c”qa siy .’b ’text ,88-276 zixnep dfilp‘l milk b”qyz ,’a xhqnq ,’‘ cren

.ivge miizry :ogand onf .qik aygnae xfr xneg lka ynzydl xzen (deey wlga zel‘yd lk cewip) zel‘yd lk lr zeprl yi (oeivd ly 50%) ’‘ wlga (deey wlga zez‘yd lk cewip) zel‘ydn 2 lr zeprl yi (oeivd ly 50%) ’a wlga

’‘ wlg

b-e m × n lcebn dvixhn ‘id A xy‘k ,A\b dcewtl aibn Matlab ji‘ ,dxvwa ,xaqd .1

(.m < n-e ,m = n ,m > n ,mixwnd lkl qgiizdl yi) .m cninn xehwee ‘ed

xy‘k .d‘eeynl oexzt ‘vni A\b dcewtd ,Ax = b d‘eeynl oexzt yi m‘ :daeyz yiy ,n > m dxwna .df oexzt lawp ,d‘eeynl cigi oexzt yiy jk ,detA ≠ 0-e m = n m‘ .zepexztd cg‘ lawp ,cg‘ oexztn xzei yi illk ote‘ae ,ze‘eeynn mipzyn xzei jk x ozz dcewtd ,m > n xy‘k dxew llk jxcay dn ,Ax = b d‘eeynl oexzt oi‘ .ilnipin ‘ed ||Ax − b||_2-y

zhiya e‘ mirhwd ziivga e‘ xfrd .x = 1-e x = 0 oia oexzt yi x = e^{−x} d‘eeynl .2 .weic zextq 3-l yxeyd z‘ ‘evnl oeheip

oeheip zhiya ynzydl ozip ,f ly yxey mivex epgp‘ .f(x) = x − e^{−x} xicbp :oeheip jxc

x_{n+1} = x_n − f(x_n) f^′(x_n)

= x_n − x_n − e^{−xn} 1 + e^{−xn} milawn x_0 = 0.5 gwip m‘ x_1 = 0.5663 x_2 = 0.5671 x_3 = 0.5671 .0.567 ‘ed yxeyd weic zextq 3-l okle .f(1) > 0 ,f(0) < 0 if‘ ,f(x) = x − e^{−x} xicbp :mirhwd ziivg ici lr

f(0.5) < 0 f(0.75) > 0 f(0.625) > 0 f(0.5625) < 0 f(0.5937) > 0 f(0.5781) > 0 f(0.5703) > 0 f(0.5664) < 0 f(0.5684) > 0 f(0.5674) > 0 f(0.5669) < 0

.0.567 ‘ed weic zextq 3-l yxeyd okle ,0.5674-e 0.5669 oia yxed okle

,miixrfn mireaix ly oaena ,aeh ikd aexiwd ‘edy zegt e‘ 2 dbxcn mepiletd z‘ ‘vn .3 divwpetl f(x) = {_x e^x−1 x ≠ 0 1 x = 0 ze‘veza ynzydl ozip .[−1, 1] rhwd lr

∫_1 −1 x e^x − 1 dx ≈ 2.0550093 ,

∫_1 −1 x^2 e^x − 1 dx = − 1 3 , ∫_1 −1 x^3 e^x − 1 dx ≈ 0.6996104 .

ici lr oezp 2 cr dbxcn p(x) mepilet ici lr f(x) divwpetl aexiw :daeyz

p(x) = a_0P_0(x) + a_1P_1(x) + a_2P_2(x)

xy‘k

a_0 = 1 2 ∫_1 −1 f(x)P_0(x)dx = 1 2 ∫_1 −1 x e^x − 1 dx ≈ 1.027 a_1 = 3 2 ∫_1 −1 f(x)P_1(x)dx = 3 2 ∫_1 −1 x^2 e^x − 1 dx ≈ −0.5000 a_2 = 5 2 ∫_1 −1 f(x)P_2(x)dx = 5 2 ∫_1 −1 x (_3

2 x^2 −^1_2 ) e^x − 1 dx ≈ 0.0548 milawn epgp‘ okle

p(x) = 1.027 − 0.5000x + 0.0548 (3 2 x^2 − 1 2 )

dwlg zi‘xpd ,diivwpet ly sxb lawl ick Matlab-a azek ziidy zecewtd lk z‘ aezk .4 zecewpd jxc zxaerd ,oirl

x_i 0 1 2 4 5 6 8 10 y_i 0 3 3 5 7 7 3 0

-azek .(oiirl dwlg xnelk - dwlg diipy zxfbp) cubic spline-a ynzydl lw ikd :daeyz mi

x = [ 0 1 2 4 5 6 8 10]
y = [ 0 3 3 5 7 7 3 0 ]
xx = [0 : 0.05 : 10]
yy = spline(x,y,xx)
plot(xx,yy)

if‘e ,01-l 0 oia zecewp 200-a cubic spline-d ly mikxrd z‘ miaygn dl‘ zecewt dl‘ mikxr lr qqean sxb mixiivn xy‘k ,

∫_1

−1 f(x)dx lxbhpi‘l aexiw ,h =^1_2 mr oeqtnq llk ici lr ,‘vn .5 f(x) = {_x e^x−1 x ≠ 0 1 x = 0

:h =^1_2 mr oeqtnq llk ici lr :daeyz

∫_1 −1 f(x)dx ≈ 1 6 (f(−1) + 4f(−0.5) + 2f(0) + 4f(0.5) + f(1)) epl yi eply dxwna

∫_1 −1 x e^x − 1 dx ≈ 1 6 (1.581977 + 4 × 1.270747 + 2 × 1 + 4 × 0.770747 + 0.5819767) ≈ 2.05499

dirad z‘ zxzet y(t) divwpetd .6 y^′ = y^2 + t , y(0) = 0 .y(1)-l aexiw ‘evnl h =^1_4 mr xliie‘ zhiya xfrd ‘ed y^′ = f(t, y) oexztl xliie‘ zhiy :daeyz y_{n+1} = y_n + hf(t_n, y_n) epl yi .f(t, y) = y^2 + t eply dxwna y(0) = 0 y(0.25) ≈ 0 + 0.25f(0, 0) = 0 y(0.5) ≈ 0 + 0.25f(0.25, 0) = 0.0625 y(0.75) ≈ 0.0625 + 0.25f(0.5, 0.625) ≈ 0.1885 y(1) ≈ 0.1885 + 0.25f(0.75, 0.1885) ≈ 0.3849

’a wlg

xeztl A dvixhnd ly QR wexita ynzydl ozip ji‘ ?dvixhn ly QR wexit edn (‘) .1 ? Ax = b d‘eeynd z‘ dvixhnl (a) A = ( −0.8946 0.8944 1.11805 1.7888 0.4473 0.0001 )

QR wexit yi A = ( −0.4473 0.8944 0.8944 0.4473 ) ( 2 0 −0.5 0 1 1 )

d‘eeynl illkd oexztd z‘ ‘evnl dfa xfrd Ax = ( 1 1 )

A = QR aezkl ozip m × n lcebn (zakexn) ziynn dvixhn ‘id A m‘ (‘) :daeyz zyleyn dvixhn ‘id R-e ,m × m lcebn (zixhipe‘) zilpebezxe‘ dvixhn ‘id Q xy‘k ,(QQ^H = I) QQ^T = I-y ‘id (zixhipe‘) zilpebezxe‘ ly dpeekd o‘k .m × n lcebn oeilr .i > j xy‘k R_{ij} = 0-y ‘id oeilr zyleyn ly dpeekde

if‘ ,Ax = b-e A dvixhnd ly QR wexit ‘ed A = QR m‘ QRx = b ⇒ Rx = Q^T b xeztl k”g‘e ,Q^T b aygl yi Ax = b ly oexztd z‘ ‘evnl okl .(zilpebezxe‘ Q-y llba) .oeilr zyleyn ‘id R-y llba dyw ‘l dfy ,Rx = Q^T b zkxrnd z‘ xeztl miqpn epgp‘ ,2 × 3 lcebn ‘ed A-e zeid .(‘) sirqa epazky dn itl miyer (a) ( −0.8946 0.8944 1.11805 1.7888 0.4473 0.0001 ) x_1 x_2 x_3 = ( 1 1 )

-y ozep df QR-d wexit ici lr ( 2 0 −0.5 0 1 1 ) x_1 x_2 x_3 = ( −0.4473 0.8944 0.8944 0.4473 ) ( 1 1 ) = ( 0.4471 1.3417 )

:epl yi jkle .(Q^T = Q-y kl miy)

x_1 = 0.5(0.4471 + 0.5x_3) = 0.22351 + 0.25x_3 , x_2 = 1.3417 − x_3

:mi‘ad mipezpd xear p(x) oeiad mepilet z‘ ‘vn .‘ .2

x_i −2 −1 0 1 2 y_i 4 1 α 1 4

.‘edy lk iynn xtqn ‘ed α xy‘k dcewp p(x)-l yi xnelk ,p^′(0) = 0 miiwn .‘ sirqa z‘vny p(x) mepiletdy gked .a ?zeihixw zecewp cer p(x)-l yi m‘d .x = 0 xy‘k zihixw .α >^4_5 ,0 < α <^4_5 ,α < 0 mixwnd zyelya xiivl yi ? p(x) ly sxbd d‘xp ji‘ .b

miwlegn miyxtdd zlah .oeheip ly miiteqd miyxtdd zhiya ynzyp (‘) :daeyz :‘id −2 4 −1 1 −3 1 1 0 1 2 4 3 1 0 0 α 2 −^1_2 α 1 +^1_2 α^1_2 α^1_4 α ‘ed oeiad mepilet okle

p(x) = 4 − 3(x + 2) + (x + 1)(x + 2) + α 4 (x + 2)(x + 1)(x − 1)(x − 2)

= x^2 + α 4 (x^2 − 4)(x^2 − 1)

epl yi zeillk xzeia .p^′(0) = 0-y xexa ,x^2 ly divwpet ‘id p(x)-e zeid (a)

p^′(x) = 2x + α 4 (4x^3 − 10x) = x ( 2 + α 2 (2x^2 − 5) )

xy‘k p^′(x) = 0 ly zepexzt cer yi okle

2x^2 − 5 = − 4 α ⇒ x^2 = 1 2 ( 5 − 4 α )

ly zepexzt ipy cer yi :dpwqn (.α = 0 m‘ oexzt cer oi‘y xexa .α ≠ 0 epgpd o‘k) .α >^4_5 e‘ ilily α m‘ p^′(x) = 0

xy‘k menipin mr dleaxt enk d‘xp sxbd ,zeihixw zecewp cer oi‘ 0 ≤ α ≤^4_5 m‘ (b) ,[0, 1] rhwa cg‘ ,minenipin ipy yie ,meniqwn ‘id x = 0 dcewpd ,α >^4_5 m‘ .x = 0 mineniqwn ipy yie ,menipin aey ‘id x = 0 dcewpd ilily α m‘ .[−1, 0] rhwa ipyd .‘ad cenra mixei‘ .([−2, 2] rhwa gxkda ‘l) α =^1_2

α = 2

α = −2 milxbhpi‘l miaexiw miaygn xy‘k .3

I_1 =

∫_1 0 sin(πt^2)dt , I_2 =

∫_2 1 sin(πt^2)dt , I_3 =

∫_3 2 sin(πt^2)dt

:oldlck ze‘vez milawn ,micrv n = 100, 200, 400, 800 mr ftxhd llk ici lr

n I_1 -l aexiw I_2 -l aexiw I_3 -l aexiw 100 0.5048022307908 −0.2303619778806 0.1319583705883 200 0.5048415039290 −0.2304798166837 0.1321548332600 400 0.5048513216079 −0.2305092709317 0.1322039277118 800 0.5048537759898 −0.2305166341531 0.1322161999997

.milxbhpi‘d dyelyn cg‘ lkl aeh aexiw ‘evnl bxanex zhiya xfrd (‘) zebdpzn (ftxhd llk ici lr) miaexiwa zeierhd ji‘ ,milxbhpi‘dn cg‘ lk xear (a) ? n micrvd xtqn z‘ milicbn xy‘k -hpi‘d dyely ly miaexiwa zeierhd oia miiw qgi dfi‘ ,reaw micrv xtqn xear (b) ?jkl ihxe‘z xaqd rivdl ozip m‘d ?milxb

bxanex zlah :oey‘xd lxbhpi‘d (‘) :daeyz n 100 022307908 200 415039290 5459497 400 513216079 5459416 5459411 800 537759898 5459411 5459411 5459411

zextq 8 wx ilra qik iaygn yiy llba zextq ly mvnevn xtqnl izcar dpeeka o‘k) .0.50485459411 :”daeh” daeyz .(weic bxanex zlah :ipyd lxbhpi‘d n 100 3619778806 200 4798166837 5190962 400 5092709317 5190890 5190885 800 5166341531 5190885 5190885 5190885

.−0.2305190885 :daeh daeyz :iyilyd lxbhpi‘d n 100 −0416194217 200 1548332600 2203174 400 2039277118 2202925 2202908 800 2161999997 2202907 2202906 2202906 .0.1322202908 :”daeh” daeyz

:zixewnd dlaha zeierhd z‘ aezkl mileki epgp‘ eiykr (a)

n I_1 -l aexiwa zreh I_2 -l aexiwa zerh I_3 -l aexiwa zerh 100 0.00005236322 0.0001571106 0.0002619202 200 0.00001359018 0.0000392718 0.0000654575 400 0.00000327250 0.0000098175 0.0000163631 800 0.00000081812 0.0000024543 0.0000040908

mxeb ici lr zcxei zerhd ,(2 ici lr n militkn xnelk) dxey micxei xy‘ky xexa ic .^1_{n2} -k zbdpzn ftxha zerhdy dixe‘zd itl weica ,4 jxra ly

,dpey‘xd dcenra zeierhd 3 it md dlahd ly diipyd dcenra zeierhdy mi‘ex (b) itl ,xiaq ce‘n df .dpey‘xd dcenra zeierhd 5 it md ziyilyd dcenra zeierhde :mirhwd 3 lr sin(πt^2) divwpetd ly mitxbd

.[2, 3] rhwa xdn xzei 5 ite ,[0, 1] rhwan [1, 2] rhwa xdn xzei 3 it dpzyn divwpetd .ftxhd aexiwa zeki‘a rityn dfe zil‘ivpxtcd d‘eeynd z‘ zniiwn x(t) divwpetd (‘) .4

x^{′′} + 49x^′ + 50x = 49 1 + t

, x(0) = 1 , x^′(0) = −1

zecewt dfi‘a xaqde ,oey‘x xcqn ze‘eeyn zkxrnk d‘eeynd z‘ aezkl ji‘ xaqd rhwa t xear x(t) oexztd ly sxb lawl ,d‘eeynd z‘ xeztl ick Matlab-a ynzyn ziid .[0, 10] ze‘vezd z‘ milawn ”xteyn xliie‘” zhiy mr (‘) sirqa diirad z‘ mixzet xy‘k (a) :(h crvd jxe‘ ly divwpetk) x(5) xear ze‘ad

h aexiw 1 20 2.4835777 × 10^{11} 1 40 0.216049147 1 80 0.216047026 1 160 0.216046496 1 320 0.216046364

‘id h lr miaexiwd ly zelzd ,dixe‘zd itl

aexiw ≈ a + bh^2

miixrfn mireaix zhiya ynzyd .xg‘ reaw ‘ed b-e x(5) ly izin‘d jxrd ‘ed a xy‘k ?yazyd dn ? h =^1_{20} mr d‘vezd z‘ wexfl yi dnl .a, b-l miaexiw ‘evnl

ici lr x xehwee mixicbn m‘ (‘) :daeyz x = ( x x^′ )

dxeva d‘eeynd z‘ aezkl ozip

x^′ = ( x_2 −49x_2 − 50x_1 −^{49}_{1+t} ) , x(0) = ( 1 −1 )

okezd mr g.m uaew oikdl yi :Matlab-a xeztl

function y=g(t,x)
y = [ x(2) ; -49*x(2)-50*x(1)-49/(1+t) ];

aezkl f‘e

[t x]=ode45(’g’,[0 10],[1 -1]);
plot( t, x(:,1) )

sxbd z‘ milawn .(mixaqd lr blcn ip‘) okle ,dgiyw d‘eeyn ‘id d‘eeynd .daeh dppi‘ h =^1_{20} xear d‘vezdy mi‘ex (a) miynzyn xy‘k zegtl) ixnep aivi oexzt lawl ick ohw witqn h-a yeniy zyxec .ef d‘vezl qgiizdl oi‘ .(xteyn xliie‘ zhiy enk zyxetn dhiya

lye h^2 ly mikxrd .h^2 ly zix‘ipil divwpet zeidl zekixv ze‘vezd dixe‘zd itl md (10^9 letke 0.21604 qepin) miaexiwd

h^2 0.000625 0.000156 0.000039 0.000010 10^9(0.21604 − aexiw) 9147 7026 6496 6364

dpeilrd dxeyd letk B cere A jxra xid dpezgzd dxeydy jk A, B ly mikxr milawn :miixrfn mireaix ici lr ( 4 0.000830 0.000830 4.17 × 10^{−7} ) ( A B ) = ( 29033 7.13 )

⇒ ( A B ) = 1 9.80 × 10^{−7} ( 4.17 × 10^{−7} −0.000830 −0.000830 4 ) ( 29033 7.13 )

⇒ ( A B ) = ( 6.32 × 10^3 4.51 × 10^7 )

.0.21604632 + 0.0451h^2 ‘ed aexiwd okle