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dS = S
(

rdt+
(

a+ b(S − S0)
2
)

dW1 + c dW2

).miielz izla xpie ikildz md W1,W2 -e miiaeig mireaw md r, a, b, c, S0 xy`k.ef d`eeynl dniexn-xliie` zhiy z` aezk (`)
T,K xy`k , E[e−rT (S(T )−K)+] z` aygl elxw dhpen zhiya ynzyn ziid ji` (a)? df aeyiga zerhd zexewn mdn ? miiaeig mireaw mddf z` lvpn ziid ji` .zihxphqd GBM z`eeyn `id d`eeynd b = 0 dxwna (b)? ohw `ed b -y dgpda ,mewd sirqa aeyigd z` xtyl.S(0) ,S ly izlgzdd jxrl deey gxkda epi`y d`eeyna S0 xhnxt yi :zexidf (`).oky gip` la`
S(0), S(h), S(2h), . . . miwiiend mikxrl S0, S1, S2, . . . miaexiw mipea dniexn xlie` zhiyadiqxewxd ii lr

Sn+1 = Sn

(

1 + rh+
(

a+ b(Sn − S0)
2
)√

hZ1,n + c
√
hZ2,n

)

, i = 0, 1, 2, . . ..miielz izla miihxphq miilnxep miixwn mipzyn md Z1,n, Z2,n o`kdniexn-xliee` zhiya miynzyne ,in leb `l mly `ed N xy`k h = T
N

mixgea (a)dhpen zhiy ly millkd itl .minrt ly M leb xtqn S(T ) ly zeivleniq zeyrl
σ√
M

ly leb xqn zerh ea yiy ,zlgezl one` `ed zenibd ly rvennd :elxw.zenibd ly znpd owzd ziihq df σ xy`kmxeb iteq M , 1
h
ly leb xqn zihqpinxh zerhl mexb iteq h :zerh zexewn, 1√

M
ly leb xqn zihqkehq zerhlepl yi b = 0 xy`k (b)

dS = S(rdt+ adW1 + cdW2) = S(rdt+ σdW )yi ef dipn lr zqqean divte`l .σ =
√
a2 + c2 -e mr xpie jildz `ed W xy`kdivte`d xigna ynzydl ozip ohw `ed b xy`k .divte`d xignl qley-wla ze`qepmilkzqn X0 `ed b = 0 mr divte`de X `id divte`d m` xnelk .dxwa dpzynklr

Xc = X + c(X −X0) xy`k
c = −cov(X,X0)

Var(X0)



dgqepa ynzydl .ohw b dxwnl mihpehqd g` ly drvd er
Sn+1 = Sn exp

((

r − 1

2
σ2

)

h+ (a+ b(Sn − S0)
2)
√
hZ1,n + c

√
hZ2,n

).σ2 = (a+ b(Sn − S0)
2)2 + c2 o`k .dniexn-xliie` mewnaze`eeynd z` miniiwn S1, S2, S3 miihqkehqd mipzynd .2

dS1 = S1(rdt+ σ1dW1)

dS2 = S2(rdt+ σ2dW2)

dS3 = S3

(

rdt+ σ3

(

ρ dW1 +
√

1− ρ2dW2

))izla xpie ikildz md W1,W2 -e ,ρ < 1 mr ,miiaeig mireaw md r, ρ, σ1, σ2, σ3 xy`kii lr xben X ihqehqd dpzynd .miielz
X(t) =

S3(t)

σ3S3(0)
− ρS1(t)

σ1S1(0)
−

√
1− ρ2S2(t)

σ2S2(0).(oezp iaeig xtqn t) ? X(t) ly zenib zeyrl ozip ji` (`)-l one` `ven ziid ji` ? E[X(t)2] -le E[X(t)] -l mipne` `ven ziid ji` (a)? Var(X(t)),df z` weal ik .reaw `ed c xy`k Var(X(t)) ≈ ct2 ,ohw `ed t xy`ky mipreh (b),Var(X(t1)),Var(X(t2)),Var(X(t3)) -l mipne` zeyrl mivex ,c reawd z` `evnle? df z` zeyrl rivn dz` ji` .miphw mipnf dyely md t1 < t2 < t3 xy`k:GBM zgqep ii lr S1(t), S2(t), S3(t) ly zenib miyer (`)
S1(t) = S1(0)e

(r− 1

2
σ2

1)t+σ1

√
tZ1

S2(t) = S2(0)e
(r− 1

2
σ2

2)t+σ2

√
tZ2

S3(t) = S3(0)e
(r− 1

2
σ2

3)t+σ3

√
t

(

ρZ1+
√

1−ρ2Z2

)ly zenib milawn dfn .miihxphq miilnxep miixwn mipzyn md Z1, Z2 o`kdgqep aezkl xyt` - X(t)

X(t) =
1

σ3

e
(r− 1

2
σ2

3)t+σ3

√
t

(

ρZ1+
√

1−ρ2Z2

)

− 1

σ1

e(r−
1

2
σ2

1)t+σ1

√
tZ1 − 1

σ2

e(r−
1

2
σ2

2)t+σ2

√
tZ2zenib zeyrl oi`y `id - in zil`iaixh `id ile`y - ef dl`ya daeygd dewpdly zenibl elxbedy Z1, Z2 mixwnd mipzyna ynzydl yi `l` S3(t) ly "zextp".zernyn ixqg eidi e`viy X(t) ly mikxrd zxg` .S3(t) ly aeyiga S2(t) -e S1(t)



E[X(t)] -l one` didi mikxrd ly rvennd ,X(t) ly zeiielz izla zenibM miyer (a)zepeyd l` miaygn ,E[X(t)2] -l one` didi mikxrd ly mireaixd ly rvenndedgqepdn
Var(X(t)) = E[X(t)2]−E[X(t)]2zekxrd lawl dfne X(t)2 ly mbe X(t) ly mb owzd zeihq z` jixrdl ozip.'eke σ(X(t))/

√
M leb xqn `id X(t) ly zlgeza zerhd :mipne`a ze`ibyl

X(t1), X(t2), X(t3) -l "zextp" zenib zeyrl ozip `ly `id df sirqa daeygd dewpd (b)mipnfd zyely S1 ly zenib zeyrl yi .ipyd lr rityn g` lk ly jxrd ikii lr t1, t2, t3

S1(t1) = S1(0)e
(r− 1

2
σ2

1)t1+σ1

√
t1Z1

S1(t2) = S1(t1)e
(r− 1

2
σ2

1)(t2−t1)+σ1

√
t2−t1Z

′

1

S1(t3) = S1(t2)e
(r− 1

2
σ2

1)(t3−t2)+σ1

√
t3−t2Z

′′

1

S2(t1), S2(t2), S2(t3) -l ok enk Z1, Z
′
1, Z

′′
1 miielz izla miihxphq miilnxep miixwn mipzyn mrmiynzyn S3 -l mipne`ae ,Z2, Z

′
2, Z

′′
2 miielz izla miihxphq miilnxep n"n mrjixv wx ,mew enk - zeiepeyd aeyig jildz .'eke Z ′

2 mr Z ′
1 ,Z2 mr Z1 ly mitexiva.dpekpd dxeva mebl itwdlaexiwa zerhdy gked (`) .3

fxx ≈ −f(x+ 2h) + 16f(x+ h)− 30f(x) + 16f(x− h)− f(x− 2h)

12h2 .O(h4) `iddhiyd m`d (a)
ui,j+1 − ui,j

k
=

−ui+2,j + 16ui+1,j − 30ui,j + 16ui−1,j − ui−2,j

12h2(.oniep-oee zhiy itl zeaivi weal witqn) ? daivi `id ut = uxx megd z`eeynl? `edn ok m`e ,zeaivi i`pz yi m`d? ef dhiy ly zepexqgde zepexzid mdn (b):xeliih ixeh (`)
f(x+ 2h) = f(x) + 2hf ′(x) +

(2h)2

2
f ′′(x) +

(2h)3

6
f ′′′(x) +

(2h)4

24
f ′′′′(x) +

(2h)5

120
f (v)(x) +O(h6)

f(x+ h) = f(x) + hf ′(x) +
h2

2
f ′′(x) +

h3

6
f ′′′(x) +

h4

24
f ′′′′(x) +

h5

120
f (v)(x) +O(h6)

f(x− h) = f(x)− hf ′(x) +
h2

2
f ′′(x)− h3

6
f ′′′(x) +

h4

24
f ′′′′(x)− h5

120
f (v)(x) +O(h6)

f(x− 2h) = f(x)− 2hf ′(x) +
(2h)2

2
f ′′(x)− (2h)3

6
f ′′′(x) +

(2h)4

24
f ′′′′(x)− (2h)5

120
f (v)(x) +O(h6)



:okle
f(x+ h)− 2f(x) + f(x− h) = h2f ′′(x) +

1

12
h4f ′′′′(x) +O(h6)

f(x+ 2h)− 2f(x) + f(x− 2h) = 4h2f ′′(x) +
4

3
h4f ′′′′(x) +O(h6) -e

16 (f(x+ h)− 2f(x) + f(x− h))−(f(x+ 2h)− 2f(x) + f(x− 2h)) = 12h2f ′′(x)+O(h6).in zraep d`vezdelawl ui,j = λjei
√
−2µ miaivn libxk (a)

λ− 1

k
=

−e−2
√
−1µ + 16e−

√
−1µ − 30 + 16e

√
−1µ − e2

√
−1µ

12h2
=

−2 cos 2µ+ 32 cosµ− 30

12h2 okle
λ = 1−r(cos 2µ− 16 cosµ+ 15)

6
= 1−r(2 cos2 µ− 16 cosµ+ 14)

6
= 1−r(7− cosµ)(1− cosµ)

3.−1 ≤ c ≤ 1 m` 0 deey e` leb `id (7− c)(1− c) divwpetd .r = k
h2 epazk xy`krhwa zxei zipehepen `id okl .c = 4 xy`k menipin mr dleaxt `id divwpetdi`pzk r ≤ 3

8
yxel yi okle .c = −1 xy`k 16 ilniqwn jxr mr −1 ≤ c ≤ 1.zeaivizetya meyiia iyew ,r ≤ 1

2
libxdn wfg zeaivi i`pz - oexqg .deab wei - oexzi (b)dhiy jx u1,j, uN−1,j `evnl ozip `le 2 ≤ i ≤ N − 2 -l dpekp wx d`eeyndy llba.efzihqkehqd zil`ivpxtd d`eeynd z` miiwn zniieqn dipn ly S(t) xignd .4

dS = S
(

rdt+
(

a+ b(S − S0)
2
)

dW1 + c dW2

)gked .miielz izla xpie ikildz md W1,W2 -e miiaeig mireaw md r, a, b, c, S0 xy`kzlgezdy
u(x, t) = E[e−rT (S(T )−K)+|S(t) = x]g"nd z` zniiwn (mireaw K, T )

ut + rxux +
1

2
x2

(

(a + b(x− S0)
2)2 + c2

)

uxx = ruef d`eeynl miihpeelxd dtyd ii`pze seqd ii`pz mdn? zi`texi` put ziivte`l (`)? down and out beqn meqgn mr zi`texi` put ziivte`l (a)? zi`wixn` put ziivte`l (b)



q"nd z` miniiwn Xi(t) ehi` ikildzd m` :inin-axd uk-onpiit zgqep
dXi = ai(X, t)dt+

∑

k

bik(X, t)dWk -e
u(x, t) = E[e−r(T−t)X(T )|X(t) = x] if`

ut +
∑

ai(x, t)uxi
+

1

2

∑∑∑

bik(x, t)bjk(x, t)uxixj
= ru

W1,W2 miielz izla miyrx ipy yi la` g` X1 = S ixwn dpzyn wx yi o`k
a1(S, t) = rS , b11(S, t) = S(a+ b(S − S0)

2) , b12(S, t) = cS.in zraep d`vezde. 0 < t < T ,x > 0 xear oexzt miytgn (`). u(x, T ) = (K − x)+ :seq i`pz. limx→∞ u(x, t) = 0 :g` dty i`pz. u(0, t) = Ke−r(T−t) :ipy dty i`pz. meqgnd B , 0 < t < T ,x > B xear oexzt miytgn (a)( x > B xear wx :al miy) . u(x, T ) = (K − x)+ :seq i`pz. limx→∞ u(x, t) = 0 :g` dty i`pz. u(B, t) = 0 :ipy dty i`pz.early exercise price -d xC(t) , 0 < t < T ,x > xC(t) xear oexzt miytgn (b). u(x, T ) = 0 :seq i`pz. limx→∞ u(x, t) = 0 :g` dty i`pz. u(xC(t), t) = K − xC(t) :ipy dty i`pz. ux(xC(t), t) = −1 :sqep dty i`pz(a) sirq lr e` (`) sirq lr e` zeprl yi .5divwpetk (a) sirqa zlgezd ly jxrd z` aygl alhn ew aezk (.1 dl`y jynd) (`)xiivle b ly mikxr ly geeh xegal ynzynl zzl yi .S(0) = S0 -y dgpdae b lymixhnxtd x`y .ohw gxkda `ed b -y gipdl oi` .b ly divwpetk zlgezd ly sxb.ewd jeza reawl ozipzi`texi` put ziivte` ly mixignd z` `evnl alhn ew aezk (.4 dl`y jynd) (a)e` ozip ok enk ,zihpeelxd d`eeynd z` xeztl dhiy lka ynzydl ozip .dipnd lr.xzei dgep dxevl d`eeynd z` `iadl zehpixe`ew zetlgd rval `l e` rval:(`) divte`
function [price,error,bls] = q5a(b)



% define all the parameters except b

r = 0.1;

a = 0.05;

c = 0.2;

S0 = 0.95;

K = 1;

T = 2;

% numerical parameters

N=200;

M=50000;

Z1=randn(M,N);

Z2=randn(M,N); % use the same random variables for all values of b

h = T/N;

price = zeros(size(b)); % put the answers in here

error = zeros(size(b)); % put the errors in here

% do the simulation

for i=1:length(b)

S = S0 * ones(M,1);

for j=1:N

S = S.*(1 + r*h + (a + b(i)*(S-S0).^2)*sqrt(h).*Z1(:,j) + c*sqrt(h)*Z2(:,j));

end

price(i) = exp(-r*T)*mean( (S-K).*(S>K) ) ;

error(i) = exp(-r*T)*std( (S-K).*(S>K) )/sqrt(M) ;

end

% do the plot

plot( b , price)

% get the correct answer for b=0

bls=blsprice(S0,K,r,T,sqrt(a^2+c^2));



% I got very poor results with this program -

% I would be very happy if someone could explain why :(a) divte`


