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i −1)z` miwlgn .Y (0) ly jxrdn Y (T ) ly zenib xviil ozip oiihylin zhiy ii lr (b)-zzd seqa Y ly jxrd z` miaygne h = T
N

jxe` ly mirhw-zz N -l T rhwd.mewd seqa dgqepd itl rhw-zzd zlgzda Y ly jxrdn rhwly zenib M lawl ,minrt M df jildz lr mixfegy `ed elxw-dhpen ly oeirxd.E[Y (T )] ly one` lawl zenebd ly rvenn miyer f`e Y (T )xliie` zhiy e` oiihylin zhiy milirtn .X-l d`eeynd mr xiyi earl ozip ()dgqepd ii lr Y (T ) -l mipne` milawne X(T )-l mipne` lawl X-l d`eeynl.Y (T ) = 1
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X(T )2itl bdpzn miieqn qkp ly S(t) xignd .2

dS = S(rdt+ σdW )ly zeivlxewd z` aygle mixignd z` zeeydl mivex .miiaeig mireaw md r, σ xy`k:mixfbp dyelyly xigndn 10% lrn dlr mb qkpd ly xignd T onfl r m` P lenbz mlynd dfeg (`).meid ly xigndn 10% lrn xi mbe meiddaxewd T dtewza jenpd xignde deabd xignd oia yxtdd m` P lenbz mlynd dfeg (a).meid qkpd xignn 20% -n leb `edlrn e` 20% -n xzei `ed qkpd ly xignd T ztewz seqa m` P lenbz mlynd dfeg (b).meid ly xignl zgzn e` meid ly xignd`evnl zihpeelx divleniq dyer ziid ji` ,aygn zeewt aezkl ila ,dxvwa ,xaqd (`).mdly m`znd inwne mifegd zyely ly mixignl mipne`mixhnxtd lr dl` zeierh ly zelzd `idn ?divleniqa zerhd zexewn mdn (a)?divleniqa miihpeelxd? r, σ, T mixhnxtd lr ze`vezd ly zeielzd lr ibdl ozip dn (b)onfd ztewza qkpl miixyt` xign ilelqn M dnib didi divleniqd ly qiqad (`)mixignd lr lkzqp `l` ,sivx ote`a xignd z` mebl ozip `l lelqn lka .T:divleniqd ly mixhnxt ipy yi dkk .h = T
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xy`k t = 0, h, 2h, . . . T mipnfa.N lelqn lk jeza zeewpd xtqne M milelqnd xtqn,1 ≤ j ≤ M ,0 ≤ i ≤ N xy`k ,j xtqn lelqna ih onfa xign Si,j ii lr onqp m`ii lr didi mixignd xevii
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ilniqwnd xignd z` aygp lelqn lkl
Maxj = max0≤i≤NSi,j ilnipind xignde
Minj = min0≤i≤NSi,j.zxg` 0-e lenbz ozep dfegd m` 1 aikx mr ,dfeg lkl g` ,mixehwee dyely xviipexnelk

(v1)j =

{

1 Maxj > 1.1S0 and Minj < 0.9S0

0 otherwise

(v2)j =

{

1 Maxj −Minj > 0.2S0

0 otherwise

(v3)j =

{

1 SN,j > 1.2S0 or SN,j < 0.8S0

0 otherwise.qkpd ly izlgzdd xignd z` onqn S0 o`k,mixehweed ly mirvennd letk P mdy ,mifegd ly mixignd z` aygl x`yp wx.mixehwee ly bef lk ly m`znd inwn mdy ,m`znd inwn 3-emiia mipnfa yeniye ,iteqM xnelk ,zenib ly iteq xtqn :zerh zexewn ipy yi (a)llba mifegd ly mixigna zeierh eidiy mitvn epgp` .iteqN xnelk ,lelqn lk jezazerhd ly lebd xql qxewa epqgiizd `l .O ( 1√
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ut = uxx − 3u− 2v

vt = vxx + u(dty ii`pz e` dlgzd i`pzl qgiizdl jxev oi`)



dxeva xliie` zhiya milawny ze`eeynd ly oexzt yetig ii lr (a)
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diirad z` xeztl mivex .4
ut = uxx a(t) < x < b(t), t > 0

u(x, 0) = f(x)
u(a(t), t) = α , u(b(t), t) = β.mipezp mireaw md α, β -e ,zepezp zeivwpet od f(x) -e a(t), b(t) o`kdavdd ii lry gked (`)

{

x = a(s) + [b(s)− a(s)]y
t = s dxeva dirad z` aezkl ozip

us = p(s)uyy + [q(s)y + r(s)]uy 0 < y < 1, s > 0
u(y, 0) = f (a(0) + [b(0)− a(0)]y)

u(0, s) = α , u(1, s) = β.`evnl yiy zeivwpet od p(s), q(s), r(s) xy`k`ln ote`a qgiizdl yi .mewd sirqa diral Crank-Nicolson zhiy z` aezk (a).dtyd ii`pzlzxyxyd llk ii lr (`)
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epl yi zeygd zehpixe`ewa okle
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Aj = −kpj+1

2h2
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(a) sirq lr e` (`) sirq lr e` zeprl yi .5`ed β -y dxwna E[Y (T )] z` aygl alhn ew aezk (.1 'qn dl`y ly jynd) (`)wiiend oexzta yeniy ii lr ,ohw
E[Y (T )] =

1

2
x2e(2α+γ2)T

E[Y (T )] -l ef dgqep wivdl jxev oi` .dxwa dpzynk β = 0 dxwna lawzndixewnd dpzynd oia divlxewd aihl dxvwa qgiizdl yi la` ,β = 0 dxwna.diraa mixhnxtd lr ezelzle ,dxwad dpzyne



-ynd zkxrnl xliie` zhiy z` lirtdl alhn ew aezk (.3 'qn dl`y ly jynd) (a)dty ii`pzl qgiizdle [0, 1] rhwa x dpzynd z` zgwl yi .(`) sirqa ze`ee
u(0, t) = 0 , u(1, t) = 1 , vx(0, t) = −1 , v(1, t) = 0dlgzd ii`pze

u(x, 0) = x , v(x, 0) = 1− xly mitxb xiivle t = 0.5, 1, 2 mipnfa v(x, t) z`e u(x, t) z` aygl `id dxhnd.dl` mipnfa zepexztd:dxwa dpzyn `ll df z` zeyrl dheyt dpkez dpd (`)
% find E[ 1/2 X(T)^2 ] where X satisfies

% dX = alpha X dt + sqrt( beta^2 + gamma^2 X^2) dW X(0)=x

% alpha, beta, gamma, x, T positive constants

% I am going to use the Euler method for X, why should I work hard

% choice of parameters - of the problem and of the numerics

x=5;

alpha=0.2;

beta=0.2;

gamma=0.3;

T=1;

M=10000;

N=100;

h=T/N;

% Euler method

X=zeros(M,N+1);

Z=randn(M,N);

X(:,1)=x*ones(M,1);

for i=1:N

X(:,i+1)=X(:,i) + h*alpha*X(:,i) + Z(:,i).*sqrt( h*(beta^2+gamma^2*X(:,i).^2));

end

% results

v1=mean(X(:,N+1).^2/2); % what we are looking for

v2=std(X(:,N+1).^2/2)/sqrt(M); % Monte Carlo error estimate

[v1 v2]



dxwa dpzyn mr df z` zeyrl dpkez dpde
% find E[ 1/2 X(T)^2 ] where X satisfies

% dX = alpha X dt + sqrt( beta^2 + gamma^2 X^2) dW X(0)=x

% alpha, beta, gamma, x, T positive constants

% for case beta=0 have an exact formula

% E[1/2 X(T)^2] = 1/2 x^2 exp( (2alpha-gamma^2) T )

% want to use this as a control variable, assuming beta small

% I am going to use the Euler method for X, why should I work hard

% parameters of the problem

x=5;

alpha=0.2;

beta=0.2;

gamma=0.3;

T=1;

% small run to get correlation with beta=0

M=1000;

N=100;

h=T/N;

% Euler method

X=zeros(M,N+1);

X0=zeros(M,N+1);

Z=randn(M,N);

X(:,1)=x*ones(M,1); % simulation with desired beta

X0(:,1)=x*ones(M,1); % simulation with beta=0

for i=1:N

X(:,i+1)=X(:,i) + h*alpha*X(:,i) + Z(:,i).*sqrt( h*(beta^2+gamma^2*X(:,i).^2));

X0(:,i+1)=(1 + h*alpha + sqrt(h)*gamma*Z(:,i)).*X0(:,i);

end

q = cov( X(:,N+1).^2/2 , X0(:,N+1).^2/2 );

c = -q(1,2)/q(2,2);

% bigger run using control variable

M=10000;

N=100;

h=T/N;



% Euler method

X=zeros(M,N+1);

X0=zeros(M,N+1);

Z=randn(M,N);

X(:,1)=x*ones(M,1); % simulation with desired beta

X0(:,1)=x*ones(M,1); % simulation with beta=0

for i=1:N

X(:,i+1)=X(:,i) + h*alpha*X(:,i) + Z(:,i).*sqrt( h*(beta^2+gamma^2*X(:,i).^2));

X0(:,i+1)=(1 + h*alpha + sqrt(h)*gamma*Z(:,i)).*X0(:,i);

end

Y = X(:,N+1).^2/2 + c * ( X0(:,N+1).^2/2 - x^2/2*exp((2*alpha+gamma^2)*T) );

% results without control variable

v1=mean(X(:,N+1).^2/2); % what we are looking for

v2=std(X(:,N+1).^2/2)/sqrt(M); % Monte Carlo error estimate

[v1 v2]

% results with control variable

w1=mean(Y); % what we are looking for

w2=std(Y)/sqrt(M); % Monte Carlo error estimate

[w1 w2] :z`fd dpkezd ly zevxd 3 ly ze`vez zvw dpd
answer from raw data s.d. answer with c.v. s.d.

20.358 0.135 20.429774 0.000086
20.424 0.138 20.429850 0.000089
20.231 0.134 20.429814 0.000087.izernyn ote`a dxi zepeydizazk ip`y dpkezd dpd (a)

% solve the system u_t = u_{xx} - 3 u - 2 v

% v_t = v_{xx} + u

% x in [0,1], t>0

% initial condition u(x,0)=x, v(x,0)=1-x

% boundary conditions u(0,t)=0, u(1,t)=1

% v_x(0,t)=-1, v(1,t)=0

% want to compute the functions at times t=0.5,1,2



N=25; % number of steps in x direction

M=3000; % number of steps (till t=2) in t-direction

% chosen to respect the stability condition!!

h=1/N;

k=2/M;

u=zeros(M+1,N+1); % note j will be the row index

v=zeros(M+1,N+1);

% initial conditions

x=(0:N)/N;

u(1,:)=x; % u(x,0)=x

v(1,:)=1-x; % v(x,0)=1-x

% the Dirichlet boundary conditions

u(:,1)=zeros(M+1,1); % u(0,t)=0 not really necessary to write

u(:,N+1)=ones(M+1,1); % u(1,t)=0

v(:,N+1)=zeros(M+1,1); % v(1,t)=0 not really necessary to write

% no Dirichlet condition for v(:,1) - need to use the Neumann condition

% the Euler procedure

for j=1:M

for i=2:N

u(j+1,i) = u(j,i) + k/h^2*(u(j,i+1)-2*u(j,i)+u(j,i-1)) - 3*k*u(j,i) - 2*k*v(j,i) ;

v(j+1,i) = v(j,i) + k/h^2*(v(j,i+1)-2*v(j,i)+v(j,i-1)) + k*u(j,i) ;

end

% use the Neumann condition .... v_x(0) \approx (4 v(h) - v(2h) - 3v(0))/(2h)

v(j+1,1) = (2*h + 4*v(j+1,2) - v(j+1,3))/3;

end

figure(1) % plot the function u at t=0,0.5,1,2

hold on

plot(x,u(1,:),’k’)

plot(x,u(M/4+1,:),’g’)

plot(x,u(M/2+1,:),’b’)

plot(x,u(M+1,:),’r’)

legend(’t=0’,’t=0.5’,’t=1’,’t=2’)



figure(2) % plot the function v at t=0,0.5,1,2

hold on

plot(x,v(1,:),’k’)

plot(x,v(M/4+1,:),’g’)

plot(x,v(M/2+1,:),’b’)

plot(x,v(M+1,:),’r’)

legend(’t=0’,’t=0.5’,’t=1’,’t=2’)mitxbd ipyn ze`xl ozipy enk ,zeleabl xdn zet`ey u, v zeivwpetd izy lreta:milawzny
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