c”qa siy .’b ’text ,88-276 zixnep dfilp‘l milk b”qyz ,’a xhqnq ,’a cren

.ivge miizry :ogand onf .qik aygnae xfr xneg lka ynzydl xzen (deey wlga zel‘yd lk cewip) zel‘yd lk lr zeprl yi (oeivd ly 50%) ’‘ wlga (deey wlga zez‘yd lk cewip) zel‘ydn 2 lr zeprl yi (oeivd ly 50%) ’a wlga

’‘ wlg

ly dbxcd z‘ midfn ji‘ .dvixhn ly miixlebpiq mikxrl wexitd ‘edn ,dxvwa ,xaqd .1 ?Matlab-a df wexit aeyigl miynzyn dcewt dfi‘a ?df wexit jezn dvixhn

lcebn U ,(UU^H = V V^H = I) miixhipe‘ U, V xy‘k A = UDV^H ,m × n lcebn A m‘ iy‘xd oeqkl‘an ueg miqt‘ eleky m × n lcebn dvixhn D-e ,n × n lcebn V -e m × m miriteny ,miiaeig miiynn miaikx yi D ly iy‘xd oeqkl‘a .( i ≠ j ,D_{ij} = 0 xnelk) mi‘ven .D ly iy‘xd oeqkl‘a qt‘ mpi‘y mikxrd xtqn ‘id A ly dbxcd .cxei xcqa dcewtd ici lr Matlab -a wexitd z‘

[U D V] = svd(A)

dyelya xfrd .[0.1, 0.9] rhwa zilcen-cg ‘id f(x) = cos(sin(4x(1−x)))+^1_4 x divwpetd .2 .menipind ‘vnp eay mvnevn xzei rhw ‘evnl adfd qgi yetig ly miaeaiq

aeaiq . α = (3 − √ 5)/2 ≈ 0.3820 xy‘k α : 1 − 2α : α qgia rhwd z‘ miwlgn cinz :oey‘x

f(0.1) ≈ 0.964 f(0.40557) ≈ 0.782 f(0.59443) ≈ 0.830 f(0.9) ≈ 1.16

dcewpd z‘ mitiqen :ipy aeaiq .oexg‘d rhwd z‘ miwxef

f(0.28886) ≈ 0.816

dcewpd z‘ mitiqen (0.28886 -l 0.1 oia) oey‘xd rhwd z‘ miwxefe

f(0.47771) ≈ 0.787

‘vnp menipindy x‘yp .0.59443 oiae 0.47771 oia ,oexg‘d rhwd z‘ wexfl xyt‘ aeye .[0.28886, 0.47771] rhwa

mipezpl ,miixrfn mireaix ly oaena ,aeh ikd aexiwd ‘edy y = ax + b xyid z‘ ‘vn .3 :mi‘ad x_i 0 1 2 3 4 y_i 1.2 2.7 3.9 5.3 6.3 w_i 0.5 1 1 1 0.5

(.(x_i, y_i) dcewpl qgil yiy lwynd ‘ed w_i) zkxrnd z‘ xeztl mikixv a, b ( Σw_ix^2_i Σw_ix_i Σw_ix_i Σw_i ) ( a b ) = ( Σw_ix_iy_i Σw_iy_i )

( 22 8 8 4 ) ( a b ) = ( 39 15.65 )

( a b ) = 1 24 ( 4 −8 −8 22 ) ( 39 15.65 ) ≈ ( 1.28 1.35 )

zecewpd jxc xaer ‘edy zegt e‘ 3 dbxcn mepiletd z‘ ,oeheip zhiy jxc ,‘vn .4

x_i 0 1 2 4 y_i 0 3 3 2

.ax^3 + bx^2 + cx + d zihxcphqd dxeva ziteqd daeyzd z‘ aezkl yi :miwlegn miyxtd zlah x_i y_i 0 0 1 3 3 2 3 0 −^3_2 4 2 −^1_2 −^1_6^1_3 ‘ed mepiletd okle 3x − 3 2 x(x − 1) + 1 3 x(x − 1)(x − 2) = 1 3 x^3 − 5 2 x^2 + 31 6 x

xy‘k ,

∫_1

−1 f(x)dx lxbhpi‘d z‘ ‘evnl ftxhd llka miynzyn xy‘k .5 f(x) = {_x e^x−1 x ≠ 0 1 x = 0

:oldlck ze‘vez milawn

micrv xtqn aeixw 10 2.0560847540709 20 2.0552781149770 40 2.0550764783692 80 2.0550260706642

.xyt‘y lxbhp‘l aeh ikd aexiwd ‘evnl bxanex zhiya xfrd :bxanex zlah

10 10847540709 20 2781149770 92352790 40 0764783692 92661666 92682258 80 0260706642 92680959 92682245 92682245

. 2.550092682245 :xzeia daehd daeyzd dirad z‘ zxzet y(t) divwpetd .6

y^′ = y^2 + t , y(0) = 0

dhiyd z‘ xiaqdl wx yi) .y(1)-l aexiw ‘evnl ick Matlab-a azek ziid zecewt dfi‘ (.ode23 zecewtd z‘ llekd foo.m cg‘ uaew mipikn Matlab 5 xear daeyzd

function z=foo(y,t)
      z=y^∧2 + t

miazek k”g‘e

[y t] = ode23(’f’,[0 1],[0])

’a wlg

ohw x xear ,dixe‘zd itl .1 1 − cos x x^2 ≈ 0.5 miazeky ici lr ,Matlab -a df z‘ wecal miqpn xy‘k

x = [1e-9 1e-8 1e-7 1e-6 1e-5 1e-4 1e-3 1e-2 1e-1]
(1-cos(x))./x.^2

d‘vezd z‘ milawn

0 0 0.499600361 0.500044450 0.500000041
0.499999997 0.499999958 0.499995833 0.499583472

milecb xzeid mi’x-d xear zeler ze‘ibyd dnl .(weic zextq 10-l eazkp ze‘vezd) .ze‘vezd z‘ xaqd ?icn ohw x xear 0 milawn dnl ?miphw xzeide .cos x = 1 −^1_2 x^2 +^1_{24} x^4 − . . . :zxekfz

dxew df .0 ‘vei aeyigl daeyzd okle cos x = 1 -y ayeg aygnd ohw ce‘n x xear ‘l la‘ x = 10^{−8} xy‘k ef drtez mi‘ex ,ϵ_{machine} ≈ 10^{−16} -e zeid ,^1_2 x^2 ≤ ϵ_{machine} xy‘k .x = 10^{−7} xy‘k d‘ibyd) ϵ/x^2 cr ly lebir z‘iby yi .d‘iby ly zexewn ipy yi ,lecb xzei zvw x xy‘k .1−cos x -a zhlgend d‘ibyd lceb xcq mb df okle ,ϵ lceb xcqn ‘ed cos x -a zhlgend mb yi (.ea zhlgend d‘ibyd z‘ miwlgn mb x^2 ici lr 1 − cos x z‘ miwlgn xy‘k -y llba ,x^4/24 ly zinzixebl‘ d‘iby

1 − cos x

x^2 = 1 − [1 − x^2/2 + x^4/24 − . . .] x^2 ≈ 1 2 − x^4 24 xzei yi ohw xzei x -y lke ,zinzixebl‘ d‘iby xzei yi lecb xzei x -y lky mi‘ex dfy 0.000417 ly d‘iby yiy mi‘ex x = 10^{−1} xy‘k :ze‘ibyd lceb iabl .lebir z‘iby

.x = 10^{−1}, 10^{−2}, 10^{−3} xear zihppinec ‘id zinzixebl‘d d‘ibyd .weic zextq 3-l^1_{2400} mqgl zen‘zen ze‘vezd la‘ ,zihppinec ‘id lebird z‘iby x ly xzei miphwd mikxrl -n ohw dfy 5 × 10^{−6} jxra ly d‘iby yi x = 10^{−5} xy‘k dnbecl :epxaqdy ϵ/x^2 .ϵ/x^2 ≈ 10^{−16}/(10^{−6})^2 = 10^{−4}

zireaixd dvixhnd ly LU wexita ynzydl ozip ji‘ ?dvixhn ly LU wexit edn (‘) .2 ? Ax = b d‘eeynd z‘ xeztl A zevixhnd m‘d (a) L = 1 0 0 −2 1 0 1 3 1 , U = 4 0 1 0 3 3 0 0 1

dvixhnd ly LU wexit zepzep

? A =

−8 3 1 4 9 11 4 0 1

d‘eeynl illkd oexztd z‘ ‘evnl (a) sirqn U-e L zevixhna xfrd (b) ( −8 3 1 4 9 11 ) x = ( 1 2 )

(!d‘eeynl dxey cer etiqed :fnx)

mr oezgz zyleyn dvixhn L ,L, U, P zevixhn yely :A dvixhn ly LU wexit (‘) .P A = LU -y jk ,dxenz zvixhn P ,oeilr zyleyn dvixhn U ,iy‘xd oeqkl‘a mi’1 mi‘ven .y = Ux mixicbn .LUx = P b if‘ ,A ly LU wexit ‘ed P A = LU -e Ax = b m‘ x z‘ mi‘ven k”g‘e ,(oezgz zyleyn L-y llba xeztl lw) Ly = P b d‘eeyndn y z‘ .(oezgz zyleyn U-y llba xeztl lw) Ux = y d‘eeyndn -y mi‘ven zepezpd zevixhnd z‘ militkn m‘ (a) LU = 4 0 1 −8 3 1 4 9 11

xnelk LU = P A , P = 0 0 1 1 0 0 0 1 0

(.dxenz zvixhn ‘id P dvixhnde zeid) A ly LU wexit ozep df .A dvixhnd driten le‘ny cvay jk d‘eeynd z‘ milyp (b)

−8 3 1 4 9 11 4 0 1 x = 1 2 s

:(a) sirqn P ici lr litkp (.epl reci ‘l s o‘k)

4 0 1 −8 3 1 4 9 11 x = s 1 2 :wexita ynzype 1 0 0 −2 1 0 1 3 1

4 0 1 0 3 3 0 0 1 x = s 1 2 aezkp .xeztl (‘) sirqa dxaqedy dhiya miynzyn eiykr

y_1 y_2 y_3 = 4 0 1 0 3 3 0 0 1 x

f‘e 1 0 0 −2 1 0 1 3 1 y_1 y_2 y_3 = s 1 2 -y milawn dfn

y_1 = s , y_2 = 1 + 2s , y_3 = −1 − 7s

:y ly dxcbda dxfg miaivn s 1 + 2s −1 − 7s = 4 0 1 0 3 3 0 0 1 x_1 x_2 x_3

lawl mixzete

x_3 = −1 − 7s , x_2 = 4 3 + 23 3 s , x_1 = 1 4 + 2s

xnelk x = 1 4 −^4_3 −1 + s 3 6 23 −21 dnl .f(x) = ln x − 1 xy‘k f(x) = 0 d‘eeynd oexztl oeheip ziqxewx z‘ aezk (‘) .3 lrtd ? x_0 > e^2 xy‘k x_0-n miligzn m‘ x = e yxeyd z‘ ‘evnl gilvz ‘l diqxewxd .x_0 = 7 -n lgd minrt 6 diqxewxd z‘ dnl .f(x) = (ln x − 1)^2 xy‘k f(x) = 0 d‘eeynd oexztl oeheip ziqxewx z‘ aezk (a) lrtd ? x_0 > e^3 xy‘k x_0-n miligzn m‘ x = e yxeyd z‘ ‘evnl gilvz ‘l diqxewxd .x_0 = 7 -n lgd minrt 6 diqxewxd z‘ ixg‘ yxeyl aexw xzei dribn ziqxewxd izyn dfi‘ ,(a)-e (‘) mitirq ly ze‘veza (b) ?miaeaiq 6 ixg‘ dfi‘e ?(x_0 = 7 -n lgd) miaeaiq 3 xdn xzei yxeyl aexw ribdl gilvz ile‘ (f(x))^2 = 0 d‘eeynl oeheip zhiy :xaqd (c) ribz cinz f(x) = 0 d‘eeynl oeheip zhiy seqa la‘ ,f(x) = 0 d‘eeynl oeheip zhiyn .deab weicl xdn xzei ‘id oeheip ziqxewx (‘)

x_{n+1} = x_n − f(x_n) f^′(x_n)

= x_n − ln x_n − 1_1 x_n = x_n (2 − ln x_n)

m‘ .diqxewxd z‘ jiyndl xyt‘ i‘e x_1 < 0 milawn x_0 > e^2 -n miligzn m‘ milawn x_0 = 7 -n miligzn

x_1 = 0.3786 x_2 = 1.1250 x_3 = 2.1175 x_4 = 2.6464 x_5 = 2.7173 x_6 = 2.7183

‘id oeheip ziqxewx (a)

x_{n+1} = x_n − f(x_n) f^′(x_n)

= x_n −

(ln x_n − 1) 2 x_n = x_n 2 (3 − ln x_n)

m‘ .diqxewxd z‘ jiyndl xyt‘ i‘e x_1 < 0 milawn x_0 > e^3 -n miligzn m‘ milawn x_0 = 7 -n miligzn

x_1 = 3.6893 x_2 = 3.1259 x_3 = 2.9075 x_4 = 2.8097 x_5 = 2.7632 x_6 = 2.7406

zglven dpey‘xd ,6 ixg‘ .daexw xzeid ‘id diipyd diqxewxd miaeaiq 3 ixg‘ (b) .xzei .zireaix dxeva zqpkzn ‘id .d‘eeyn ly heyt yxeyl zqpkzn oeheip zhiy xy‘k (c) ote‘a ‘id f(x) = 0 d‘eeynd xear diqxewxd ly zeqpkzdd okl .jk ‘l df letk yxeyl xy‘k oekp wx ‘ed eiykr epxn‘y dn la‘ .f(x)^2 = 0 d‘eeynd ly dfn xdn xzei illk .zglven xzei zeidl dleki zeiqxewxdn cg‘ lk mipey‘xd miaeaiqa .yxeyl miaxwzn

divwpetl aexiw zeyrl mivex .4 f(x) = { x^2 x ≥ 0 −x^2 x ≤ 0

.3 dbxcn minepilet ici lr mepilet ‘vn :xnelk) miixrfn mireaix ly zihxcphqd dhiyd ici lr dfk aexiw ‘vn (‘) -y jk zegt e‘ 3 dbxcn p(x)

∫_1 −1 (f(x) − p(x))^2dx !zibef-i‘ divwpet ‘id f(x)-y al miy :fnx .(ilnipin ‘ed md minrt dnk .(‘) sirqa z‘vny p(x) mepiletd mr f(x) divwpetd ly sxb xiiv (a) sirqa ziteq daeyz lawl zglvd ‘l m‘ :dxrd] ? [−1, 1] rhwa df z‘ df mikzeg ”eli‘k” dfd sirqa cearl ozip ,dpekp dppi‘ zlawy daeyzdy yeygl daiq yi e‘ ,(‘) [ !dpekpd daeyzd ‘l df ik mb ,p(x) =^3_4 x^3 +^9_{32} x ‘id (‘) sirqn daeyzd dxeva ‘weec f(x) divwpetl inepilet aexiw mivex m‘ (b)

q(x) = ax + (1 − a)x^3

rivdl e‘ ozip ? a xhnxtd z‘ xgea ziid ji‘ ,(q(±1) = ±1 = f(±1)-y milawn dkk) zehiy izy rivdl e‘ ,ef dhiy itl a ly jxrd z‘ ‘evnl mbe a z‘ xegal zg‘ dhiy .a z‘ xegal zepey epl yi (‘) p(x) = a_0 + a_1P_1(x) + a_2P_2(x) + a_3P_3(x) -e xcp’bl inepilet md P_i(x) -d xy‘k

a_i =

2i + 1 2 ∫_1 −1 f(x)P_i(x)dx -e f(x) ly zeibefd ici lr a_0 = a_2 = 0 eply dxwna

a_1 = 3 2 ∫_1 −1 xf(x)dx = 3 ∫_1 0 x^3dx = 3 4 a_3 = 7 2 ∫_1 −1 ( 5 2 x^3 − 3 2 x ) f(x)dx = 7 ∫_1 −1 5 2 x^5 − 3 2 x^3dx = 7 2 ( 5 6 − 3 4 ) = 7 24 okle p(x) = 3 4 x + 7 24 ( 5 2 x^3 − 3 2 x ) = 35 48 x^3 + 5 16 x

zenewn 5-a df z‘ df mikzeg md !minec ce‘n mitxbd (a)

.a =^1_3 ozep df .(f(^1_2 ) =^1_4 -e zeid) q(^1_2 ) =^1_4 -y yexcl ‘id a z‘ xegal zg‘ divte‘ (b) -y yexcl ‘id jxc cer S = ∫_1 −1 (f(x) − ax − (1 − a)x^3)^2dx milawne dS/da = 0 miyxec .ilnipin didi S = ∫_1 −1 (x^3 − x)(f(x) − x^3 + a(x^3 − x))dx = 0 xnelk a = ∫_1

−1(x^3 − x)(x^3 − f(x))dx

∫_1

−1(x^3 − x)^2dx = ∫_1

0 (x^3 − x)(x^3 − x^2)dx

∫_1

0 (x^3 − x)^2dx = 1 7 −^1_6 −^1_5 +^1_4 1 7 −^2_5 +^1_3 = 11 32 !zeaexw zeaeyz izy