
"qa
88-902-02 ,siy inx'b 'text ,ziqppit dwihnznl zeixnep zehiyzepexzt - r"yz 'a xhqnq ,'` ren oganihqkehqd dpzynd m`y gked ,Y (t) = e−atX(t) xear ehi` ly dnla yeniy ii lr (`) .1q"nd z` miiwn X(t)
dX = a X dt + b dW if` ,mireaw md a, b xy`k

X(t) = X(0)eat + b

∫ t

0
ea(t−s)dW (s)miq"nd zkxrn z` miniiwn X, Y miihqkehqd mipzynd (a)

dX = Y dt + λ dW

dY = (−2X − 3Y ) dt + µ dWmitexivl miq"n zaizk ii lr .mireaw md λ, µ xy`k
Z1 = X +

1

2
Y , Z2 = X + Y.zkxrnd ly oexztd z` `vn? 'a sirqa zkxrnd oexztl dniiexn-xliie` zhiy `id dn (b)m` :ehi` ly dnld (`)

dX = a(X, t)dt + b(X, t)dW if`
dg(X, t) =

(

gt + agX +
1

2
b2gXX

)

dt + bgXdW epliaya
dX = aXdt + bdW okle (! a, b eze` `l)

d
(

e−atX
)

=
(

−aeatX + aXe−at
)

dt + be−atdW = be−atdW okle
e−atX(t) − X(0) = b

∫ t

0
e−asdW (s) -e

X(t) = X(0)eat + b

∫ t

0
ea(t−s)dW (s)



(a)
dZ1 = dX +

1

2
dY

= Y dt + λdW +
1

2
(−(2X + 3Y )dt + µdW )

= −Z1 +
(

λ +
1

2
µ

)

dW

dZ2 = dX + dY

= Y dt + λdW − (2X + 3Y )dt + µdW

= −2Z2 + (λ + µ) dW :'` sirq ly d`vezd ii lr
Z1(t) = Z1(0)e−t + b

∫ t

0
es−tdW (s) , Z2(t) = Z2(0)e−2t + b

∫ t

0
e2(s−t)dW (s)okle

X(t) = 2Z1(t)−Z2(t) = (2X(0)+Y (0))e−t−(X(0)+Y (0))e−2t+b

∫ t

0

(

2es−t − e2(s−t)
)

dW (s)

Y (t) = 2Z1(t)−2Z2(t) = (2X(0)+Y (0))e−t−2(X(0)+Y (0))e−2t+b

∫ t

0

(

2es−t − 2e2(s−t)
)

dW (s)(b)
(

Xn+1

Yn+1

)

=

(

Xn

Yn

)

+ h

(

Yn

−2Xn − 3Yn

)

+
√

hZn

(

λ

µ

)

Zn ∼ N(0, 1)

miniiwn , i = 1, . . . , 30 ,Si(t) mipzynd xy`k ∑30
i=1 Si(t) `ed zeipn 30 ly lq ly jxrd .2ze`eeynd z`

dSi = Si (rdt + σidW + ηidVi) , i = 1, . . . , 30

W, V1, . . . , V30 -e ,σi -l qgia ohw ηi mr ,mipezp mireaw mlek r, σ1, . . . , σ30, η1, . . . , η30 o`kztzeynd zeizepzd z` bviin σidW xai`d) .miihxphq miielz izla xpie ikildz md( .i dipn ly ziegiid zeizepzd z` bviin ηidVi xai`de ,zeipnd lyjx ok zeyrl ozipy rved .t = T onfa lqd jxr lr zqqeand diivte` xgnzl mivexd`eeynd z` miiwnd S dxwa dpzyn
dS = S(rdt + ΣdW ).Σ reawd ly dni`zn dxiga xear? Σ z` xegal rivn ziid ji` (`)



.dxwad dpzyna miynzyn ji` ,dxvwa ,xaqd (a)dxigady weal ozip ji` ? dxwad dpzyna yeniyd zeliri z` weal ozip ji` (b)? dxiaq dzid Σ lyepgp` .zextqa zepey zervd yie ,dheyt daeyz oi` la` "dheyt" eipt lr dl`y ef (`)xnelk ,lqd ly jxrl jxra deey S(T ) ly jxrdy lk Σ `evnl mivex
(

∑

i

Si(0)

)

e(r− 1

2
Σ2)T+ΣW (T ) ≈

∑

i

Si(0)e(r− 1

2
(σ2

i
+η2

i
))T+σiW (T )+ηiVi(T )lawpe dl` mipzynl qgia zlgez dyrp okl ,l`ny va miriten `l Vi mipzynd

(

∑

i

Si(0)

)

e(r− 1

2
Σ2)T+ΣW (T ) ≈

∑

i

Si(0)e(r− 1

2
σ2

i )T+σiW (T )ly jxrd df dn dpyn `l ,zedf lawp W (T ) -l qgia mb zlgez migwel mr eiykrozep zegtl df - W (T ) = 0 xy`k zedf didiy jk Σ z` xegal `id zg` drvd .Σheyt i`pz
(

∑

i

Si(0)

)

e(r− 1

2
Σ2)T ≈

∑

i

Si(0)e(r− 1

2
σ2

i )T ⇒ Σ2 = 2



r − 1

T
ln

∑

i Si(0)e(r− 1

2
σ2

i )T

∑

i Si(0)



zeyrl jixv - dfl dheyt dgqep oi` . zeiepeyd ly oeieey yexl `id zxg` drvdmwny jk Σ z` xegal `id drvd er .oini va miielz min"n ly mekq ly zepeydl`d zervdd lk - al miy .deab xzei xyt`y dnk didi S(T ) oiae lqd oia m`zndjxr lkl aeh g` edyn mivex m` .Σ -a T lr zelz mixyt`n xy`k miihpeelx md.ohw `ed T m` mwzdl xyt` wx - xg` edyn df ,T lydpzynk gwpe ,lqd ly jxrd lr zqqeand divte` xgnzl mivexy `id dt dpeekd (a)dxebq dgqep mireiy migipn .S(T ) lr zqqean la` ,divte` dze` z` dxwa
X dpey`xd divte`d ly jxrl `xwp .qley-wla zgqep dnbel ,dipyd divte`l
M1 rvap .( W (T ) lr wx ielz) Y `xwp diipyd divte`le ( W (T ), V (Ti) lr ielz)-l mipne` `evnl mda ynzype Y ,X ly mikxr ly mixehwe xeviil zeivleniqz` enl mewna ,day "dleb" divleniq er mivx jk xg` .Var(Y ) -e cov(X, Y )ly mikxrd z` mien ,X ly mikxrd

X∗ = X − cov(X, Y )

Var(Y )
(Y − E[Y ]).zwiiend dgqepd ii lr dpezp E[Y ] xy`kelxw-dhnena zerhd .X∗ -e X ly zeiepeyd z` zeeydl yi zelirid z` weal (b)-k zbdpzn (X-l)

σ(X)√
Mz` ixedl ozip Var(X∗) < Var(X) m` okle ,zeivlenqd xtqn df M xy`kly "zelr"d z` yi . zerh dze` lr xenyle Var(X∗)

Var(X)
ly mxeb ii lr zevxdd xtqnly ohw feg` lr jnzqdl ozip la` ,miihpeelxd minwnd z` `evnl zevxdd M1.dlebd divlenqa miynzyny zeivlenqd xtqnixen e` dlrn df m`d ze`xle Σ z` zvw zepyl ixnep ote`a xyt` Σ zxiga iabl.Y -e X ly divlxewd z`



d`eeynd xear oeqlewip-wpxw zhiy z` aezk .3
ut = uxx − au , 0 < x < 1 , t > 0 dty i`pz mr

ux(0, t) = b , u(1, t) = c .mwzdl ik xeztl yiy ze`eeynd z` gqpl yi .mipezp miiaeig mireaw md a, b, c o`k.ze`eeynd z` mixzet lreta ji` dl`yl qgiizdl jxev oi` ,onfadaivi `id oeqlewip-wpxw zhiyy wea ,zeaivi zwial oniep-oee zhiya yeniy ii lr.onfa rvd lr i`pz mey ila ,ef diralmirvd md h = 1
N

,k xy`k u(ih, jk) -l aexiwl j ≥ 0 ,i = 0, . . . , N ,uij aezkp ,libxk`id xliie` zhiy .agxnae onfa
ui,j+1 − ui,j

k
=

ui+1,j − 2ui,j + ui−1,j

h2
− aui,j , 1 ≤ i ≤ (N − 1)oeqlewip wpxw zhiy okle

ui,j+1 − ui,j

k
=

1

2

[

ui+1,j − 2ui,j + ui−1,j

h2
− aui,j +

ui+1,j+1 − 2ui,j+1 + ui−1,j+1

h2
− aui,j+1

]e`
− k

2h2
ui+1,j+1+

(

1 +
k

h2
+

1

2
ak

)

ui,j+1−
k

2h2
ui−1,j+1 =

k

2h2
ui+1,j+

(

1 − k

h2
− 1

2
ak

)

ui,j+
k

2h2
ui−1,j.uN,j = c :x = 1 -a dty i`pz

u2,j − 4u1,j + 3u0,j = −2hb :x = 0 -a dty i`pz.zipeqkl`-zlz zkxrn x`yp dkke u0,j, uN,j z` ulgl dtyd i`pza ynzydl ozipyxel yi ui,j = λjei
√
−1µ aivp zeaivi weal ik

λ

[

− k

2h2
e
√
−1µ +

(

1 +
k

h2
+

1

2
ak

)

− k

2h2
e−

√
−1µ

]

=
k

2h2
e
√
−1µ+

(

1 − k

h2
− 1

2
ak

)

+
k

2h2
e−

√
−1µxnelk

λ =
1 − k

h2 − 1
2
ak + k

h2 cos µ

1 + k
h2 + 1

2
ak − k

h2 cos µ
=

1 − 2k
h2 sin2 θ

2
− 1

2
ak

1 + 2k
h2 sin2 θ

2
+ 1

2
ak.daivi inz dhiyd okle 1 -n ohw `ed 1−x

1+x
iaeig x lkl:alhna ew rhw aezk .4-wpxw zhiy zxfra dpezpd d`eeynd z` xeztl xnelk ,3 dl`ya dirad z` xeztl e`dlgzd i`pze ,mipezpd dtyd i`pz mr ,oeqlewip

u(x, 0) = c + b(x − 1)



ly mitxbd z` xiivz zipkezd .a, b, c ly mikxr mipezpy gipdl ozip
u(x, 0), u(x, 0.25), u(x, 0.5), u(x, 0.75), u(x, 1)divlxewd z` , Σ ly mipey mikxr xear ,weal ,2 dl`yl zihpeelxd divlenq zeyrl e`jxrd lr hilgdl ik ,T onfa S dxwad dpzyn ly jxrde T onfa lqd ly jxrd oiazipkezd . r, σ1, . . . , σ30, η1, . . . , η30 mixhnxtl mikxr mipezpy gipdl ozip .Σ ly mi`znd.Σ ly divwpetk divlxewd ly mikxr ly sxb xiivzaezkp .ze`eeynd lr xzei zvw earl lk mew jixv

A =
k

2h2
, B1 = 1 +

k

h2
+

ak

2
, B2 = 1 − k

h2
− ak

2md ze`eeynd if`e
−Aui+1,j+1 + B1ui,j+1 − Aui−1,j+1 = rhsi i = 1, . . . , N − 1 xy`k

rhsi = Aui+1,j + B2ui,j + Aui−1,j`id d`eeynd okle uN,j+1 = c epl yi i = N − 1 xy`k :migein mixwn ipy yi
B1uN−1,j+1 − AuN−2,j+1 = rhsN−1 + Ac epl yi i = 1 xy`k

u0,j+1 = −2

3
hb − 1

3
u2,j+1 +

4

3
u1,j+1 `id d`eeynd okle

−2A

3
u2,j+1 +

(

B1 − 4A

3

)

u1,j+1 = rhs1 −
2

3
hbA-zlzd zkxrnd ly dpexg`de dpey`xd dxeya miaikxd z` miraew migeind mixwnd:izazky ew rhw dpd .j + 1 onfl j onfn xearl ik xeztl yiy zipeqkl`

a=1; % or whatever the values are

b=1;

c=1;

N=20; % number of steps in x direction

M=40; % number of steps in t direction, multiple of 4

h=1/N; % stepsize in x direction

k=1/M; % stepsize in t direction

x=(0:N)*h;

t=(0:M)’*k;



A=k/2/h^2;

B1=1+k/h^2+a/2;

B2=1-k/h^2-a/2;

maindi=B1*ones(1,N-1);

maindi(1)=B1-4*A/3;

upperdi=-A*ones(1,N-2);

upperdi(1)=-2*A/3;

lowerdi=-A*ones(1,N-2);

u=zeros(M+1,N+1);

u(1,:)=c+b*(x-1);

u(:,N+1)=c*ones(M+1,1);

for j=1:M

rhs = A*u(j,3:(N+1))+B2*u(j,2:N)+A*u(j,1:(N-1));

rhs(1) = rhs(1) - 2*h*b*A/3 ;

rhs(N-1) = rhs(N-1) + A*c ;

u(j+1,2:N)=tridiag(maindi,upperdi,lowerdi,rhs);

u(j+1,1) = -2*h*b/3 - u(j+1,3)/3 + 4*u(j+1,2)/3; % dont forget this!

end

hold on

plot(x,u(1,:))

plot(x,u(M/4+1,:))

plot(x,u(M/2+1,:))

plot(x,u(3*M/4+1,:))

plot(x,u(M+1,:)) :dfd sxbd z` ozpy



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

`ed jynznd avnd la` ,epliaya ihpeelx `l)
u(x) =

(1 + e)ex + e(1 − e)e−x

1 + e2 (.sxbl m`zda u(0) ≈ −0.1135 mr
r = ... ; % value of r

sigma = [ ... ]; % vector of 30 values

eta = [ ... ]; % vector of 30 values

initprices = [ ... ]; % vector of 30 values - initial values of each share in basket

S0 = sum(initprices); % initial price of whole basket

N = length(sigma); % number of shares in basket

T = ... ; % time

M = 5000 % number of simulations

Z = randn(M,N+1) % N+1 random numbers for each simulation - use first column for W(T)

% preferable to use same values for every choice of Sigma

% simulate basket prices

B=zeros(M,1);

for i=1:N

B = B + initprice(i)*exp( (r-(sigma(i)^2+eta(i)^2)/2)*T + ...

... sqrt(T)*(sigma(i)*Z(:,1) + eta(i)*Z(:,i+1)) );

end



% now start comparing different values of Sigma. first find the one I wrote in q. 3

Sigma0:=2*(r-1/T*log(sum( initprices .* exp( (r-sigma.^2/2)*T ) )/sum(initprices)));

Sigma=(1:200)/100*Sigma0; % values of Sigma to check - from small to 2*Sigma0

C=zeros(size(Sigma)); % put the correlations here

% now find the correlation for each value of Sigma

for i=1:size(Sigma)

S = S0 * exp( (r-Sigma(i)^2/2)*T + sqrt(T)*Sigma(i)*Z(:,1) ) ;

q = cov(B,S) ;

C(i) = q(1,2)/sqrt(q(1,1)*q(2,2)) ;

end

plot(Sigma, C)

ziytegd dtyd ziira z` xeztl mivex .5
ut = uxx + x 0 < x < s(t) , t > 0

ux(0, t) = 2

u(s(t), t) = ux(s(t), t) = 0

u(x, 0) = (x − 1)2 , s(0) = 1 mipzynd ztlgd ii lr
{

x = ys(τ)
t = τz` xeztl ozip ji` dxvwa xaqde 0 < y < 1 reawd megzd lr diirak diirad z` gqp.xliie` zhiy mr dygd diiradzxyxyd llk ii lr

∂y =
∂x

∂y
∂x +

∂t

∂y
∂t = s(τ)∂x

∂τ =
∂x

∂τ
∂x +

∂t

∂τ
∂t = s′(τ)y∂x + ∂t = ∂t + y

s′(τ)

s(τ)
∂y



`id dygd diirad okle
uτ =

1

s(τ)2
uyy + y

s′(τ)

s(τ)
uy + s(τ)y 0 < y < 1 , τ > 0

uy(0, τ) = 2s(τ)

u(1, τ) = uy(1, τ) = 0

u(y, 0) = (y − 1)2 , s(0) = 1mirvd md h = 1
N

,k xy`k u(ih, jk) -l aexiwl j ≥ 0 ,i = 0, . . . , N ,uij aezkp ,libxk`id xliie` zhiy .s(jk) -l aexiwk sj mb aezkp .agxnae onfa
ui,j+1 =

1

s2
j

ui+1,j − 2ui,j + ui−1,j

h2
+ ih

sj+1 − sj

sj

ui+1,j − ui−1,j

2h
+ sjih 1 ≤ i ≤ (N − 1)

u2,j − 4u1,j + 3u0,j = −2hsj

uN,j = uN−2,j − 4uN−1,j = 0

ui,0 = (ih − 1)2 , s0 = 1mirei mb epiid m` .sj -e {ui,j}N
i=0 mr miligzn :dfk `ed dhiyd meyii ly oeirxdd`eeynae ,{ui,j+1}N−1

i=1 z` `evnl dpey`xd d`eeyna ynzydl mileki epiid sj+1 z`ipyd wlg z` myiil x`yp .uN,j+1 = 0 ziyilyd d`eeyndne ,u0,j+1 z` `evn dipydi`pzdy r sj+1 z` m`zl `ed oeirxd okle . uN−2,j+1 = 4uN−1,j ziyilyd d`eeynd ly
uN−2,j+1 − 4uN−1,j lr aeygp mr .oeheip zhiy mr df z` miyer lreta .miiwzn oexg`dmiyer sj+1 ly f divwpetk

sj+1 → sj+1 −
f(sj+1)

f ′(sj+1) .sj+1 ≈ sj oey`x aexiwn lgd


