
"qa
88-902-02 ,siy inx'b 'text ,ziqppit dwihnznl zeixnep zehiy`"ryz 'a xhqnq ,'` ren ogan.ivge miizry :ogand onf.qik aygnae xfr xneg lka ynzydl xzen.deey zel`yd lk ewip .daeg `id 5 dl`y .zel`yd 5 jezn 4 lr zeprl yi.daeyz lk ahid wnpl yiq"nd oexztl dniexn-xliie` zhiy z` aezk (`) .1

dX = αXdt+
√

β2 + γ2X2dW , X(0) = x.mipezp miiaeig miraew md α, β, γ, x o`kz` `evnl mivex (a)
φ(T ) = P (min0≤t≤TX(t) ≤ 0)oexztl ,zrl mivex xnelk .mewd sirqdn q"nd ly oexztd `ed X(t) xy`konf jez 0 -l zgzn ltep oexztdy zexazqdd `idn ,mewd sirqdn q"nd lyzhiye dniexn-xliie` zhiy zxfra φ(T ) z` aygl ozip ji` dxvwa xaqd .T.elxw-dhpenly zeielzd z`e ,mewd sirqa zxaqdy jildza zerhd zexewn mdn xaqd (b).mihpeelxd mixhnxtd lr zeierhd-pet `id φ(T ) jzrl m`d .α, β, γ, x, T mixhnxta dielz `id φ(T ) zexazqdd ()? mixhnxtd zyng (-n g` lk) ly zxei divwpet e` dler divwii lr ,n = 0, 1, 2, . . . ,X(nh) -l Xn miaexiw mixviine h > 0 rv jxe` mixgea (`)

Xn+1 = Xn + hαXn +
√
h
√

β2 + γ2X2
nZn.X0 = x -e Zn ∼ N(0, 1) xy`kxy`k h = T

N
zgwl yi .mewd sirqa x`eznd jildzd ly zevxd daxd zeyrl yi (a)z` `evnl yi dvxd lkl .M ii lr zevxdd xtqn z` oiivpe ,leb mly `ed N

min0≤n≤NXn-l aexiwd .m ii lr 0 deey e` ohw df menipin mxeary zevxdd xtqn z` onqpe`ed φ(T )

p =
m

M .,iteq `ed h -y dfa dxewny "zihqipinxhd zerh"d ,zerh ly zexewn ipy yi (b)
M -y dfa dxewny ,"zihqkehqd zerh"d .O ( 1

N

) `id ef zerh .iteq `ed N xnelk.√ p(1−p)
M

`ed dt zihqkehqd zerhl one`d ,wei xzil .O ( 1√
M

) `id ,iteq `ed( .p zexazqd mr ilepxa dpzyn ly zlgezd z` dt miaygn epgp` ik)



mr ikixrn leib zx`zn d`eeynd ,d`eeyna ihqkehqd xai`l miqgiizn `l m` ()ok enk .0 -l zgzn xi jildzdy iekiq zegt yi leb xzei α -y lk okl .α avwmd γ -e β y lk .0 -l zxl iekiq zegt yi deab xzei miligzny lk - lb x xy`kenk .φ(T ) z` dlrn γ e` β -a leib okl .zeihqehq zeepz xzei yi ,mideab xzei.φ(T ) z` dlrn mb T zlbd okle ,0 -l zxl onf xzei yi leb xzei T -y lk ,okmiq"nd z` miniiwn zeipn izy ly S1(t), S2(t) mixignd .2
dS1 = S1 (rdt+ σ11dW1 + σ12dW2)

dS2 = S2 (rdt+ σ21dW1 + σ22dW2).miielz izla xpie ikildz md W1(t),W2(t) -e ,mireaw md r, σ11, σ12, σ21, σ22 xy`klenbz yi dl` zeipn izy lr zniieqn divte`l
max (S1(T )−K1, S2(T )−K2, 0).mireaw md K1, K2 xy`kji`e ( S1(0), S2(0) ozpda) S1(T ), S2(T ) mixignd ly zenib xviil ozip ji` xaqd (`).divte`d ly jxrl one` lawl ,dl`k zenib zxfra ,ozip`l divte`dy i`pz mitiqen m` divte`d xegnz jildz z` zepyl jixv ziid ji` (a)izn ltep ,1

2
(S1(t) + S2(t)) ,zeipnd ly rvennd xignde dina lenbz mey znlyn? 0 ≤ t ≤ T dtewza B meqgnl zgzn `edyzbdpzn zixewnd divte`d K2 -l zgzn daxd `ed S2(0) -y dxwna dnl xaqd (b)aeyig z` xtyl df z` lvpl ozip ji` .dpey`xd dipnd lr dlibx call zivte`k? divte`d jxr one`aezkp (`)

σ1 =
√

σ2
11 + σ2

12 , σ2 =
√

σ2
21 + σ2

22 if`
S1(T ) = S1(0) exp

((

r − 1

2
σ2
1

)

T + σ11W1(T ) + σ12W2(T )
)

S2(T ) = S2(0) exp
((

r − 1

2
σ2
2

)

T + σ21W1(T ) + σ22W2(T )
)miixwn mipzyn md Z1, Z2 xy`k ,W2(T ) =

√
TZ2 -e W1(T ) =

√
TZ1 aezkl oziply zenib mi`ven Z1, Z2 ly zenib ii lr .miielz-izla miihxphq miilnxeply zenib df ii lre ,S1(T ), S2(T )

X = max(S1(T )−K1, S2(T )−K2, 0),milawznd X ly mikxrd ly rvenn zeyrle ,minrt M df jildz lr xefgl ozip.divte`d ly jxrl elxw-dhpen one` deddn ,e−rT oeeidd mxeb letk ,dfely mikxrd lr ielz wx `ed divte`d xigny dfa ,lw `ed mewd sirqa jildzd (a)rvn`a zeipnd ixign z` mebl jxev yi ,meqgn yi m` .rhwd seqa xpieed ikildzly zg` dvitwa zkll mewna ,xnelk .`l e` meqgnd z` mixaer m`d oel rhwd. T
N

ly zevitw N zeyrl jxev yi T



,ohw `ed K2 -n leb didi S2(T ) -y iekiqd if` K2 -l zgzn daxd `ed S2(0) m` (b)`id divte`d xnelk ,Y = max(S1(T )−K1, 0) llk jxa `ed divte`d ly jxrde.dpey`xd dipnd lr dlibx call zivte`l daexw
X mewna .X ly zlgezd ly aeyigl dxwa dpzynk Y -a ynzydl ozip oklemr earp

Xc = X + c(Y − E[Y ])ly one` zeidl c z` migwel xy`k
−cov(X, Y )

Var(Y )zqpkzn Xc -l elxw dhpen zhiy okle X ly zepeydn dkenp `id Xc ly zepeydqley wla xign df - E[Y ] z` mirei ,oaenk .X -l elxw dhpen zhiyn xdn xzei.dpey`xd dipnd lr zihpeelxd divte`l.f ′′′(x) -l aexiw `edy f(x− h), f(x), f(x+ h), f(x+ 2h) ly ix`ipil sexiv `vn (`) .3-y ze`xdl ozip (a)
f ′′′(x) =

1
2
f(x+ 2h)− f(x+ h) + f(x− h)− 1

2
f(x− 2h)

h3
+O(h2)d`eeynl xliie` zhiy ly dqxb aezkl ziyilyd zxfbbpl df aexiwa xfrd(.dlgzd i`pz e` dty ii`pzl qgiizdl jxev oi`) ut = uxxx.daivi dppi` mewd sirqa zazky dhiydy ze`xdl oniep oee zhiya xfrd (b)xeliih ixez epl yi (`)

f(x− h) = f(x)− hf ′(x) +
1

2
h2f ′′(x)− 1

6
h3f ′′′(x) + . . .

f(x) = f(x)

f(x+ h) = f(x) + hf ′(x) +
1

2
h2f ′′(x) +

1

6
h3f ′′′(x) + . . .

f(x+ 2h) = f(x) + 2hf ′(x) + 2h2f ′′(x) +
4

3
h3f ′′′(x) + . . ..af(x− h)− (a+ b+ c)f(x) + bf(x+ h) + cf(x+ 2h) ix`ipild sexivd lr lkzqp.a = b+ 2c gwp okle b+ 2c− a `ed hf ′(x) ly mwnd.(b+2c)f(x−h)−(2b+3c)f(x)+bf(x+h)+cf(x+2h) `ed eply sexivd eiykrn f`.b −−3c gwp okle .1

2
(b+ 2c) + 1

2
b+ 2c = b+ 3c `ed h2f ′′(x) ly mwnd

−cf(x− h) + 3cf(x)− 3cf(x+ h) + cf(x+ 2h) `ed eiykr sexivd.c = 1 zgwl yi xnelk 1
6
c− 1

2
c+ 4

3
c = c `ed h3f ′′′(x) ly mwnd-y ep`vn

f ′′′(x) ≈ −f(x− h) + 3f(x)− 3f(x+ h) + f(x+ 2h)

h3



(a)
ui,j+1 = ui,j +

k

h3

(

1

2
ui+2,j − ui+1,j + ui−1,j −

1

2
ui−2,j

)dxeva mewd sirqa diqxewxd ly oexzt ytgp (b)
ui,j = λiej

√
−1θ y jxev yi

λ = 1 +
k

h3

(√
−1 sin 2θ − 2

√
−1 sin θ

)

= 1 +
k
√
−1

h3
(sin 2θ − 2 sin θ) okle

|λ|2 = 1 +
k2

h6
(sin 2θ − 2 sin θ)2 > 1 .zeaivi oi`ediirad z` xeztl mivex .4

ut = uxx 0 < x < p(t), t > 0
u(x, 0) = f(x)

ux(0, t) = α , u(p(t), t) = β.mipezp mireaw md α, β -e ,zepezp zeivwpet od f(x) -e p(t) o`kdavdd ii lry gked (`)
{

x = p(s)y
t = s dxeva dirad z` aezkl ozip

us = a(s)uyy + b(s)yuy 0 < y < 1, s > 0
u(y, 0) = f(p(0)y)

uy(0, s) = c(s) , u(1, s) = β.`evnl yiy zeivwpet od a(s), b(s), c(s) xy`k`ln ote`a qgiizdl yi .mewd sirqa diral Crank-Nicolson zhiy z` aezk (a).dtyd ii`pzlzxyxyd llk ii lr (`)
∂y =

∂x

∂y
∂x +

∂t

∂y
∂t = p(s)∂x

∂s =
∂x

∂s
∂x +

∂t

∂s
∂t = p′(s)y∂x + ∂t = ∂t + y

p′(s)

p(s)
∂y



epl yi zeygd zehpixe`ewa okle
us − y

p′(s)

p(s)
uy =

1

p(s)2
uyy 0 < y < 1 , s > 0

u(y, 0) = f(p(0)y)

uy(0, s) = αp(s) , u(1, s) = β mr dpezpd dxevdn dfy
a(s) =

1

p(s)2
, b(s) =

p′(s)

p(s)
, c(s) = αp(s)`ed h = 1

N
xy`k u(ih, jk) -l aexiw `edy ui,j mr earp u(y, s) mewna ,libxk (a).s oeeika rvd jxe` `ed k -e y oeeika rvd jxe`:Euler zhiy

ui,j+1 − ui,j

k
= a(jk)

ui+1,j − 2ui,j + ui−1,j

h2
+ ib(jk)

ui+1,j − ui−1,j

2:Crank-Nicolson zhiy
ui,j+1 − ui,j

k
=

1

2

(

a(jk)
ui+1,j − 2ui,j + ui−1,j

h2
+ ib(jk)

ui+1,j − ui−1,j

2

+ a((j + 1)k)
ui+1,j+1 − 2ui,j+1 + ui−1,j+1

h2
+ ib((j + 1)k)

ui+1,j+1 − ui−1,j+1

2

)e`
(

−kaj+1

2h2
− ikbj+1

4

)

ui+1,j+1 +

(

1 +
kaj+1

h2

)

ui,j+1 +

(

−kaj+1

2h2
+

ikbj+1

4

)

ui−1,j+1

=

(

kaj

2h2
+

ikbj

4

)

ui+1,j +

(

1− kaj

h2

)

ui,j +

(

kaj

2h2
− ikbj

4

)

ui−1,j (∗).'eke a(jk) mewna aj izazky dti`.j ≥ 0 lkle 1 ≤ i ≤ N − 1 -l dpekp ef d`eeyn.i = 0, . . . , N , ui,0 = f(p(0)ih) :dlgzd i`pz:aeh wei lr xenyl ,zil`nyd dtya .uN,j = β zipinid dtya :dty i`pz
−u2,j + 4u1,j − 3u0,j

2h
= αcj e`

u0,j =
1

3
(4u1,j − u2,j − 2hαcj)dxeva (*) z`eeyn z` aezkp .5 dl`yl xzei jiiy ile` jyndd

Ai,jui+1,j+1 +Bi,jui,j+1 + Ci,jui−1,j+1 = Qi,j



lvpl jxev yi i = N − 1 -e i = 1 xy`k .2 ≤ i ≤ N − 2 xy`k ef d`eeyna ynzyp-a ynzyp i = N − 1 dxwna d`eeynd mewna .dtyd i`pz z`
AN−1,jβ +BjuN−1,j+1 + CN−1,juN−2,j+1 = QN−1,jze`eeynd izy ly i`xipil sexiva ynzyp i = 1 dxwna d`eeynd mewna
A1,ju2,j+1 +Bju1,j+1 + C1,ju0,j+1 = Q1,j

−u2,j+1 + 4u1,j+1 − 3u0,j+1 = 2hαcj+1dfy .u0,j+1 ea riten `ly
(

A1,j −
1

3
C1,j

)

u2,j+1 +
(

Bj +
4

3
C1,j

)

u1,j+1 = Q1,j +
2

3
hC1,jαcj+1

alhn ew aezk .5(b) 2 sirqa zrvdy dhiya ynzydl yi .2 dl`ya zx`eznd divte`d z` xgnzl e`.K2 -l zgzn witqn `ed S2(0) -y dgpda ,aexiwd z` xtylsirqa zrvend davda xfrdl yi .4 dl`ya zx`eznd (zixewnd) dirad z` xeztl e`xear u(x, t) ly mikxr ly dvixhn zeidl jixv hltd .Crank-Nicolson zhiyae (`) 4.0 < t < 2 megza t ly mikxr:dpey`x divte`
% option parameters

r = 0.05;

s11 = 0.2;

s12 = 0.1;

s21 = -0.1;

s22 = 0.4;

K1 = 1.2;

K2 = 2.0;

S10 = 1.2;

S20 = 1.0;

T = 2;

% small simulation of X and Y and finding their covariance

M = 10000;

Z1 = randn(M,1);

Z2 = randn(M,1);

S1 = S10 * exp((r-s11^2/2-s12^2/2)*T + sqrt(T)*(s11*Z1 + s12*Z2) );



S2 = S20 * exp((r-s21^2/2-s22^2/2)*T + sqrt(T)*(s21*Z1 + s22*Z2) );

PX = exp(-r*T)*max( [S1-K1, S2-K2, zeros(M,1)] , [] , 2 );

PY = exp(-r*T)*max( [S1-K1, zeros(M,1)] , [] , 2 );

cm = cov(PX,PY);

c = -cm(1,2)/cm(2,2);

% big simulation to do the option pricing

M = 100000;

Z1 = randn(M,1);

Z2 = randn(M,1);

S1 = S10 * exp((r-s11^2/2-s12^2/2)*T + sqrt(T)*(s11*Z1 + s12*Z2) );

S2 = S20 * exp((r-s21^2/2-s22^2/2)*T + sqrt(T)*(s21*Z1 + s22*Z2) );

PX = exp(-r*T)*max( [S1-K1, S2-K2, zeros(M,1)] , [] , 2 );

PY = exp(-r*T)*max( [S1-K1, zeros(M,1)] , [] , 2 );

EY = blsprice( S10 , K1 , r, T , sqrt(s11^2+s12^2) );

XC = PX + c*(PY - EY);

[mean(PX) std(PX)/sqrt(M) mean(XC) std(XC)/sqrt(M)]ly ze`vez dpd :ze`vez zvw miy` ip` df mewna la` mixaqd siqedl jixv iziiddiipy denr ,dxwad dpzyna yeniy `ll zlgez (l`nyn) dpey`x denr .zevxd 20ziriax denr ,dxwa dpzyn mr zlgez ziyily denr ,dxwa dpzyn `ll owz ziihq.dxwa dpzyn mr owz ziihq
0.2499 0.0012 0.2496 0.0008

0.2523 0.0012 0.2507 0.0008

0.2482 0.0012 0.2483 0.0007

0.2495 0.0012 0.2498 0.0008

0.2488 0.0012 0.2492 0.0008

0.2476 0.0012 0.2498 0.0008

0.2475 0.0012 0.2494 0.0008

0.2508 0.0012 0.2496 0.0008

0.2507 0.0012 0.2497 0.0008

0.2523 0.0012 0.2521 0.0008

0.2480 0.0012 0.2490 0.0007

0.2509 0.0012 0.2507 0.0008

0.2470 0.0012 0.2482 0.0007

0.2492 0.0012 0.2493 0.0008



0.2498 0.0012 0.2497 0.0008

0.2529 0.0012 0.2505 0.0008

0.2478 0.0012 0.2498 0.0008

0.2489 0.0012 0.2502 0.0008

0.2498 0.0012 0.2497 0.0008

0.2472 0.0012 0.2486 0.0007`ed dxwa dpzyn mr ze`vezd ly geehd ok`e ,owzd ziihqa yily ly dixi mi`ex.dxwad dpzyn `ll geehdn xv xzei:diipy divte`
still to do


