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88-165 dwihqihhqe zexazqdl `ean

zepexzt - jnq igeex ,mip
ne` - 10 zia ilibxz

zexahvd ziivwpet yi X ixwn dpzynl .1

F (x) = xa , 0 < x < 1

.re
i `l la` ,reaw `ed a > −1 xy`k

.E[X ] = a
1+a

-y gked (`)

? diihd xqg `ed df o
ne` m`d .a xhnxtl ziaxind ze`xpd o
ne` z` `vn (a)

xqg `ed df o
ne` m`d .a -l o
ne`k

X

1−X
mirivn (`) sirq ly d`vezd xe`l (b)

? diihd

,zihppelxd zebltzddn 10 l
ebn minb
n xeviil aygna xfrd ,a = 2, 4 mixwna (
)

? si
r mdn dfi` .a-l mip
ne`d ipy ly zebltzdd z` (dnxbehqd i
i lr) we
ae

rand(10,1).ˆ (1/a) d
ewtd i
i lr zebltzdd ly minb
n xeviil ozip :dxrd

okle .f(x) = F ′(x) = axa−1
`id zetitvd (`)

E[X ] =
∫ ∞

−∞
xf(x)dx =

∫

1

0

axa dx =
a

a+ 1

y jk a ly dxigad `ed ziaxind ze`xpd o
ne` (a)

n
∑

i=1

log(f(Xi)) =
n
∑

i=1

(log a + (a− 1) logXi)

milawn a -l qgia zxfbp i
i lr .ilniqwn `ed

n

a
+

n
∑

i=1

logXi = 0

`ed ziaxind ze`xpd o
ne` okle

a = −
1

1

n

∑n
i=1 logXi

.

epl yi n = 1 xy`k .diihd xqg dfy il d`xp `l

E

[

−
1

logX1

]

= −
∫

1

0

axa−1

log x
dx =

∫ ∞

0

eay

y
dy

.qpkzn epi` df lxbhp`e ( x = ey davd i
i lr)

epl yi n = 1 xy`k (b)

E

[

X

1−X

]

=
∫

1

0

axa

1− x
dx

! qpkzn `l df mby
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(oini) a -l ipyd o
ne`d zebltzde (l`ny) a -l MLE -d zebltzd .a = 4 dxwnd :1 xei`

z` xiivle :a = 4 dxwnl mip
ne`d ipy ly divleniqd z` zeyrl ze
ewtd dpd (
)

zenxbezqdd

N=1000; % number of samples

n=10; % sample size

a=2; % true value of a

es1=zeros(N,1); % first estimate values (MLE)

es2=zeros(N,1); % second estimate values

for i=1:N

X=rand(n,1).^(1/a); % make the sample

es1(i) = -n/sum(log(X)); % compute first estimate (MLE)

es2(i) = mean(X)/(1-mean(X)); % compute second estimate

end

figure(1)

hist(es1,20) % plot histogram of first estimate

title(’MLE estimate’)

figure(2)

hist(es2,20) % plot histogram of first estimate

title(’other estimate’)

mean(es1) % find average values of the 2 estimates

mean(es2)

zlgezd ef divleniqa oey`xd o
n`l - i
n deab d`xpk `id zlgezd mip
ne`d ipyl

zlgezdn deab xzei `vei MLE -d ly zlgezd illk ote`a .4.35 ipyd o
ne`l 4.41 `id

.ipyd o
ne`d ly

2.18 ,(MLE) 2.34 :mirvennd ,`ad 
enra zenxbehqd :zene
 ze`vez yi a = 2 dxwnl

.(ipy o
ne`)
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(oini) a -l ipyd o
ne`d zebltzde (l`ny) a -l MLE -d zebltzd .a = 2 dxwnd :2 xei`

-xnd ze`xpd o
ne` z` `vn .p xhnxt mr zixhne`b zebltzdn mb
n `ed X1, . . . , Xn .2

? diihd xqg `ed m`d .p -l zia

zixhne`b zebltzdd

P(X = r) = p(1− p)r−1 , r = 1, 2, . . .

z` zeyrl xgap MLE -d okl

∑

i

logP(X = Xi) = n log p+
(

∑

Xi − 1
)

log(1− p)

lawl p -l qgia xefbp :ilniqwn

n

p
−

(
∑

Xi − 1)

1− p
= 0

⇔ (1− p)− (X − 1)p = 0

⇔ p =
1

X

epl yi n = 1 dxwna .diihd xqg didi dfy z
gein daiq mey oi`

E

[

1

X

]

= E

[

1

X

]

=
∞
∑

r=1

p(1− p)r−1

r
= −

p

1− p
log(1− p)

.E[X ] = 1

p
oaenky zexnl ,p -l deey `l dfe ( .− log(1− p) ly xken xeliih xeh)



ipyy gked .re
i epi` n xy`k ,1, 2, . . . , n minlydn mixtqn k ,zexfg `ll ,mixgea .3

miihqihhqd

k + 1

k
maxi(Xi)− 1 , 2X − 1

mip
ne` ipyn dfi`l `vn (zxg` e`) aygna ieqip i
i lr .n -l diihd ixqg mip
ne` md

.xzei dkenp zepey yi dl`

epl yi i lkl z`f lka la` !mdipia zelz yi .exgapy mixtqnd X1, . . . , Xk i
i lr onqp

E [Xi] =
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2

epl yi (zelz ly avna elit`) zlgez ly zeix`ipild i
i lr okle

E

[

2X − 1
]

= E

[

2

k

K
∑

I=1

Xi − 1

]

=
2

k
· k ·

n+ 1

2
− 1 = n

-y mb epl yi

P(maxi(Xi) ≤ r) = P(X1, . . . , Xk ≤ r) =

(

r

k

)

(

n

k

) , r = k, . . . , n

okle

P(maxi(Xi) = r) =

(

r

k

)

−
(

r − 1
k

)

(

n

k

) , r = k, . . . , n

:okle (.

(

k − 1
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n
∑
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r
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−
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r − 1
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)
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=
n
∑
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r
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(
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(
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
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okle .

(

n

k + 1

)

deey `edy divwe
p` i
i lr gikedl ozipe lwqt

E[maxi(Xi)] = n−

(

n

k + 1

)

(

n

k

) = n−
n− k

k + 1
=

k(n + 1)

k + 1

ok enke

E

[

k + 1

k
maxi(Xi)− 1

]

=
k + 1

k

k(n + 1)

k + 1
− 1 = n

.n l diihd ixqg mip
ne` md 2X − 1 -e

k+1

k
maxi(Xi)− 1 :mekiq

:xegal mikx
 10 yi .n = 5, k = 2 :dnbe
l

12, 13, 14, 15, 23, 24, 25, 34, 35, 45

:2X − 1 ly zebltzdd

2 3 4 5 6 7 8 jxr

× 1

10
1 1 2 2 2 1 1 'zqd

.3 zepeye 5 zlgez mr

:
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2
maxi(Xi)− 1 ly zebltzdd

2 7

2
5 13

2
jxr

× 1
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1 2 3 4 'zqd

.2.25 zepeye 5 zlgez mr
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(oini) s2 ly zebltzde (l`ny) X ly zebltzd .5 l
eba minb
n :3 xei`

mikxrd z` ayg mb
n lkle N(75, 10) zebltzdd jezn 5 l
ebn minb
n 500 xga alhna .4

dl`yd lr xefg .(zenxbehqd ulnen) s2 lye X ly zeiebltzdd z` x`z .s2 lye X ly

? zebtlzdd lr mb
nd l
eb ly drtydd `id dn .10 l
ebn minb
nl

:alhn 
ew

N=500; % number of samples

n=5; % sample size

mu=75;

sigma=10;

Xb=zeros(N,1); % values of Xbar

s2=zeros(N,1); % values of s2

for i=1:N

X=mu+sigma*randn(n,1); % make the sample

Xb(i) = mean(X); % make value of Xbar

s2(i) = var(X); % make value of s2

end

figure(1)

hist(Xb,20) % plot histogram of Xbar

title(’Xbar distribution’)

figure(2)

hist(s2,20) % plot histogram of s2

title(’s2 distribution’)

zeiebltzdd n = 10 xear .`ad 
enra n = 10 ze`vez ,dlrnl df 
enra n = 5 ze`vez

.zefkexn xzei 
er eidi zeiebltzdd le
b xzei didi mb
ndy lk oaenke - zefkexn xzei

!dnl oiadl aeyg
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(oini) s2 ly zebltzde (l`ny) X ly zebltzd .10 l
eba minb
n :4 xei`

:µ -l mip
ne` 3 mirivn ,re
i σ mr N(µ, σ) zebltzddn 3 l
ebn X1, X2, X3 mb
nl .5

W1 =
1

3
(X1 +X2 +X3)

W2 = median(X1, X2, X3)
W3 =

1

2
(maxi(Xi) + mini(Xi))

zepey mr o
ne`d z` `vn ,zxg` e` aygna ieqip i
i lr .diihd ixqg mleky gked

xzeia dkenp

,re
i `l a mr U
(

a− 1

2
, a + 1

2

)

zebltzddn `ed mb
nd eiykr xy`k dl`yd lr xefg

.a -l md mip
ne`de

zeiebtlzd yi mlekly xexay llba ( µ zlgez ilra xnelk) diihd ixqg md W1,W2,W3

.µ l aiaqn zeixhniq

:alhn 
ew

N=10000;

n=3;

mu=75;

sigma=10;

W1=zeros(N,1);

W2=zeros(N,1);

W2=zeros(N,1);

for i=1:N

X=mu+sigma*randn(n,1);

W1(i) = mean(X);

W2(i) = median(X);

W3(i) = (max(X)+min(X))/2;

end



var(W1)

var(W2)

var(W3)

-d `ed rvennd df dxwna .(W3) 36.4 ,(W2) 45.0 ,(W1) 33.5 zeiepeyl zeaeyz izlaiw

.331

3
oaenk `ed rvennd ly zepeyl zwiie
nd daeyzd .MVUE

alhn 
ew :d
ig` zebltzdl xa
 eze`

N=10000;

n=3;

a=12;

W1=zeros(N,1);

W2=zeros(N,1);

W3=zeros(N,1);

for i=1:N

X=a-0.5+rand(n,1);

W1(i) = mean(X);

W2(i) = median(X);

W3(i) = (max(X)+min(X))/2;

end

var(W1)

var(W2)

var(W3)

-y d`xpk df dxwna .(W3) 0.0250 ,(W2) 0.0498 ,(W1) 0.0277 zeiepeyl zeaeyz izlaiw

( .

1

36
, 1

20
, 1

40
mde - d
ear daxd - zewiie
n zeaeyz aygl ozip) !si
r W3

lkn .σ = 5 ,µ = 15 mr zilnxepd zebltzddn 10 l
ebn minb
n 500 xeviil alhna xfrd .6

.s mb
nd ly owz ziihq z`e X rvennd z` `vn mb
n

-y `
ee minb
nd 500 zwi
a i
i lr

P





X − µ
σ√
n

< 1.645



 ≈ 0.90

-e

P





X − µ
σ√
n

< 1.96



 ≈ 0.95



dnl

P





X − µ
s√
n

< 1.645





-e

P





X − µ
s√
n

< 1.96





zeiexazqdy jk 1.96 -e 1.645 mixtqnd z` zepyl ozip ji` xaqd ? mikenp xzei md

.0.95 -e 0.90 -l aey elri dl`

:divleniqd z` ligzdl 
ew

N=500;

n=10;

mu=15;

sigma=5;

Xbar=zeros(N,1);

s2=zeros(N,1);

for i=1:N

X=mu+sigma*randn(n,1);

Xbar(i) = mean(X);

s2(i) = std(X);

end

ze
ewtd z` izazk xy`k

sum( abs(Xbar-mu)/(sigma/sqrt(n)) < 1.645 )/N

sum( abs(Xbar-mu)/(sigma/sqrt(n)) < 1.96 )/N

.0.95 -e 0.9 jxra - 0.948 -e 0.896 zeaeyz izlaw

izazk xy`k la`

sum( abs(Xbar-mu)./(s/sqrt(n)) < 1.645 )/N

sum( abs(Xbar-mu)./(s/sqrt(n)) < 1.96 )/N

.0.920 -e 0.868 wx izlaw

: t9 zebltzd ly mipefeg`a ynzydl izpwz xy`k

sum( abs(Xbar-mu)./(s/sqrt(n)) < 1.83 )/N

sum( abs(Xbar-mu)./(s/sqrt(n)) < 2.26 )/N



.0.950 -e 0.902 izlaw if`

zlgezl jnqd geex z` mipwzn σ mir
ei `ly llba s -a yznydl jxev yi xy`k :llkd

.N(0, 1) mewna tn−1 zebltzda yeniy i
i lr

mi`ven .n"q 1.500 jxe` mr xviil dxen`d dpekna mixveind miaikx 8 ly mb
n migwel .7

md miaikxd ly mikxe`dy

1.502, 1.501, 1.504, 1.498, 1.503, 1.499, 1.505, 1.504

.aikx ly jxe`d ly zepeyle zlgezl mip
ne` `vn (`)

90% zewdaen znx mr jxe`d ly zlgezl ixhniq jnq geex `vn (a)

.95% zewdaen znx mr jxe`d ly owzd ziihql oeilr mqg `vn (b)

(`)

x =
1

8

8
∑

i=1

xi = 1.5020

s2 =
1

7

8
∑

i=1

(xi − x)2 = 6.3× 10−6

ihqihhqd (a)

x− µ
s√
8

90% zexazqd mr okle .t7 bltzn

∣

∣

∣

∣

∣

∣

x− µ
s√
8

∣

∣

∣

∣

∣

∣

≤ 1.89

.1.5003 ≤ µ ≤ 1.5037 90% zewdaen znx mr okle

95% zexazqd mr okle χ2(7) bltzn

7s2

σ2 (b)

7s2

σ2
≥ 2.17

xnelk

σ ≤

√

7

2.17
s ≈ 4.5× 10−3
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na .8

(rhw rvn`) lib mixab xtqn

17.5 28
22.5 68
27.5 43
32.5 18
37.5 9
42.5 4
47.5 2
52.5 1
57.5 0
62.5 2

jnq geex `vne ,dpezgd onfa mixab ly libd ly owzd ziihqle zlgezl mip
ne` `vn

.zlgezl 90% zewdaen znx mr

:miihqihhqd aeyig

x =
1

175

∑

xi = 26.1

s2 =
1

174

∑

(xi − x)2 = 59.1

.

√
s2 ≈ 7.7 `ed owzd ziihql o
ne`de zlgezl o
ne`d `ed x

zilnxepd zebltzdd ly jnqd geexa ynzydl ozip okl le
b mb
nd

x− 1.645
s√
175

≤ µ ≤ x+ 1.645
s√
175

5 ly mile
b migeeh) mipezpa wei
 xqegdy yeygl mewn yi . 25.1 ≤ µ ≤ 27.1 xnelk

.daeyzd zepin` lr rityn (mipy


