™) and v € (p~"/Oy)?%. Carayol defined an Op-module scheme E,, g
over My i as follows:

Epu = (Mam x (p7"/0p)?) /GLo(Op/p").
Note that E, g is locally isomorphic to the constant Op-module (p~"/O,)?, in the étale topology.
If H is small enough that F,, i and E, 1 i are both defined, then FE,, 5 is the p"-torsion in E,_1 p.
Also, the E, g are compatible with the maps My v — Mo g for subgroups H' C H.

If H is sufficiently small, the Shimura curve My g over F' has a (unique) smooth and proper
integral model Mo g over O,y = Op N F ([Carl], 6.1). Furthermore, the E, y lift to finite flat
group schemes E,, iy of rank ¢*" on My #, which retain the properties of E,,  listed above. Observe
that only finitely many of the E,, ; are defined for any given H.

Now let H be small enough that E; y is defined on My g, and let S be any My y-scheme. The
pullback E; g|s = E1 g XM, S 18 a finite locally free group scheme of rank q? over S equipped
with an Op-action. For P € Eq y(5), let [P] be the image, viewed as a subscheme of E y|g, and let
Tp be the ideal sheaf defining it. If J is a set of such sections, we write ) p ;[P] for the subscheme
of E1 s defined by the product [] 5. ; Zp of the ideal sheaves.

Definition 2.1. Let S be an Mg g-scheme.

(1) A balanced Uy (p)-structure on S is a pair (P, P'), such that there exists an fppf short exact
sequence of Op-modules on S:

0->K—>Eipugls—K —0

with K and K’ finite locally free group schemes of rank ¢, such that P € K(S) and P’ €
K'(S), and P (resp. P’) generates K (resp. K'). By this we mean that Zaeop/p[ap(’)] -
KO,

(2) If H is small enough that E,, j is defined, then a Drinfeld basis of level n on S is a homomor-
phism of Op-modules ¢ : (p~"/Op)? — E,|s such that the subscheme > ac(p-njo,)2le(@)] C
E,|s coincides with E,|s.

Each of the following functors associates a set to an Mg g-scheme S.

./\;llfj}ll(p),H : S+ {balanced Uj(p) — structures on S}
My : S+ {Drinfeld bases of level n on S}

Carayol showed that the functor Mn u is represented by a regular My g-scheme M,, i which is
finite and flat over Mg g and such that M, g X, , Mo,y = My, g ([Carl], 7.4). Jarvis constructed
an integral model My, () g of My, () g, defined over Oy; it is a regular scheme of dimension two,
finite and flat over Mg ;7. Unfortunately, this model does not have semistable reduction, as can be
seen from the description of its special fiber in [Jar2], 10.3. In the same way one can get an integral
model of M(l}‘il(p)’ > but it suffers from the same disadvantages.

Let Fy/F, be the totally ramified extension with Galois group ky, and let Oy be its ring of
integers. By using the idea of canonical structures from Chapter 9 of [KM], one can get a model
Ml[’]all(p% g of M(l}‘il(m g over Spec (Op) that factors through Spec (Op) and does have semistable

reduction over Spec (Oy). Gee constructs such a curve in section 2 of [Geel]; it is called Ml[’j;l(';?’}{
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there. His argument follows Katz and Mazur and, though he works with unitary Shimura curves,
transfers word for word to our quaternionic case.

Finally we describe the special fiber of this scheme. If S is a scheme over My g ®0, ky, then we
have the absolute Frobenius morphism ® : § — S, which acts by  — 2% on the underlying affine
rings. It induces the relative Frobenius F : S — S@ where S@ is the base change of S by ®.

We will be concerned with the Frobenius map F : Eq g|g — Eq H|qu)- We also have the Ver-

schiebung map V' : Eq H]qu) — Ej m|s, which is defined as the Cartier dual of:

F:(Eruls)’ — (Evuls)")? = (EI,H|(5?)))V~

For each geometric point x : Spec Fp — Mo g ® kp we get a Op-module as follows. Choose any lift
y of z to a geometric point y : Spec F, — My ® ky. Here My is the projective limit of the My z;
since the E,, y are compatible, it carries a p-divisible group Eo. Now let E,|; be the pullback
E. x, Fp; this is independent of the choice of y. It is a divisible height 2 formal Op-module over
Fp. By Drinfeld’s classification, Ex|; is either ¥; x F},/O, or 33, where ¥, is the unique formal
Op-module of height h. In the first case, we say that x is ordinary, and in the second that x is
supersingular. Carayol ([Carl] 9.4.3) showed that there is a positive finite number of supersingular
points. The following is essentially Theorem 2.18 of [Geel].

Proposition 2.2. The special fiber of Mll’]“ll(p)H consists of two smooth curves defined over ky,

which intersect transversally at the supersingular points. They are I, which parametrizes balanced
Uy (p)-structures (P, P') where K9 = kerV and E, which parametrizes structures with K = ker F.

2.2. Hecke correspondences. Recall that G(A>) acts on the projective system of My’s by right
multiplication. For every v € G(A*) we can define a Hecke correspondence [U~yU] on My by the
following diagram.

2
MwaflmU — MU0771U7

Y

(3) o)

My My

Clearly these correspondences extend to the integral models My. Now, let A be a set of left
coset representatives of U/(yU~y~' N U). Then clearly the correspondence [UvU] sends a class
2U € My(C) (here z € G(Q)\G(A>) x (C\R)) to the set {xdyU : 6 € A} C My(C). It is easy to
see that this is independent of the choice of A. Now observe that:

[UyU] = ] 57V
JEA

We find that the correspondence [U~U] depends only on the double coset [U~U], which justifies
the notation.

In practice we will always assume that U = U, x H, where U, is one of the groups U"(p), Up(p),
Ui(p), or UP(p). Let v be a finite place of F' at which B splits. For # € GLy(F,), we denote by
x, the element of G(A>) which is trivial everywhere except at v, where it is = (recall that we have
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fixed an identification of (B ® F,)* with GLa(F})). Define the Hecke correspondences:
T 0
- (5 )

Ty O
s = (5 ) Y]
Observe that the correspondence S, is in fact an operator, since the element of G(A®) in question
is central. If U, D Ul(p) and o, 3 € ky, then we define the diamond operator

U( a0 ) U
0 g »
where &, B € Oy are any lifts of a and 5. Note that this is well-defined.

By decreasing the open compact U if necessary, we may assume that U is a product [[, U,, with
U, € (B® Fy,)*. Let S be a finite collection of places of F' containing all infinite places, all places
dividing p, all places where B ramifies, and all places v such that U, # GL2(O,). We define Ty to
be the commutative Z-subalgebra of End(Pic®(Myy)) generated by T, (U) and S, (U) for all v & S,
and Ty to be the subalgebra generated by Ty and («, 8)(U) for all o, § € ky. Clearly Ty and Ty

are finite free over Z. ~ R
Let T = Tyi(p)xnar and T = Ty ge. Then T surjects onto Ty, (pypar g and T o iy, so we

(., B)(U) =

can view T as acting via correspondences on My, (ppat r and My g, and similarly for T.

2.3. An Eichler-Shimura relation. Let U C G(A*) be one of the groups considered in section
2.2. Then the Hecke correspondences defined there commute with the Gal(F/F)-action on My,
and these induce commuting actions of T and of Gal(F/F) on Pic’(My). In this section we prove
an Eichler-Shimura relation.

First we briefly recall some facts about special fibers; see [Carl], §9 for the details. Let ng
and Fy'" be the maximal abelian and maximal unramified extensions of Fj, respectively, and let
F" C By C ng be the extension for which local class field theory identifies Gal(F}/Fy'") with
O,/(1 + m30p). We denote by O the ring of integers of Fy'. The action of the Weil group
W(ng /Fyp) on the ring Oy induces a right action of this group on the regular scheme M, z®Oy,
the normalization of M, g ®0, Oy . Write M, a®F, for the special fiber (M, H@Og) Qo F,. Let
M@Fp be the projective limit of these, with respect to both n and H; it has commuting actions of
W(ng/Fp) and G(A*).

Let @, : (p7"/ (’)p)2 — Ej,, g be the universal Drinfeld basis of level n on M@Fp, and A, be a line
in the (Op/p"™)-module (p~"/Oy)?, i.e. a rank 1 direct summand. Then let (M, g ®F,)4, be the
closed smooth subscheme cut out by the condition ¢,|A, = 0; these are precisely the irreducible
components of M, g@F,. In particular, if A, is always the line generated by (1,0) € (p~"/Op)?,
then the (M, g®F,) a4, are clearly compatible, and the projective limit (M®F,)4 is stable under
the subgroup of G(A>) x W(ng /Fy) consisting of elements whose GLa(F})-component is an upper
triangular matrix. Denote the valuation of F}, by v.
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For w € W(ng /Fp), let [w] € Fy be its image under the Artin reciprocity map. Then Carayol
proved ([Carl], 10.3) that elements of GLy(F,) x W(Fg?/Fy) of the form

(5" 1))

act on (M®F,)4 by the (v([w]~1))-th power of absolute Frobenius.

Remark 2.3. Let A/, be the subspace of (p~"/O,)? generated by (0,1). Then, by exactly the same
argument as in [Carl], 10.4 we can show that

((i o )‘”)

acts on (M®&F,)as by the (v([w]™1))-th power of absolute Frobenius; in particular, it stabilzes
points.

Now let ® denote absolute Frobenius on (M®F),)4, which acts as z — 27 on underlying affine
rings. By Carayol’s congruence relation, the action of ® on (M®F),)4 is the same as that of

—1
T 0
(( 0 1 ),Frobp>.

Hence the same is true on cohomology H 1((M@Fp) A4,Q;) for any prime [ # p, and so on
H'(Mo g @F,, Q) = H' (M®F,) 4, Q;)YoP)*H (Recall that only the upper triangular elements of
GLy(Fp) act on H'(M®F,)4,Q;).) But note that ® = ® x Froby, where ® is absolute Frobenius
on My g ®o, kp and Froby acts on Op" and hence F,. Thus we have the following equality of
correspondences on H 1(M07 H® Fp, Q):

-1
_ [ ™ 0
dx1 < 0 1>.

The right action of G(A®) on the projective system of Shimura curves My induces a left action
on the injective system of H!(My ® Fp, Q). By the diagram (3), we see that the operator [UyU]
on cohomology is given by the following composition of morphisms, where ¢r is a trace map:

Hl(MU & va QZ) fi Hl(M’yU’yflﬂU ® ﬁz” Ql) :/_ HI(MUﬂ'y*lU'y & va Ql) (7'—_2 Hl (MU ® Fpa Ql)
Lemma 2.4. On Hl(MO,H ® Fp, Q;) we have the following relation of correspondences:
Spd? — T,® + g = 0.
Proof. To simplify notation, let U = K (0, H) throughout this proof. Let v € G(A*) be the element

which is ( ™ 0 > at p and 1 elsewhere. For each « € kyp, choose an a € Oy, lifting it. Then:

o1 (7 )00 (d 8)e

ackyp
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Thus, on H'(My y ® F,, Q;) we have that (.S P2 —Ty® +q)x =

1 * 1 *

T 0 B Tp Q 1 Ty 0 _
(5 w) =2 (3 1) (5 1) (o n) (75 1) orm

P

1 *
(% ) e (% )

0 mp

O

Remark 2.5. The action of ® x 1 on Hl(MoyH ® E,,Ql) or HY (Mo g ®0, F,Q) corresponds

to the Galois action of geometric Frobenius: 1 X Frob;l. Hence SpFroby 2 _ TyFroby, Lyg=o.
Equivalently,

z4+qr=0

Frob?J — (Np)~'T,Frob, + (Np) 'S, = 0.

Proposition 2.6. Let v be a place of F' such thatv & S (see section 2.2 for the definition of S) and
v lies over a rational prime l # p which is unramified in F'. Suppose also that B splzts at all places of
F above l; clearly, almost all v satzsfy these conditions. Then, the element Frob —T,Frob, + NvS,
of T[Gal(F/F)] annihilates Pic®(My)[p](F).

Proof. We apply the previous lemma and remark with v in the role of p and p in the role of I. We
can do this as the only assumptions made about p in [Carl] were that p is unramified in F' and that
B splits at all places of F' above p. Since v € S, we have U = GLy(O,) x U’, where U’ C G(A*>").
Recall that Mo g was defined as the unique (up to canonical isomorphism) extension of the F-

scheme Mo g to O(,) = F'N Op. Similarly, there is an integral model M( ), of My over O(,). Then
by the previous remark we have the following relation on H'! (M(() [)], R0, F, Qp):

Frob? — (Nv)~'T,Frob, + (Nv)~'S, = 0.
Note that My g @ F ~ M(()v()J, ®F. Since H'(My g ® F,Z,) is the cohomology of a proper smooth

curve, it has no torsion and so injects into H 1(M0, g ®F,Q,). Hence the above relation holds there

as well. This group in turn surjects onto H* (Mo g ®F, F,). Now, Pic’(My)[p| = H'(Mo,u®F, p,,),

and on this space the action of Frob, is twisted by (Nv) with respect to what we had earlier:
(Nv)~2Frob2 — (Nv) 2T, Frob, 4+ (Nv)~1S, = 0.

This completes the proof. ]

2.4. A geometric Galois action. Let D, K, D’, K’ be as defined in the introduction; note that
K’ and D’ are Fp1 and O;, respectively. Each o € Gal(K’/K) induces an automorphism id x

Spec (o) of M g ® D’ and hence of the normalization M g®pD’ and of its special fiber Ml,H@ﬁp-
Similarly we get an automorphism of Mb“l( ), H@ﬁp, i.e. of the special fiber of the normalization of

Mbal( )1 Q0 D’. Recall that this latter scheme has two smooth components, which we denoted

by I and F.
Let j : Gal(K'/K) — Oy /(1 + p) be the isomorphism induced by the Artin reciprocity map.
Then we have the following analogue of [Gro], Prop. 7.2:

Proposition 2.7. Let 0 € Gal(K'/K). Then o acts on I and E by (j(c)~%,1) and (1,j(c)™"),
respectively.
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Proof. Let ¢ : (p~1/0y)? — Eq|r be a Drinfeld basis of level 1 on a Mg g-scheme 7. It induces
a Uy(p)*-structure as follows: P = (0,1), and P’ is the image in E1|7/(P) of ¢(1,0). This

morphism of moduli problems is represented by the map My g — Ml[’f‘ll(p)’ - In the notation of the

previous section, (M, g®F,) as is the subscheme defined by the condition ¢ | A, = 0. It clearly maps

bal bal _
Ui(p

structure (P) is connected and so is ker F'. Similarly, (M; g ®F,) 4 lands on the I component.
Now by [Carl], 10.3 and Remark 2.3 the actions of o on (M®F,)4 and (M®F,) 4/ are identical,

respectively, to those of
j(@)™t 0 1 0
< 0 1 and 0 j(o)! )

Hence o acts on I as (j(¢)~!,1) and on F as (1,5(c)~1). O

to the E¥ component of M ), H@Fp; indeed, if ¢ is zero on A/, then in the corresponding U (p)

Remark 2.8. This proposition can also be proved by passing to Carayol’s unitary Shimura varieties
M;;, which have a modular description. There one can carry out a similar argument to [Gro],
Proposition 7.2. One uses the results of [Kas], 3.4 to define the analogue of the operator we.

Let J be the Néron model over D’ of the curve Pic? (Mlb]‘;l(p) 1) XK K'. Then Pic? (Mll’Jall(p) p®D")

is isomorphic to the identity component J? of J by [BLR1], 9.5/4.

The right action of Gal(K'/K) on Mg‘;l(p)ﬂ xx K’, and hence on Mlal(p)’H@D', that we just

studied induces a left action of the same group on Pic® (M%Zl(p) p®D’). Similarly, we have a right

action of Gal(K'/K) on PicO(M[l}‘;l(p)H) X K’ and hence on its Néron model. By the above

isomorphism, this induces a right action on Pic” (Mll’jil(p)’ y®D").

Lemma 2.9. Let 0 € Gal(K'/K). Then the right action of o on PicO(M’[’]“ll(p) y®D') is identical
to the left action of o~ 1.

Proof. For any regular curve X/K, there are two actions of Gal(K’/K) on Pic’(X xx K'): the
obvious left action, and the right action coming from the isomorphism Pic®(X x g K') ~ Pic?(X) x i
K'. By the universal property of the Picard functor, the right action of o on Pic®(X xx K') is
identical to the left action of 0!, and the lemma follows immediately. 0

3. MoD p HILBERT MODULAR FORMS

3.1. Mod p Hilbert modular forms. From here on we assume that p is unramified in F'. We first
describe a general construction for lisse étale mod p sheaves associated to modular representations;
cf. the p-adic sheaves of [Car2], 2.1.3 and [HT], IIL.2.

Consider a compact open U C G(A*>), and let U D U; D Uz D ... be a sequence of subgroups
such that for each n, My, — My is a finite étale Galois cover. Set G = lim Gal(My, /My). Let

1 : G — GL(W) be a representation of G on an Fp—vector space W, and suppose that 7 is defined

over a finite field F C F,,.
We define a lisse étale sheaf F;) on M as follows. Since 7 has finite image, it factors through
Gal(My, /My ) for some N. The sections of F,, over an étale cover Y — My will be the functions

fimo(Myy Xpmp Y) = W
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such that for all v € Gal(My, /My) and all C € mo(My, X, Y) the following relation holds:
F(Cy) =0y~ f(O).

In particular, if My — My is a finite étale Galois cover and 7 is an F,-representation of
Gal(My /My ), then this construction produces a lisse étale sheaf 7, on M.

Lemma 3.1. For H? sufficiently small, the finite étale cover My g — Mom is Galois with
Galois group GL2(OF/p).

Proof. By [Carl], 1.4.1.1, with the observation that it suffices to vary H? in that argument, for H?
sufficiently small My g — My g is a Galois cover with Galois group K(0,H)/K (1, H)(K(0,H) N
Z(Q)). Shrinking HP? if necessary, we can assume (Z(Q) N K(0,H)), C O}. By [Che|, Théoreme
1, there exists a rational integer a such that (a,p) = 1 and O N (1 4+ aOp) C 1+ pOp. Now

ordy

for all v € S, we require that H, C {g € GL2(O,) : g = I mod m, (a)}. Then we have
(Z(Q) N K(0,H))y, C UY(p). Repeating this process for all places of F' dividing p, we obtain the
lemma. O

Assume from now on that HP? is sufficiently small to satisfy the previous lemma. Then for any
modular representation £ : GLa(OF/p) — GL(W¢) we obtain by the construction above a lisse étale
mod p sheaf F¢ on Mo f.

Definition 3.2. Let o be a weight. A mod p Hilbert modular class of weight o is an element of
HY Mo,y ® F,F,).

3.2. Hecke operators on cohomology. The Hecke correspondences on My introducted in Sec-
tion 2.2 induce Hecke operators on the spaces H'(My ® F, F,). We will study them in this section.
Set F = F,. The induced operator [UzU] on cohomology is the composition of three maps:

(4) Hl(MU ®Fa ‘7:) - Hi(MxUz_lﬂU ®F’ I‘*]:) - Hi(MmUx—lﬁU ®F7 ‘7:) - HZ(MU ®Fa -7:)

The leftmost map is pullback by x, and the rightmost map is the trace. To give an explicit
description of the map in the middle, we will construct the relevant map of sheaves z*F — F on
M, y--1nv- By adjointness of * and z., this corresponds to a map F — z.F on My.

Now let Y — My be an étale cover. To construct our map

() FY) =2 F () = F Xmye Mava—100);

choose normal subgroups W C U and W/ C zUx~'NU such that W and W' trivialize F. In other
words, Gal(My /M) (resp. Gal(Myy:/Myr,-1~r7)) acts on A/p via o. Tt is easy to see that we can
suppose W’ C Wz, Then we read off from the definition of the sheaf F that

F)={f:mY xay Mw) — A/p:¥C € 10, ¥y € U, f(Cvy) = (7)1 £(O)}
and
FY Xy o Mavz—100) =
{F:mo(Y Xty 0 Mwr) — Afp :VC € mo, Vo € cUz" ' NU, F(CY) = a(w')‘lF(C)} .
Observe that the conjugation map = : My — M1y, — My induces a map on the base changes:
Y Xpye My — Y X, M.
Then the map in (5) is f — F}, where F¢(C) = 2 f(Cx).
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3.3. Eisenstein ideals. We generalize the notion of Eisenstein ideals to F as in [Jarl]. Let 9 C Op
be an integral ideal, and set Ay = {a € (A¥)* : a — 1 € 9}. The Artin reciprocity map induces an
isomorphism between Cl(0) = A%L/F*Ay(F%)? and Gal(Fy/F), where Fy is the narrow ray class
field associated to 0. If v is a place of F', we will say that v =1 (mod 0) if 7, € F*Ay; observe that
this definition is independent of the choice of uniformizer .

Definition 3.3. If m C T is a maximal ideal, we will say that m is Fisenstein if there exists an
integral ideal @ C Op such that for almost all places v of F' such that v = 1 (mod ), we have
T,—2cemand S, — 1 €m.

Let m C T be a maximal ideal. If there exists a representation Gal(F/F) — GL2(F,) such that
for almost all places v of F, the characteristic polynomial of the action of Frob, is 2 — T,z + NvS,,,
then we will denote it by pm.

Proposition 3.4. Let m C T be a mazimal ideal such that H'(My @ F, Fy)m # 0 for some weight
o. Suppose pw exists. Then pn is reducible if and only if m is Eisenstein.

Proof. In the case F' = Q, this is Proposition 2 of [DT], and the proof is essentially the same. See
also the comments in section 3 of [Jarl]. Let py be reducible. Then its semisimplification has the
form x@®x ! det py, for some character x of Gal(F/F), hence of Gal(F/F)?. Let ¢ be the conductor
of x. Then for almost all v =1 (mod ¢), we have T, = trp = 1 + NvS, (mod m). Observe that the
Artin reciprocity map identifies mo(My) ~ (AS)*/F+v(U) with a finite quotient of Gal(F/F)%.
Hence mo(My) is a quotient of C1(9) for some integral ideal o C Op; see [Neu| VI.1.8 for a proof
of this fact. From the description of the action of the Hecke operators in section 3.2, it is clear
that if v = 1 (mod 0) and v does not divide p, then S, acts like the identity on H'(My ® F, F,),
whence S, — 1 € AnntH 1(MU ®F, F») € m. Now choose 9’ such that the narrow ray class field
Fy contains F(tp). Then for almost all v = 1 (mod ?’) we see that S, —1 € mand T, —2 € m
(since Nv =1 (mod p)).

The argument in the converse direction is identical to that in [DT]. O

Proposition 3.5. Let A = H(My ® F,F;) for a sheaf F¢ as above. Let m C T be a mazimal
ideal such that m contains p and Ay # 0. Then m is Eisenstein.

Proof. This is analogous to the proof of Lemma 3 in [DT]. Consider A as a T[Gal(F/F)]-
representation. It is clear from the construction of F, that the action of Gal(F/F) on the semisim-
plification of A ®TF, factors through mo(My) ~ (A¥)*/F*v(U), hence through CI(d), where  is as
in the proof of Proposition 3.4. Therefore, Frob, — 1 is nilpotent on A for all v = 1 (mod ?). From
the Eichler-Shimura relation (Proposition 2.6) we know that T, — 2 = (Frob, — 1)(1 — Frob,!);
since the two factors commute, T, — 2 is also nilpotent on A.

From the description of the Hecke operators in section 3.2 we see that S, =1 on A for all v =1
(mod ?) such that v {p. If Ay # 0, then Ann(A) C m, whence 7, —2 € m and S, — 1 € m for v as
above. O

Remark 3.6. Observe that the same result holds for A = H*(My ® F, F¢) by Poincaré duality.

GL2(kp) 9
) To(p) ’
for a one-dimensional representation ¢ : I'g(p) — F,. Indeed such a ¢ can always be found; gener-

ically there are 2° of them. Let I = {r1,72,...,7s} be the set of embeddings k, — F,. We will

3.4. Lifting forms to “weight 2”. Suppose that oy, is an irreducible constituent of § = Ind
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assume they are labeled so that ;1 = Tip for i € Z/sZ, and we will write w; and k; for w,, and k,,
respectively. Denote the set of all subsets of I by P(I). If S € P(I), let vg be the characteristic

function of S®):
1 3
Vs(TZ') _ Ti+1 S S
0 ‘71 &S

Lemma 3.7. Let 0 : To(p) — F,, be a character of the form

(g Z>H T mlays=2

1€ZL/SZ

GLa(kyp)

To(9) 0 are the following, where S

Then the irreducible constituents of the Fp—representation Ind
runs over P(I):

(® Symk7—3+us(7') kg ®, Fp) ® ® detk7—2+ug(7') Symp—i-l—kT—l/S(T) k;% ®, Fp
TES TES

Here we have defined Symflkzg =0.

This is Proposition 1.1 of [Dial; the proof is a computation with Brauer characters. The unique
irreducible submodule and quotient correspond to S = I and S = &, respectively; since we do not
use this fact in the paper, we do not prove it, but explicit maps can be found in [Sch2].

Remark 3.8. By twisting everything in Lemma 3.7 with characters [[_ 7(det“") : GLa(kp) — ﬁ;,

?OL(;()ICP)H for all characters 6 : [o(p) — F,. Observe that every oy

appears as a constituent of some 6, and generically of 2% 8’s.

we obtain the constituents of Ind

GLaz (k)

To(p) 0 for some character

Definition 3.9. We will call o, untwisted if it is a constituent of Ind
0:To(p) — ﬁ; of the form

0 : ( 8 Z ) — H, T(d)k7_2.
T:kp—IFp
We will also call characters ¢ of this form untwisted. Often we restrict to the case of untwisted oy,
then use Corollary 3.21 to extend our results to the general case.
Let & = Indp, 2™
whose order is divisible by p, Maschke’s theorem fails, and o}, need not be a direct summand of §.
However, there exists a composition series of submodules

O=WocW i CcWeC---CW,,=¢£

such that for some labeling {01, ..., oy, } of the irreducible constituents of £, we have W;/W,;_1 ~ o;.

6. Since we are considering representations over F, of a group (GLa(ky))

Definition 3.10. We call a Hecke eigenclass f € H' (Mo g ® F,F,) non-Eisenstein if the corre-
sponding maximal ideal m C T is non-Eisenstein.

Lemma 3.11. Let 0 = 0p ® oP be a weight. (Here P consists of the components of o away from
p.) Let f € Hl(]\_JOVH ® F,F,) be a non-Eisenstein Hecke eigenclass. There exists an eigenclass
'€ H{(My g ® F, Fegov) with the same system of eigenvalues.
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Proof. First of all, we drop the ¢” from the notation; this will lead to no confusion. Then f €
HY (Mo g @ F,Fy)m # 0. Recall that {W;} is our filtration on Ind?j(i()k")
we have an exact sequence of representations

O0—=Wi1 —=W; —0p,—0

0. For some 1 <7< m

Consider the following segment of the long exact cohomology sequence:
H' (Mo wr @ F, Fiw,)m — H (Mo g @ F, Fo)m — H* (Mot @ F, Fiw,_, )rm-

By the remark after Proposition 3.5 the rightmost term is trivial. Since everything here clearly
respects the action of T, we can lift f to an element of H'(Myy ® F,Fw,)m with the same
eigenvalues. Now we consider the sequence

0—W; = W1 — Wi /W; =0

and see that Hl(MQH ® F, Fw,)m embeds in Hl(MO,H ®F, FWisr )m- Iterating this argument, we
see that it embeds in H' (Mo g ® F, F¢)m. O

For any place v|p, let 1, be the trivial representation of GLo(k,), and let 1 = ®U‘p 1, be the
trivial weight; this corresponds to k,; = 2 and w, = 0 for all 7.

Lemma 3.12. Suppose that 0 = oy ® 0¥ with o, untwisted, and let f € H'(Moy ® F,F,) be a
non-FEisenstein eigenclass. There exists an eigenclass f € H' (MUl(p)7H®F,.7:1p®gp) with the same
system of eigenvalues.

Proof. By Lemma 3.11 we can lift f to f/ € H' (Mo g @ F, Fegor ). Let B = []i_y GL2(Oy,), and

recall that EQoP =T ”dl(“}oL(?a()gj "

it is then a general fact from étale cohomology that for any lisse étale sheaf F, we have H'(My g ®
F,mF) = H'(My,pg ® F,F). Hence H'(Moyg ® F,Fegor) = H'(Mog @ F,mFoger) =
H I(MUO(p), @ F, Fagov). Statements of this form should be considered analogues of Shapiro’s
lemma in group cohomology.

Now observe that 7 : My, (p), 1 — My, (p),n is a Galois covering with group Gi ~ ky. Indeed,
since v(U1(p)) = v(Uo(p)) we see that My, () g and My () i have the same number of connected
components, and each component of My, ) i is a Galois cover of the corresponding component of

My, (p),m- 1t is a standard result that Hl(MUO(p),H ® F, Fogor) =~ Hl(Myl(p)ﬂ ® F,n* Fogor ) C10.

Finally we observe that n*Fggsr = f9|rl(p)®0p. Indeed, we have Fypgor =~ n*n*fo%lfp. Now

and the G'1 p-invariants of this sheaf clearly agree on stalks with

(f®0cP). Consider the finite étale Galois cover 7 : My (), 7 — Mo, u;

n«Fao v =F o)
Iry (o) @ Ind 00l (p) @0

Fogor- But we assumed 6 to be untwisted, and so 6 vanishes on I'1(p). Therefore, f indeed lifts to
H' (M, U (p),HOF, F1,000 ), and all of these manipulations are compatible with the Hecke action. [J

Remark 3.13. By exactly the same argument, we see that for arbitrary oy, f € H (Mo g @ F,F,)
can be lifted to an eigenform in HI(M;}CI”I(F) 5 ®F, F1,000). This time, oy is a constituent of 6 of

the form
o (5 0 ) = Irtea s

and one has to go up to I'%%(p) for # to vanish.
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Since F7 is the constant sheaf F,,, we can consider all the places above p at once in this argument
to obtain the following:

Proposition 3.14. Let o be a weight such that for each v|p, the v-component o, is untwisted. Then
a non-Eisenstein eigenclass f € HY (Mo gy ®F, F,) can be lifted to an eigenclass f € Hl(MUl(p)7H®
F,F,) with the same eigenvalues. For arbitrary o, f can be lifted to HI(M;}‘:Z([))’H ® F,Fp).

3.5. Action of the diamond operators. While the diamond operators act trivially on My, () m,

l
(p),H"

Lemma 3.15. Let f € Hl(M[bfl‘l(p) 5 @ F, F1,000) be a lift of a class from H' (Mo g ® F,F,) as in

the remark above. Recall that we have a fized character 6 : To(p) — F; such that oy 1s a constituent
of IndS2%)g Lo o, 3 € kj. Then

To(p)
(@.B)f =67 <( 55 )) /.

Proof. For some liftings @, B € Opof a, 0, let v € G(A™) be the element such that ~, = 1 for all

v # P, and
a 0

From the description of the Hecke operators in section 3.2 we see that the operator («, ) on co-
homology is induced by a map of sheaves ]:Fp — v*fﬁp wov Which sends a section f € fﬁp@) o (Y)
to a section Fy, where Fy(C) = v f(Cy).

Since f comes from a section of the sheaf Fygoe on My, () i, we see that f(Cvy) = 6= 1(v)f(O).
On the other hand, GL2(F}) acts trivially on the underlying space of 1, ® o®. Thus the map above
is simply multiplication by 071(v) = [ 7(aB8) ¥ r(8)?*. O

this is not true on My, () x and Mg‘;

(e

3.6. Galois representations.

Theorem 3.16. Let f € Hl(MO,H x F,F,) be a Hilbert modular class which is an eigenvector
of the Hecke algebra T, and suppose the associated mazimal ideal m C T is non-Fisenstein. Let
ay € F, and b, € F, denote the eigenvalues of T, and S, respectively, for places v where these
operators exist. Then there is a representation p; : Gal(F/F) — GLa(Fp) such that if v is a place
of F' such that H, = GL2(O,) (note that this criterion implies v fp and is satisfied by almost all
v), then py is unramified at v, and

o trps(Frob,) = a,

e det ps(Frob,) = Nv - b,.

Proof. We only sketch the proof. In section 3.4 we showed that f can be lifted to a Hilbert modular
eigenclass f € H 1(Mg‘1d(p) < I, Fp) with the same system of eigenvalues. Since the constant sheaf

F, corresponds to (the restriction to [T, 1'% (p) of) the trivial one-dimensional weight, our claim
is analogous to the classical result that a modular form of weight k and level N can be lifted to a
form of weight 2 and level Np; see, for instance, [Gro] §9.

Since H' (Mg‘;l(p),H ® F,F,) = H* (Mg‘;l(p),H ® F, D) ®pF,, by the Deligne-Serre lemma (Lemme

6.11 of [DS]) there exists [’ € Hl(M[bfl‘l(p)’H ® F, D"), for some discrete valuation ring D’ D D, such
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that the Hecke eigenvalues of f and f’ have the same image in the residue field F,. Clearly f’ can

be viewed as an element of H'! (M[bj‘:l(p) 7 QF,Qp).

Recall we have a fixed isomorphism @p 5 C. In Hida’s notation, the constant sheaf @p is the
p-adic sheaf L(n,v,C) for n = v = 0 (which corresponds to k = 2t and w = t, where ¢ is the vector
(1,...,1)). By [Hid], Theorem 6.2, we have

HY (M 5 @ F,Qp) 2 St 5(Ur (p)* x H,C) & Sat,1.1(U1(p)* x H,C),

Here the two components on the right hand side are spaces of functions f : G(Q)\G(A) — C satis-
fying certain congruence properties, as defined on pp. 303-4 of [Hid]. Now by the Jacquet-Langlands
theorem, there is a classical Hilbert eigenform of parallel weight 2 with the same eigenvalues as our
eigenform f € Sor 4 7(Us (p)b@ x H,C), and for these one constructs Galois representations with the
required properties as in [Car2] and [Tay]. O

3.7. Modularity. We will now see that modularity in the sense of Definition 1.2 implies modularity
in the intuitive sense that for a modular p there exists some mod p Hilbert modular eigenclass f
such that p ~p.

First we define a “diamond operator” map as follows. Map (A%)* to (T/m)* by sending an adele
a to [Uy,U]. Here v, € G(A™) is defined as follows: for any place v of F', set (74)y = ay1y, where
1, is the identity of (D ® F,)*. Observe that if a € F™*, then v, € G(Q) and 7, is in the center of
G(A™), so a is in the kernel of our map. Composing with the Artin reciprocity map we obtain a
“diamond operator” map:

():Gal(F/F) — (T/m)*
Frob, ~— S;*

Proposition 3.17. Suppose that p : Gal(F/F) — GLa(F,) is irreducible, continuous, totally odd,
and modular of weight o (in the sense of Definition 1.2). Then there exists f € H' (Mo g x F, Fy)
such that p >~ py.

Proof. Consider the Fj-vector space V = (Pic®(M; z)[p] ® 0)L2(OF/P) a5 a representation of the
group Gal(F/F). We know that, for an appropriate H, p is a subrepresentation. Furthermore, V
has an action of T that commutes with the Gal(F/F)-action. This makes V into a T/p-module.
Since T is finite free over Z, we see that T/p = @, T/m"", where m ranges over all maximal ideas
of T containing (p) and ny € Z. Let Viu =V @1 T/m. Then V = @, Vin.

Since this decomposition of V respects the Gal(F/F)-module structure and p is irreducible, we
find that p appears in Vy, for some maximal ideal m C T. In particular, V;, # 0. Also, there is
a canonical isomorphism Pic®(My y)[p™] ~ H}, (M s, 7,(1)) which is compatible with the Galois
and Hecke actions. Taking p-torsion, we see that Pic®(My y)[p] ~ H' (M1 ® F, ). Therefore,
we have a Hecke-equivariant (but not Galois-equivariant!) isomorphism:

Vio = (H' (M1 g ® F, ) © ) 2O~ HY (Mot @ F, Fo ).

Indeed, we will show that (H°(My g ® F,p,) ® 0)GL2Or/p) ~ HO(My g ® F, F,), and by the
Hochschild-Serre spectral sequence we will get a similar map for H' with Eisenstein kernel and
cokernel. Now, (H°(My,g ® F, p,) ® o) consists of locally constant functions f : (My,m)y — Wo,
and g € GL2(Op/p) acts by (gf)(C) = o(g9)(f(Cg)). Hence the GL2(Op/p)-invariants are the
functions satisfying f(Cg) = o=1(g)f(C), which are precisely the global sections of F, on M .
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By the Eichler-Shimura relation of Proposition 2.6, for almost all places v of F' we have the
following congruence on V and Vj:

(6) Frobg — T,Frob, + (Nv)S, =0 mod m.

Let a, 8 € F, be the roots of the polynomial X2—T,X+(Nv)S,, where we consider the coefficients
as elements of T/m C F,. Consider a Jordan-Hélder decomposition of the (T/m)[Gal(F/F)]-
module Vi,. Let W be a constituent corresponding to p. Let A1, Ag, ..., Agimw be the roots of the
characteristic polynomial of Frob, on W. Clearly each JA; is either « or .

Let ¥ = x(-)~!, where x is the mod p cyclotomic character. Observe that y(Frob,) = (Nv)S, =
af for v satisfying (6). Hence, the roots of the characteristic polynomial of Frob, acting on the
(T /m)[Gal(F/F)]-module WY @ Y are precisely A\; 'af; note that this quantity is equal to 3 (resp.
a) if \; = « (resp. A; = (). Finally we see that the characteristic polynomial of Frob, acting on
WaoWVyis (X2 - T,X + (Nv)S,)4™W. Hence py, exists, and by the Brauer-Nesbitt theorem:

W e WY~ (pm)™™".
Since p is irreducible, we have that p ~ W and dimW = 2. Hence p ~ p,,.- In particular, p,, is

irreducible, so by Proposition 3.4 m is non-FEisenstein. Let 0 # f € Hl(MO’H ® F, Fy)m; this space
is non-zero since p is a constituent. Then by Theorem 3.16 p exists and is isomorphic to p. U

Remark 3.18. For f € Hl(M(LH ® F,F,), observe that py does not necessarily appear in the
Gal(F/F)-representation H'(My g ® F,F,). Indeed, from the characteristic polynomial of Frob,
on HI(MQH ® F, F,) in Remark 2.5 we find that Py @ x appears in Hl(Mo,H ® F, F,), where  is
the cyclotomic character.

Proposition 3.19. Let () : Gal(F/F) — F; be the map defined above. Then (det p) = x(-)~ 1.

Proof. 1t suffices to verify the relation for uniformizers m, at almost all finite places v of F'; note
that the choice of , corresponds via the reciprocity map to (the inverse of) a choice of Frob, €
Gal(F/F). But (det p)(m; ') = det p(Frob,) = (Nv)S, = (m,)x (7). O

3.8. Twisting by the determinant. Let n = ®v‘p
weight. We will show that twisting a weight by n simply twists the possible modular representations
by a certain character. This will allow us to consider weights “up to twist” in section 5.

Let xj « [L,p k0 — IF; be the character given by xjlx, = Hr:ku‘—ﬁp 7% Then x; lifts to

(® iy, det™” ®7Fp> be a one-dimensional

a character on [[, O; and hence to one on O}. By Théoréme 1 of [Che], there is an a € Z
such that (p,a) = 1 and Of N (1 4+ aOF) lies in the kernel of xj. Let O, be the subgroup of

totally positive elements of OF. The character (x;)~"' : O}, /(OF, N (1+aOF)) — F; extends to
1. O5/(1 + w;”“d“(“)ov), and this in turn lifts to a character x; : [[,, Oy — F;. For z € OF, let
Ay
Ta = (Tv)ofa € [[,)q Op- We now define a character x, : O;/O% . — F, by Xy () = X7 (2p) X7 (2a)-
Clearly x;, is trivial on (’)Aj‘p + and coincides with x% on Hv‘p O;.
Finally, observe that O}/ OF, C AR JF*(F%)0 is dense. Then Y, extends to this larger group,

and we view it via the reciprocity map as a character x,, : Gal(F/F) — E’;.
Let V' = K(0,H) N Z(Q). Decreasing H? if necessary at the places dividing a, we may assume
that v(V) C ker xy. Now HO(Mo g ®F, Fy) = {f : (AF)*/F*v(V) — A/p: f(Cy) =n(y) 1 f(O)}.
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Thus x,, € HY(Myy®F, F,). Furthermore, the cup product f — fUx,, provides a map H'(My g ®
F.Fy) — H' (Mog ® F, Fogy).

Proposition 3.20. If f is a Hecke eigenform corresponding to the Galois representation p, then
1

J'Uxy 1s also a Hecke eigenform, and the corresponding Galois representation is p @ X, -
Proof. We study the action of T on x;. Suppose v ¢ S and let v, € G(A™) be the element with
T, = [K(1,H)v,K(1,H)]. Asin (4), T, acts on H'(My g ® F, Fyey) via the composition of three
maps. The middle map, or rather the corresponding map of sheaves F,gy — (Vo)«Fooy on Mo H,
sends f U x; to Fruy,, where Fruy, (C) = 7% f(Cyw) @ xn(Cyw) = Yo f(Cvw) @ Xy(me) X5 (C). The
third map is the trace, and since we can find a set of coset representatives of 7, K (1, H)v, ! in
K (1, H) that lie in the kernel of the reduced norm v, we see that To,(f U xy) = Tof U xn(m0)xn =
AMTo) Xy (7o) (f U xp)- Similarly, Sy(f U xn) = A(Su)xy(m0)*(f U xy)-

Therefore, fU X, is a Hecke eigenform. If p’ is the Galois representation corresponding to fU Xy,
then for all v & S,

trp'(Froby) = MTy)xy(m0) = )\(Tv)XEI(WJI) =tr(p® X;l)(FrObv)
det o/ (Frob,) = A(Sy)xn(m)? = A(Su)xy (7 1)? = det(p® X;I)(Frobv).

v

Thus p':p®x;1. O
Recall that for a Galois representation p, we denoted by W (p) the set of modular weights.
Corollary 3.21. W(p® x,') ={o®@n:0eW(p)}.

4. FINITE FLAT GROUP SCHEMES

4.1. Review of vector space schemes. In this section we collect, without proof, facts about
vector space schemes from [Ray| and section 5 of [Edil]. Note that [Edil] mostly treats the case
e = p — 1, but the same arguments work to give the results stated here.

Let F be a finite field with w = p" elements, where p is prime and r > 1. An F-vector space
scheme over a scheme S is a commutative group scheme G over S equipped with a homomorphism
F — Endg(G).

Let D be a mixed characteristic strictly henselian discrete valuation ring with residue field &k of
characteristic p. Recall that strictly henselian means that k is separably closed. We will denote
its field of fractions by K. Let v : D — Z be the valuation and e = v(p). Suppose that the base
scheme S is a D-scheme.

Since D contains the (w — 1)th roots of unity, there are w—1 characters x : F* — p,,—1(D) C D*.
We write 7 for the augmentation ideal sheaf of G: Og = Og & Z. For each character x : F* — D*
as above, we define the subsheaf

I, ={f €T :YaecF a*(f) = x(a)f}

Here a* is the endomorphism of O¢g corresponding to scalar multiplication by a on G. It is easy to
see that 7 = @©,Z,.

Definition 4.1. We will say, following [Ray], that the F-vector space scheme G/S satisfies condition
(+x) if all w — 1 sheaves Z,, are invertible.
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In the sequel we consider only schemes satisfying condition (xx). If S is an integral scheme with
fraction field of characteristic 0 and G/S is finite and locally free of rank w, then by [Ray]|, 1.2.2.
G satisfies (xx).

A character x : F* — py,—1(D) C D* is called fundamental if, when we define x(0) = 0, the
composition F % D — k is a ring homomorphism. Clearly there are r fundamental characters.

Pick one of them and call it x¢. Then all of them are x; = Xgl, where i € Z/rZ.
Let G/K be any F-vector space scheme satisfying condition (x). For all ¢ let X; be a generator
ag .. a1

of Z,,. Since any character x : F* — D* has the form x = xy°x7" -~ -X,offll for0<a; <p—1,itis
easy to see that G is determined by r equations, one for each i € Z/rZ:

(7) le = (SiXiJrl,(Si e K*.

The map (g, d1,.--,0,—1) — (v(dp),v(d1),...,v(d,—1)) gives a bijection between isomorphism
classes of such F-vector space schemes over K and the set Z" /A, where

A =7Z(p,0,...,0,—-1)® Z(-1,p,0,0,...,0)®--- ®Z(0,...,0,—1,p).
Observe that the set
{(agy...,ar—1) €Z":0<a; <p—1,a; not all p— 1}

therefore corresponds bijectively with the isomorphism classes of G/K.

Similarly, an F-vector space scheme G/D satisfying the condition (xx) is given by equations of
the form (7), where this time §; € D and 0 < v(J;) < e. The second condition is necessary to
define the group structure on G, i.e. to ensure that the inversion map is defined over D. The map
(00,015, 0r—1) — (v(dp),v(d1),...,v(dr—1)) is a bijection between the set of isomorphism classes
of G/D and the set

{(agy...,ar—1) € Z"|0 < a; < e}.

If e > p — 1, this tells us that every F-vector space scheme G/K satisfying the condition (xx)
can be extended to D. However, if € > p — 1 such extensions are not unique.
Now we specialize to our usual case of D = W (ky) and K = F". Then D is a complete discrete

valuation ring with e = 1 (since p was unramified in F') and residue field F,. Let D' and K’ be
as defined in the introduction, let v’ be their valuation, and observe that D’ is a strictly henselian
discrete valuation ring with ¢/ = p® — 1.

Let G/K be an F-vector space scheme given by equations X? = §;X;11, and set a; = v(d;).
We can assume that 0 < a; < p — 1. The pull-back G = G x g Spec K’ is described by the
same equations, with the d; now considered as elements of (K’)*. We have v'(d;) = (p* — 1)v(d;) =
(p° —1)a; for all i. Consider an extension G of G to D'; as we remarked above, it is not unique
if s > 1. If Gpr is given by the equations (X)? = 0; X/, set aj = v'(9;). We have 0 < a; <p° — 1.

Now we study two Galois actions. First consider the action of Gal(K /K) on G(K); it determines
G as a finite group scheme by the equivalence of categories in [Wat], §6.3-4. Define the character v; :
tw—1(K) — F* as the inverse of x;, for all i € Z/rZ. Upon eliminating the variables Xi,..., X,
from the equations (7), we find that

Xy = dXo,

where § = 5{71511” +++6;—1. Then G(K) can be identified with the solutions in K of the above
equation. If a € F*, then multiplication by a on G(K) corresponds to multiplication by xo(a) on
these solutions. For x € G(K), clearly G(K) = {(z : € py-1(K)}, so every element of Gal(K /K)

T—2
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acts on G(K) by multiplication by some ¢ € p,—1(K), which corresponds as above to multiplication
by some a € F*. Thus the action of Gal(K/K) is given by a character Gal(K/K) — F*. Since
the only element of F* of p-power order is the identity, the wild inertia acts trivially. As the tame
ramification of K/K is identified with lim pn—1 (K), the action is in fact given by a character
¢ py—1(K) — F*. Furthermore,

(8) ¢ = T

Let o € Gal(K’'/K); it induces automorphisms o both of Spec K’ and of Spec D’. Denote by
g(0) the automorphism idg x o of G xx K' by g(0); it lifts to Gp,. We can now restrict to
the special fiber to get an action of Gal(K’/K) on Gf, = Gp xp Fp and hence on cot(FF,), the
cotangent space to GFP at 0. This space has the presentation

(9) cot(Gg)= P Fp-dxl

i€Z/rL,a]_1>0

One can define invariants b; for each i € Z/rZ such that g(o) acts on the generator dX/, when
it exists, by multiplication by (the image in the residue field F, of) is(c)~%. Here if K, with
valuation vy, is the totally ramified extension of K of degree p" — 1, then i, : Gal(K,/K) =
fpn—1(D) is defined as in [Ray], §3.1 by requiring that for all o € Gal(K,/K) and z € K, there
exists u € K’ with v/(u) > 1 such that o(z) = 2(i,(0))"® (1 + u). This gives the isomorphism
Ly > lim ppn—1(K). The invariants a; and b; are related by the following fundamental equation,
for all i € Z/rZ:

(10) ag = bj+1 — pb; + (ps — 1)ai.

4.2. Torsion points on PiCO(MUl(p)bal7H). We are finally ready to begin the proof of Theorem
1.3. Let p : Gal(F//F) — GL3(F,) be modular of weight o and suppose that p|q, is irreducible.
Suppose that o is untwisted. We will see that this assumption involves no essential loss of generality.
It implies that there exists a map 6 : T'o(p) — F; of the form

a b _

(11) e:(o d>H H, T(d)F 2

T:kp—IFp

GL2 (k)
To(p)

the k; are not all 2 and not all p+ 1. The case of 8 = 1, which is easier, will be treated separately

in section 5.4.

By Proposition 3.17 there exists a non-Eisenstein maximal ideal m C T and a Hilbert modular
eigenform f € Hl(M(LH x F,F,)m such that p ~ ps. Then by Proposition 3.14 there exists
f € H! (M”U“ll(p)’H x F, E,)m with the same Hecke eigenvalues as f. By Lemma 3.15, this f is an

eigenvector for the Hecke algebra T defined in section 2.2 and determines a map A : T — Fp, which
sends each Hecke operator to the corresponding eigenvalue. In particular, for every «, 8 € ky we

have A({a, B)) = HT:,W%FP 7(8)27*7. Clearly, the kernel of A is a maximal ideal i C T containing

such that ¢ is a Jordan-Holder constituent of Ind 0. Suppose that 0 is non-trivial, i.e. that

m, and X induces an embedding of fields T/m C F,. Set F = T/f. Increasing F if necessary, we
may assume that GLa(F) contains the image of p.
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Since T C End(Pic° (M?j‘ll(p) ) T is a free Z-module of finite rank and F is a finite field. Also,

we have ’i‘p =T®y Zp =T X T’, where T’ is the product of the localizations of T at all the other
maximal ideals above p. Now let ¢,&’ € T, be idempotents such that eT, = Tg, ¢'T, = T’, and
e +¢' = 1. Consider the element n = qul Zaek; (a,a) € T,. Clearly n> =5 and ' = 1 — 7 is also
an idempotent with nn’ = 0. Since the 6 is non-trivial, we see that A(n) =0, so n € m. But 7 is an
idempotent, so in fact n € m” for all n > 1, whence en = 0. Thus, en/ =¢(1 —n) =¢.

Recall from section 2 that M(bf;l(p)’ g has semistable reduction over the field Fy, where Fy/F} is
a totally ramified extension with Galois group kj. Note that K I = F;,Fl;". Let J be the Néron

model over D’ of the Jacobian of Mll}‘lll(p) > and denote its special fiber by J =Jxp Fp. The

identity component J° of .J is isomorphic to Pic® (MbUall(p) 1/ D"); see [BLR1], 9.5/4. Recall that we
denoted the irreducible components of its special fiber by I and E. By [BLR1] 9.2/8, the pullbacks
of invertible sheaves from Mll’}lll(p) g ®pr Fp to I and E give an exact sequence:

(12) 0T —J = Ji&Jg—0

where J; and Jg are the Jacobians of I and FE, respectively, and T is a torus consisting of divisors
of degree 0 supported on the (finitely many) supersingular points.
Now consider the p-divisible group J°[p>] = (J°[p"]), over D’. Observe that the JO[p"] are

quasi-finite and flat over D’. Since J°[p™] is a T ® Z,-module, it decomposes as

Jp>] =elpX) @I p™ =G G,
where we have defined the p-divisible groups G and G’ by G, = ¢J°[p"] and G!, = £ J°)p"].
Similarly there is a decomposition J°[p>] = nJ°[p>] & ' J°[p>].

Observe that nG = neJ[p>] = 0. Recall that a geometric point of M’[’]“ll(p),H ® F, has the
form (z, P, P'), where z is the geometric point of My i ® F, lying below and (P, P') is a Uy (p)b?-
structure at x. It is easy to see from [Carl], 7.5 that the diamond operator («, 3) sends (x, P, P')
to (z,71P,a1P"). Indeed, the group GL2(Oy) acts on the right on Drinfeld bases of level 1 via
its quotient GLa(ky) as follows: (¢g)((z,y)) = ¢((z,y)g™1), for g € GLa(kp). In particular, {«, 3)
stabilizes the supersingular points.

Let JO[p>]/ = (JO[p"]/),, be the finite part of J°[p>], i.e. the maximal subscheme which is finite
over D'; see [SGA], IX, 5.1. Since the diamond operators («, 3), and hence 7, act trivially on the
torus 7' C J, it follows by [SGA], IX 5.5.8 that they act trivially on the quotient J9[p>]/J%[p>]/.
But G = 0, whence G C J°[p>=]/ and all the G,, are finite over D'

Now we consider special fibers. Let G = G xp F), = e [p>°]. Taking p*>-torsion of the exact
sequence (12) yields the following exact sequence of p-divisible groups over E,:

(e’¢) =01 o (e’¢) (e’¢)
0— T[p™] — J [p™] = Ji[p™] & Je[p™] — 0.
All these maps are compatible with the action of 7 and n’. Thus we get an exact sequence
0 — o/ T[p™] = ' J’[p™] = ' (Jr[p™] @ Je[p™]) — 0.

The only part of the exactness that is not obvious is that ker(r) C im(s). If g € J°[p™] is such that
7(n'g) = 0, then there is t € T[p*] such that ¢(t) = n'g. But then (n't) = n't(t) = (v')%g = 1/g,
proving the required exactness. Since 7 acts trivially on T, we have n’T" = 0. Hence 7 is an
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isomorphism. From the description above of the action of the {(«, 3), we see that they preserve the
decomposition J; @ Jg, and hence so do n and 7’. Thus we obtain an isomorphism

i ™) = 0 (Ji[p™®] @ Jep™)) = 0 Ji[p™] & 0 Je[p™).
Since en’ = €, we conclude that:

Lemma 4.2. With the notations as above, we have a decomposition
G = 577,j0[poo] ~eJi[p>®] D eJp[p>®] = G; ® GE.

Here the last equality is a definition; note that G; and G are not defined as special fibers of group
schemes over D’.

4.3. Relation between G and p. Consider the space F? endowed with a Gal(F/F)-action given
by p : Gal(F/F) — GLg(F). This corresponds to a finite affine (étale) group scheme W over F,
such that W (F) = F? (see the construction in [Sha], §3). Clearly W is an F-vector space scheme.

Lemma 4.3. There is an integer d > 0 such that G[m]gs is isomorphic to d copies of W1 =
w XF K'.

Proof. By Theorem 1 of [BLR2], G[m]g(F) is isomorphic to d copies of Wy (F) as F|Gal(F/F)]-
modules. Indeed, as we saw in the proof of Proposition 3.17, for almost all places v of F' the
characteristic polynomial of p(Frob,) is X2 — A\(T,) X + NvA(S,). By the Eichler-Shimura relation
of Proposition 2.6, Frob, satisfies the same polynomial on PicO(Mg‘Il(p), 1) (F), hence on G[m|g.
Hence the hypotheses of [BLR2], Thm. 1 hold by the Chebotarev density theorem.

Now, G[m]gs and @le Wiy are group schemes over a field of characteristic zero, hence étale,
and have the same action of Gal(K /K'), so they must be isomorphic. O

4.4. Further decompositions. As we mentioned in the introduction (see [Edi2] for a proof),
the pro-p group I lies in the kernel of (p|g,)**. Hence (p)*|s, factors through the tame inertia

It p = Ip/I, and is given by two characters ¢, ¢ : Iy, — ﬁ;.
Lemma 4.4. If p|g, is irreducible then ¢ and ¢’ are of level 2s, with ¢9 = ¢' and (¢')? = ¢.

Proof. Since I, < Gy, I,’, < I, and I, is abelian, we see that Gy/1I, acts on Iy, by conjugation.
Observe that Gy/I, ~ Gal(Fy'"/Fy) is topologically generated by the element ® which lifts the

automorphism z — ¢ of the residue field l?p of Fy'".
Now let o € I, p = lim Gal(K,,/Fy"). If 7 is any uniformizer of K, then o(r) = i, (o) and:

PodH(m) = B(in(0)® (7)) = (in(0))?7.
Hence the representation p : Ity — GLo(F,) defined by p/(0) = p(@c®~!) acts by the characters
¢? and (¢')9. Therefore {¢, ¢’} = {¢7, (¢')?}, and since ¢ = p® one of the following holds:

(1) The characters ¢ and ¢ are of level s. In this case, the action of Gy, preserves the “¢-
eigenspace” of V', and so p|g, is reducible.
(2) The characters ¢ and ¢’ are of level 2s, with ¢’ = ¢? and ¢ = (¢')?. Then p|g, is irreducible.

Since we assumed that p|g, was irreducible, we must be in the second case. ]



WEIGHTS OF GALOIS REPRESENTATIONS 23

Thus under the hypotheses of Theorem 1.3, ¢ and ¢’ are both of level 2s (and not of level s).
Let ' be an extension of F containing [F2s. Then we have a decomposition Wx ®@p F'=W,®Wy.

The left-hand side is the F'-vector space scheme corresponding to the Gal(K /K )-module (F)? ®p
F" with the Gal(K /K)-action given by p*|;,. We define Wy and Wy analogously; Gal(K /K) = I,
acts on them via the characters ¢ and ¢/, respectively. Furthermore, let Hy and Hy be the one-
dimensional F2s-vector space schemes over K corresponding to the characters ¢ and ¢'. Then,

)
Wy = (D Hs,
k=1

where 7 = [F’ : F], and there is an analogous decomposition of Wy . These clearly base change to
direct sum decompositions over K’. From the above and Lemma 4.3 it follows that

Gm|g @rF' = @ (Hy )k © (Hy ji) K-
1<j<d
1<k<r
Here the Hy ;1 and Hy ;1 are copies of Hy and Hy, respectively. It follows from [Ray], 1.2.2
that they satisfy the condition (x*) as F,2s-vector space schemes. Since the absolute ramification
degree of D' is p* —1 > p — 1, we know from Section 4.1 that all the vector space schemes in the
above displayed formula extend to D’. If s > 1, these extensions are not unique.

Lemma 4.5. Let Hi, Ho, ..., Hag, be any labeling of the set {(Hg i)k, (Hy jr)r 1 <j<d, 1<
k <r}. Then Glm] ®@p ', as an Fes-vector space scheme over D', has a filtration:

Gm@pF =VoDV1 DD Vg =0

such that for every 1 < i < 2dr, the quotient H; = Vi1/V; is an Fps-vector space scheme over D'
extending H;. Furthermore, the action of Gal(K'/K) preserves this filtration.

Proof. The image of the generic fiber G[m]x = G[m] xpy K’ in G[m] is a dense open subset. Let
Q= @312 H; be the direct sum of all the components of G[m] except for Hy, and let V; be the
closure of its image in G[m]. This is clearly preserved by the continuous action of Gal(K’/K); note
that all the H; are defined over K. By [Sha| §3, there exists a quotient group scheme Vj/V1, which
is flat and finite over D’, and its generic fiber is clearly isomorphic to Hj. Iterating this process,

we construct all the elements of the filtration. O

Taking special fibers, we get a filtration of schemes over D'/mp/ D' = Fp:

Observe that Vagr_1 is the special fiber of the vector space scheme ngr;l over D', whose generic
fiber is in turn (Hag, ). This is the setup of the end of section 4.1; cot(Vag-—1) is what we would

call COt((Her)Fp) in the notation of that section. Thus, cot((Hgdr)Fp) embeds into cot(G).

5. PROOF OF THEOREM 1.3

5.1. Numerology of vector space schemes. We now suppose, without loss of generality, that
in our chosen labeling Hi, ..., Hag, of the components of G[m|x the last component Hyg, is one
of the Hy ;. This is an Fj2s-vector space scheme satisfying (+*), on which Gal(K/K) = I, acts
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by the character ¢. The vector space scheme ﬁgdr = Vagr—1 extends Hag. to D'. We drop the
subscript and write H for Hog,.

Let 00,01,...,02s—1 be the embeddings of F,s into E,, labeled so that of = o;_1 and the
restriction of o; to Fps is 7r(;), where 7 : Z/2sZ — Z/sZ is the natural projection. Then let

Vi Ly — F; be the fundamental character of level 2s corresponding to o;, and let y; : ]F;QS — D*

be the inverse mapping of ¢;. Note that x¥ = x;41, and we have precisely the setup of Section 4.1.
Now let ag,aq,...,ass—1 be parameters corresponding to H, as defined in Section 4.1, and recall
that ¢ = 3> '9{0 - - -bg2"*. Similarly define a) and b;, for i € Z/2sZ.

GLa(kp)

Suppose that p is modular for a weight o = o, ® o® which is a constituent of Ind. To(p) 0 for a

non-trivial character 6 : T'y(p) — F; of the form

(14) 6 < - > e I rladyrr(@)t2.

Tikp—TFp

Lemma 5.1. As before, we write kj for kr,. Then,
¢¢/ — H w2wﬂ(l)+kﬂ’(l)71
: .

i€,/ 257,

Proof. Clearly, ¢¢/ is a character of level s and factors through Gal(K'/K). If x;;* : Gal(F/F) — F;
is as in Corollary 3.21, then observe that x, 4 L, = [[;¥;". Hence it suffices to consider the case
that w; = 0 for all 3.

This follows from Proposition 3.19. Let o0 € Gal(K/K), and suppose its image in Gal(K'/K)
corresponds to j(o) € Op/(1+p) by the Artin reciprocity map. We identify j(o) with its image in
k;. Since Oy contains the (g — 1)-st roots of unity, we can identify Oy /(1 +p) with j1,—1(D). Then
by Proposition 3.19 and Lemma 3.15 the following holds in F* C ?;:

$(0)¢/ (o) = det p(0) = (o) ""x(0) = A((G(0) 1)) Ny i, (3 (0)) " =
I ~G)=2rGe)™= [ rG@e)"t= ] aG)=ot= T wio)=o"

T:kp Ty T:ky T, 1€Z/25Z 1EZL /28T

The last equality is true because the maps j : Gal(K'/K) — Oy /(1 +p) and is : Gal(K'/K) —
fg—1(D) are the same by Proposition 3 of [Ser| (note that in that article the Artin reciprocity map
is normalized so that uniformizers correspond to arithmetic Frobenius elements). O

Lemma 5.2. The cotangent space cot(HFp) does not vanish.

Proof. Suppose that cot(HE)) = (0. We claim that HE) is étale as a finite group scheme over F,. It

suffices to prove étaleness at the origin; by translation this will imply étaleness at any Fp—point of
HE], and this is enough since the étale locus is open. Let O be the complete local ring of Hﬁp at

the origin, and let n be its maximal ideal. Since the cotangent space at the origin vanishes, n = n?.

But (), n" = 0 since O is noetherian, so n = 0. Thus O is a finite field extension of FF,, hence it is
F, itself. This establishes that HFP is étale.

Recall that a group scheme over D’ is étale if and only if its special fiber is étale. Thus Vag._1
is étale, so as a D’-scheme it is a direct sum of a finite number of copies of Spec D’; all finite étale
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schemes over the strictly henselian ring D’ are of this form ([Mil], I.4). Therefore, the generic fiber
Hpyr = Vagr—1 xpr K' is a constant scheme over K’. Obviously, Gal(K/K') acts trivially on H(K),
and hence ¢ is a character of level s, giving a contradiction. O

For each j € Z/sZ, let ¢; = kj — 2 + p(kj—1 — 2) + - -+ + p* 1 (kj41 — 2). Since 6 is non-trivial,
0 < c¢j <p®— 1. We often write k; and c¢; instead of kr(;) and ¢y, for i € Z/2sZ.
We temporarily return to the assumption that 6 is untwisted.

Lemma 5.3. Suppose that oy is a constituent of Ind?(?é()k”)ﬁ for a character 6 : T'y(p) — F; of the

form of (11). Then for all i € Z/2sZ, we have b; € {0, c;} (mod p® —1).

Proof. By Proposition 2.7 and Lemma 2.9, we see that Gal(K'/K) acts on J; and Jg, and hence
on cot(Gy) and cot(Gg), by (j(0)~1, 1)1 = (j(0),1) and (1,j(0) 1)~ = (1, (o)), respectively.
Recall the description of cot(HFp) from the end of the previous section. In particular, we see from

(13) that cot(HFp) C cot(G[m]). Since cot(HFp) # 0 by Lemma 5.2, there must be some i € Z/2sZ

such that a;_; > 0 and dX/ is a non-trivial element of cot(Hg ). Now, cot(G[m]) = cot(G[m]) @

cot(Gg[m]). By Lemma 3.15, in F* we have (j(c),1) = 1 and (1,j(0)) = HT:kp(_)Fp 7(j(o))2Fr;

observe that these are in fact contained in IF;2S. As we saw above, the maps j and i, are the same.
Thus, o can act on dX] either by the character 1 or by:

Xi H 7 (Z's(o,))2fkj = XZ(TT('(’L) (is(a))icﬁ(i)) = /L‘S(U)icﬁ(i).
JEZ/SZ

But we know from the discussion preceding (9) that o acts on dX| by is(c)~%. Thus we have
shown that if a;_; > 0, then b; € {0, ¢;} (mod p® — 1), and there exists at least one such i. Now, if
a;_, = 0, then by the fundamental equation (10) we have b; = pb;—; (mod p® —1). The observation

that ¢; = pe;—1 (mod p® — 1) completes the proof of the lemma. O

We now apply (10) to determine the a; and hence ¢. Our analysis splits into four cases.
Case 1. b; = 0,b;11 = ¢;41. In this case, (10) tells us that

a, — (p° — 1)a; = biy1 — pb; = ciy1.

Recall from Section 4.1 that since our b;’s are only defined modulo p® — 1, we can only determine
the set of a;’s modulo the lattice A. However, different sets of a; equivalent modulo A give the
same character ¢, so this is enough for us. On the other hand, we know that 0 < a} < p* — 1. The
latter condition implies that a} = ¢;+1 and a; = 0.

Case 2. b; = ¢;,bi11 = 0. This time we see from (10) that:

a; — (p° — Da; = —pe; = —p*(kig1 —2) — p* M(kisa — 2) — - — p(k; — 2) =
—(° = D (kit1 —2) = [p* (kir2 = 2) + -+ + (ki — 2) + (kip1 — 2)] =
P o+ 1—kio)+ - +pp+1—k)+ (p+1—kip1)] — (p° — 1) (kiy1 — 1)

Let 3 be the bracketed quantity in the bottom line of the displayed expression. Observe that
0 < <p®—1. We must have a; = § and a; = k;y1 — 1.
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Case 3. b; = 0,b;41 = 0. From (10) we have a] — (p® — 1)a; = 0, which admits two solutions:
a, =0 a; =0
a,=p°—1 a; =1
Case 4. b; = ¢;,bi11 = ¢i4+1. In this case we have:
a; — (p° = 1)a; = bip1 — pbi = ciy1 — pei = —(p° — 1) (kip1 — 2).
Therefore, there are again two possibilities in all cases, namely
a;:0 a; =kiy1 —2
a;=p" =1 ai=kiy—1

The following lemma shows that we may assume without loss of generality that {b;,b;1s} =
{0, cx(s)} for each i; this assumption will not change the set of possible characters ¢ that we obtain.
We will write the collections of a;’s as vectors: a = (ag,ai,...,ass—1), and similarly for the b;’s.
We say that a is associated to b if these collections of a; and b; satisfy (10) for each .

Lemma 5.4. Let a and b be as above. Then b; € {0,¢;} for each i, and a is associated to b. There
exists b = {bo,...,bas_1} such that {b;,biys} = {0,¢;} for each i and a vector a associated to b
such that a —a € A.

Proof. We prove this by brute force; see [Schl], Lemma 3.2 for a more conceptual, but essentially
equivalent, argument. Let u; = a; + ajys — (kix1 — 1). By Lemma 5.1, o = (po, ..., 2s—1) € A.
Furthermore, the computations above show that, for all 7, |u;| < k;y1 —1 < p. Hence each p; must
be one of 0, £1, +(p — 1), or +p.

Case 1. Assume first that {b;,bi1s} = {0,¢;} holds for at least one index i. If it is true for
all 7, we are done. Otherwise, for some ¢ we have {b,+1,bz+s+1} = {0,¢it1}, whereas {b;, b1} is
{0,0} or {c;,¢;}. We will construct a vector b such that {bk,bk+s} = {0,¢x} for all k such that
{br, bprst = {0, ¢} and {b;, bH_s} {0,¢;}, and an a associated to b such that a—a € A. Tterating
this process, we can construct b and a as required.

One considers a number of cases; we give an example of one. Assume that ;41 = 0 and
bits+1 = Cit1, and consider the case b; = bj1s = 0. Then a; € {0,1} and a;+s = 0. Observe that
wit1 € {—1,0,1}, and hence p; € {0,£p}. Hence either k;y; = 2 and a; = 1, or ki1 = p+ 1 and
a; = 0.

Suppose that b;_1 = ¢;_1. Then a;_1 = k; — 1. Define l~)k = by for k # ¢ and l~>1 = ¢;. Define
ap =ap for k #4¢,9—1. Ifa; =1, let ;.1 =k; — 1l and a; =1 = k;y1 — 1; then a = a. If a; = 0,
let @; =p="Fk;p1 —1 and a;—1 = k; — 2; clearly a — a € A. In either case, a is associated to b.

Case 2. Now suppose that b; = b;4s for all i. Observe that for some ¢ one of the following
holds, since otherwise ¢ would be a character of level s: either b; = bjys = bj11 = biys+1 = 0,a; =
0,a;4s =1 0r bj = biys = Ciybiy1 = biyst1 = Ciy1,0; = kit1 — 1,015 = ki1 — 2.

Let pt = ptiys+ppi1+-- -+ . Since pp = pirys, o € A implies (1+p*)u =0 mod p?s —
whence ¢ =0 mod p®—1. Also observe that a—a € A if and only if & = (@45 — aits) +p(aits—1 —
Qivs—1) + -+ p* Haiyst1 — Gitst1) =0 mod p** — 1.

If w =0, then for k € {i + s+ 1,i+s+2,...,1+ 25 — 1,i} we set by = b and for the
remaining k we switch: if by = 0 (resp. bp = c¢i), then b = ¢k (resp. b, = 0). Then define
ap = ay, for k € {i+8+1,...,i+28—1}, aE = (kk-i-l —1) —a for k € {i+1,...,i+5—1},
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and (a;,ai+s) = (0,ki41 — 1) (resp. (a;,Gi+s) = (ki+1,0)) if a; = 0 (resp. a; = ki1 — 1). The
construction for p # 0 is similar. O

We will now assume that {b;,b;+s} = {0,¢;} for all 7. In this situation, the condition p € A
implies that u = 0, so we have a; + a;4.5 = ki1 — 1 for all 4.
Proposition 5.5. Let p : Gal(F/F) — GLy(F,,) be such that p|g, is irreducible and p is modular of

Sj(i()kp)e’ where 0 : To(p) — IE‘p as in (11) is untwisted

and non-trivial. Then there exists a subset S C I and a labeling {7, 7'} of the two liftings of
7t kp < [y to Fpes for each T, such that

(15) s~ (0 5 ).
where ¢ = ¢4 and

weight o such that oy is a constituent of Ind

6= H ¢I~c.,-72+1/5(7) H w?w{c772+us(7’)‘

res ¢S

Proof. Let ®(6) be the set of all characters ¢ of the form in the above statement. Any ¢ € ®(0)
is specified by the data (S,e;), where S C I and for each j € Z/sZ, ¢; is a bijection of sets
g Ny = {4,5+ st — {zﬁ;ﬂ,z/JT /} (think of the elements of the latter set as symbols). As
usual, we write ¢; instead of e, ;) for i € Z/2sZ. Conversely, such data give rise to the character

b= HzeZ/2sZ¢z ', where

k:i—2+ljs(7'¢) 1T € S,el(z) :wl
0 cTi € S,64(1) = 1/J~/
m; = '
D T & S, 6i(i) =
ki—2+wvs(r) 7 &S, ei(i) =¥z

It is clear that every ¢ € ®(0) is described in this way, although different data may produce the

same ¢. The bijections ¢; correspond to the choice of which of 0y, 04, is 7; and which is 7.
Similarly, let 2(0) be the set of ¢ satisfying the conditions imposed by (10) via the computations

above. Any ¢ € Q(6) is specified by the data (S’,d;), where S’ C I and for each j € Z/sZ J; is a

bijection of sets &; : 77 (j) = {4, j+s} — {0,¢j_1}. Such data give rise to ¢ = 1g> " {0 - - ;ﬁif,
where the a; are determined by the following rules:
0 5():0 6i+1(i—|—1):ci
ki —1 (S(Z)—Cz 1, z+1(2+1)_0
w . 0 15(2)—51+1(Z+1)—0 Tz+1€S
R 5;(1) = 0ig1(i+1) = 0,7341 & S’
ki —1 5(2)—01 15 7,+1(Z+1)—Czy7-7,+165
kki_Q 2(51(Z> —01_1,(51_;,_1(24-1) = Cj, Ti+1 §ZS’

In other words, §;(i) = 0 and 0;(i) = ¢;—1 correspond to b;—1 = 0 and b;_1 = ¢;_1, respectively, and
S’ decides which of the two options we choose in Cases 3 and 4. By virtue of Lemma 5.4 and the
remark after it, each ¢ € 2(0) may be described (perhaps not uniquely) in this way.
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Now, let A; : {1,[).;1.,1/1;{} — {¢i—1,0} be the bijection which sends 3, to ¢;—1 and d}ﬂ' to 0. Let pu;
be the other bijection between the same sets. Consider the map w : ®(0) — Q(6) which sends the
data (S,e;) to the data w(S,¢;) = (5’,0;), where S” = S and

5 Aiog :1; €S8
e u;oe; T €8

Obviously w gives a bijection between data defining elements of ®(6) and data defining elements
of 2(0). One verifies that (S,¢;) and w(S,e;) give rise to the same ¢, and hence ®(0) = Q(0). O

Remark 5.6. The statement of Proposition 5.5 has the same form as that of Theorem 1.3, which we

wish to prove. If 3 < k. < p for all 7, then by Lemma 3.7 Ind?j(i()

constituent for every S C I. It is easy to see that the union of the sets of ¢’s predicted by the
conjecture of [BDJ] for all of these constituents is precisely ®(6). Thus, Proposition 5.5 is the “best
possible result.” On the other hand, if k; =2 or k; = p+ 1 for some 7, then for some S we do not
get a constituent, and ®(0) is larger than the set predicted by the conjecture.

k . .
p)é? has a non-zero irreducible

Corollary 5.7. Retain the hypotheses of Proposition 5.5, except that oy is now a constituent of

Ind?(?(z()k”)é? for an arbitrary 6 : To(p) — F; as in (14). Then there is a subset S C I and a labeling

{7, ¥} of the two liftings of T : ky — Fy, to Fpps for each 7, such that p|;, has the form (15), with

(16) ¢ = H YT H wlf‘r*2+l/s(7') H w%@fﬂwsm

TES TES

Proof. This is almost immediate from Proposition 5.5. Indeed, suppose that p is modular of weight
o = op ® 0P, with o, as in the statement. Let 7 be a one-dimensional weight such that n, =
®r(det ™" ®,F,). By Corollary 3.21, p is modular of weight o if and only if p ® Xy I'is modular of

weight o ® 1. Also, o, ® 1, is a constituent of 1 nd?;(?()k")é, where
~ a b ._
9:<o d)H [T @5

JEL/SL

Proposition 5.5 applies to p ® X;l. The Artin reciprocity map identifies (Ip)ab with O}p, on
which x;, acts by [[ ¥¥7 = [[, (¥##)"". Hence p = (p® X,;l) ® Xy has the required form. O

As before, we denote by ®(6) the set of all characters ¢ of the form (16). For any oy, let ©(oy)
be the set of  : Tg(p) — E‘; such that oy is an irreducible constituent of I nd?(?(;()
argument shows that if the statement of Theorem 1.3 holds for some weight o, then it holds for

o ®n if n is any one-dimensional weight. Thus we assume from now on that o = o ® o, where

Op = ® (Symki*zkg R, Fp).
1€ZL/ST

k)9 The previous

It is easy to see that ©(oyp) contains some 6§ factoring through the determinant if and only if the k-
are all 2 or all p+ 1.
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5.2. The cases s = 1 and s = 2 and the general method. Suppose that s = 1, i.e. k, = Fy;
for instance, this will happen if p is completely split in F'. In this case I = {7} is a singleton, and
op = Symk_ng ® Fp, with k # 2,p + 1. In this case Theorem 1.3 is immediate from Proposition
5.5.

Now assume s > 2. The proofs in the several cases below all use the strategy outlined below.
Let ®(0) be the set of characters ¢ that appear in (p|y, ,)* for some Galois representation p which
is modular of weight o and such that plg, is irreducible. We observe that ®(0) C (yeo(s,) 2(0)
and proceed to compute this intersection; it will essentially be our bound on ®(o).

By Lemma 3.7, for each S C I there is at most one flg such that o, is the S-constituent of
I nd?(?(i()kp)& Indeed, s does not exist if and only if there is some i € Z/sZ such that k; = p + 1
and one of the following two conditions holds: either 7, € S and 7,41 € S, or ; € S and 7,41 € S.

Otherwise g exists and is the following;:

Os : < 0 2 ) - ggT(ad)p_lT(d)kT_l_VS(T) I;LT(ad)k7_27(d)p+1_k7_”S(T).

By assumption the k; are not all 2 and not all p+ 1. Then if g exists, it does not factor through
the determinant, and by Corollary 5.7 ®(fg) consists of the following, where T' runs over P(I):
(17)

H wi"r‘f'P_l_VS(T)wgl_VT(T) H wg_VS(T)w?'_l_VT(T) H wg_VT(T)wi;r_l_VS(T) H wiT_l_VT(T)w;VS(T)

T€T TeT TET TET
TeS TES TES TES

Remark 5.8. Observe that (g ®(fs) contains all ¢ of the form []_5 ~2,; here the intersection
is over all S such that 6g exists. Indeed, for each such S consider T'= S. The corresponding ¢ are

H ¢’fr+l’—1—l’s(7’) Zj/—l’S(T) H ¢@r—1—VS(T)w:VS(T) — H d)le—lwgl H 77[)157—111)2/'

TES TES TES TES

By (17), ®(;) consists of all ¢ of the form [ ., wI;T_HVT(T)z/Jg, [Ler ¢§7_2+VT(T)¢§,. Hence
if ¢ € (g ®(As), then in particular ¢ € ®(fr) and so ¢ = H]-GZ/QSZ l/J;nj, where for each j the set
{mj,mjis} is either {k; — 1,0} or {k; — 2,1}. In the latter case, if @ € {j,j + s} is such that
Mo = 17 then if {mj+17mj+1+s} = {kj+l - 170} (resp. {mj+lamj+1+s} = {kj+1 - 27 1})7 we see
that mgy1 = 0 (resp. mgy1 = 1).

Now suppose s = 2. We resolve this case by explicit computation. Let I = {7, 72} and suppose
that k1 and ks are not both 2 and not both p+ 1. We just saw that (g ®(fg) contains all ¢ of the

form 2/)’;11711/)% wijflw%. Suppose first that 2 < k1, ko < p. Then g exists for all S, and by (17):

ki—1_,0 ;1 ka—1 ,0 k1—2_,0 ,ka—1 k1—1 ko—2_,0 k1—2 ko—2
D(07) = {wh M plul T, b 2ul gkl gkl gkl ghi el pk2yr |

where T runs over P(I), and {71,7{} and {72, 75} run over labelings of {01,035} and {og, 02},
respectively. Similarly,

_ ki+p—1_,p—1_ ko—2 p—1 k1—1_,0 kao—1 /0 ki—1 p—1_ko—1 p—1 ki—1p kao—1 5 —1
(I)(H{Tl}) - {wﬁl ¢;{ wi—j V(p;—é 7wﬁl ¢;{¢;22 ¢;57¢;11 ¢;{ pr—j Qb,;é 7¢;f w;{lﬁ;; ¢~;é }

Tt is now clear that ®(c) C (g ®(fs) = B(67) N B(Br,3) = {;@’;;—wging—l 0 } as desired.

=~/
T2
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Now suppose k1 = p+ 1. Then g exists only if S = I or S = &. It is easy to see from (17)
that ®(0g) = ®(0r). Hence (g P(8s) = ®(0r), which is larger than we want. The following result,
whose proof is independent of everything we have done here, is Corollary 8.4 of [Sch2].

Proposition 5.9. Let 6 : Ty(p) — F;, and let p : Gal(F/F) — GLo(Fp) be such that p|g,
is irreducible and p is modular of weight oy ® 0P, where oy is an irreducible quotient of V =

GLa(kp)
IndFo(P)
exists a constituent 0';, # op of V such that p is modular of weight 0]’3 ® oP.

0, i.e. the constituent corresponding to S = @ in the notation of Lemma 3.7. Then there

Hence if p is modular of weight o, ® o, where o, = (Sym” k2 @, F)) ® (Symkrzkg R, Fp),
GLa(kp)
.

! is one of the other constituents of I ndFO (»)

p
By Lemma 3.7, there are only two possibilities for ‘7;,33

(detP~1 Symokg ®r Fp) @ (detk2=2 Symp+1-k k,% ®r, Fp)
(Sym?2k2 @, F,) ® (det™> ™ SymP*2k2 @, F,)

If ko # 2, then all exponents of symmetric powers in these weights are strictly less than p — 1, so
we know that Theorem 1.3 holds for them. Thus ¢ must have either the form [] lbgl_l?b?/ Q,/J%;_Zl/)g,
1 2

or the form qu%_lwg, zpfj_lwg, and it is easy to see that once we get these characters into the
1 2

then it is also modular of weight U,’o ®oP, where o

form of the statement of Theorem 1.3, we cannot have {mgq,m4} = {ko — 2,1}. If ko = 2, then
{kg — 2, 1} = {kg — 1,0}.

Remark 5.10. This proves Theorem 1.3 when s = 2 and k1, ke are not both 2 or p + 1. Observe
that the method of intersecting the ®(fs) broke down when k1 = p + 1, and we had to rely on
Proposition 5.9. A similar problem occurs in general when k; € {p,p + 1} for all I # j, when we
are trying to rule out {m;,m;; s} = {k; —2,1}. This is the reason for the condition (2b) in the
definition of Wy(p).

5.3. The general case.

Proposition 5.11. Suppose that 2 < k. < p for all 7, and that the k,; are not all 2. Then the
statement of Theorem 1.3 holds for o.

Proof. We may assume s > 3. As before, we compute (g ®(fs). Since k; # p+1 for all 7, it follows
that g exists for all S C I. By Remark 5.8, (g ®(fs) contains all ¢ of the form []_ wlf_lwg,. We
claim it contains nothing else. Indeed, suppose that ¢ = [] ; w;-nj € Ng ®(bs) is a character not of
this form. Then ¢ € ®(6;), so there is some i such that k; # 2 and {m;, m;+s} = {k; — 2,1}.

Let S = {r;}. We assert that ¢ ¢ ®(fg), which will contradict ¢ € Nyeg(,,) P(0). For every
T C I, we claim ¢ is not one of the elements of ®(fg) corresponding to T" in (17) above. These are:

ki+p—1 p—vr(ri) |
'QZ};—Z B ! €T

o kr—1—vp(7)  p—rs(T) kr—1—vp(7) , —vs(T) !
o= 1] vs a1 Ve X kmlyper ) o
TET T¢T ¢7~'¢ 7 LT Q

THET; THET; ?
Suppose that 7; = 0,, where a € {i,i + s}. There is a unique way to write ¢ such that all
the exponents are between 0 and p — 1. It is clear that this redistribution of exponents can cause
the residue mod p of each exponent to change by at most one. Since 3 < k; < p and vg(7) = 0
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for 7 # 7,1, we see that we must have 7,_; ¢ T and 7/_; = 0q+s—1, and that the exponents of
Vat1, Vat2, - - - Wats—2 in the displayed expression above must all be 0. This can only happen if for
allk € {i+1,...,i+s—2} (note this set is non-empty Since s > 2) we have 7, € T'. So in particular
vp(m;) =0, Whence the exponent of ¥, is p. But d}a e Wt 1s = 1, so after the redistribution of
exponents, the exponent of 9, will not decrease after all. Hence ¢ ¢ ®(fg). O

Finally we consider the general case, where 2 < k; < p+ 1 for all ¢, but the k; are not all p + 1
and not all 2. Suppose that ¢ € ®(6;7), but ¢ does not have the form []_ w];T_lwg,. As we saw
above, there is some 7; such that {m;,m;ys} = {k; — 2,1}. Suppose k; # p + 1. Now there may
be more than one way to “redistribute” the exponents of ¢, since we allow exponents to be p. If
ki1 # p+ 1, then set S = {7;}. Then g exists and the previous argument works to show that

¢ & 2(0s).
Alternatively, suppose that there exists some 1 < m < s — 1 such that k;_,, # p,p+ 1. Then
we may set S = {Ti_m+1,...,7i—1,7i} and use a variant of the above argument. Observe that g

exists, and ®(fg) consists of:

b= H wq]jT—l—VT p vg (T H wk —1—vp T)¢7—/VS

TeT T¢T
TES TES
ki+p—1_p—vr(mi) . _
kr+p—2_ p—vr(T kr—2  p—vr(T wn w ‘ el
| G | (e klyp-vr() g
reT r&T ¢i-i F 1T &
T€S\{;} Te€S\{7;} v

As above, let 7; = 0, and we see that we must have o445 = %Z-’fm (with exponent —1 in the
above expression) and that all the exponents between them, i.e. the exponents of 6441, ..., 0ats—m—1
must be 0. When we redistribute exponents to bring ¢ into the form of (2), if the exponent of o,
turns into my, = k; — 2, then the exponent —1 of 0445y, Will turn into p — 1. But then p — 1 must
be either k;_,, — 1 or k;_,, — 2, whence k;_,, is either p or p+ 1, which we assumed not to happen.
Hence ¢ ¢ ®(0s).

The only case that has not been treated (for non-trivial ) is when k; # p+1, but k; € {p,p+1}
for all j # . This is the reason for condition (2b) in the statement of Theorem 1.3.

5.4. The case of trivial 6. Let 1: I'y(p) — ﬁ; be the trivial character. Then we see from Lemma

3.7 that the GLy(ky)-module I ndGL(2 ()k")l has only two Jordan-Holder constituents:

GLa2(kp) _ =
0— ® Symok‘2 Qr F — In d (i() Pl - ® SymP lkjg Q0 Fp — 0.
Tel Tel

We write 0, and a; for the submodule and quotient above, respectively. Suppose that p :
Gal(F/F) — GLg(F,) is modular of weight 0 = 0, ® o, where oy, is as above. The argument is
similar to the one for non-trivial 8, but is much easier. There exists an eigenclass f € H 1(M07 H®
F, Fp)m corresponding to p, where m C T is the appropriate maximal ideal. As before, we have
T) = T x T'; let € be an idempotent such that eTp = Th,.

Recall that My g has good reduction. Let J be the Néron model over D of PicO(MO,H). Define
a p-divisible group G/D by G, = J°[p"]; the G,, are finite and flat. Then we see as in Lemma 4.3
that Gm]g is isomorphic to some number of copies of Wi = W x g K, where W is the T /m-vector



32

MICHAEL M. SCHEIN

space scheme over F' corresponding to p*. We find a [ 2.-vector space subscheme V' C G[m] ®r F
satisfying condition (#*), such that Gal(K/K) acts on Vi by the character ¢.

Clearly Gal(K'/K) acts trivially on Pic®(Mg z) ® D and hence on the special fiber of G[m]p
and on its cotangent space. Thus b; = 0 for all i. But then a; € {0,1} for all 4, and from Lemma
5.1 we sce that (¢¢9)|;, = x|1,- Hence ¢ must have the form ¢ = [T 11y,

Now suppose that p is modular of weight o’ = oy, ® (0”)P, where o’ is as defined above. It follows
from Proposition 5.9 that p is also modular of weight oy ® (¢)P, and so ¢ must be of the form

above.

But this is equivalent to ¢ having the form ¢ = []_12¢2,.

The proof of Theorem 1.3 is now complete.
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