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miq"nd z` miniiwn X(t), Y (t) miihqkehqd mikildzd .1

dX = Y dt+ σdW1

dY = −Xdt+ σdW2

.miielz izla xpie ikildz md W1,W2 -e Y (0) = 0 ,X(0) = 1 ,iaeig reaw `ed σ xy`k

ozip ji` xaqde X(t), Y (t) mikildzd ly divleniql dniexn xlie` zhiy z` aezk (`)

-l one` `evnl elxw dhpen zhiy zxbqna da ynzydl

C = E[X(T )2 + Y (T )2]

.oezp iaeig reaw `ed T xy`k

W1,W2 xpied ikildzy oezp m` mewd sirqa zazky dn z` zepyl jixv ji` (a)

? ρ divlxew mr miielz `l` ,miielz izla mpi`

wei zextq 4-l C ly wiend jxrdy mipreh T = 2 ,ρ = 0.3 ,σ = 0.2 dxwna (b)

izlaw dniexn xliie` zhiy mr elxw-dhpen zeivleniq iziyr xy`k .1.160 `ed

:ze`ad ze`vezd z`

N mirv xtqn C-l one` zihqkehqd zerhd one`

20 1.396 0.0027
40 1.275 0.0026
80 1.216 0.0025
160 1.185 0.0025

.zeivleniq M = 50000 iziyr N ly jxr lkl ?dl` ze`vez xiaqdl ozip ji`

zeewpa lelqn ly X(nh), Y (nh) miwiiend mikxrl Xn, Yn miaexiw mi`ven (`)

ii lr n = 0, 1, 2, . . . ,t = nh

Xn+1 = Xn + hYn + σ
√
hZ1n

Yn+1 = Yn − hXn + σ
√
hZ2n

ii`pz .miielz izla miihxphq miilnxep miixwn mipzyn md Z1n, Z2n xy`k

if` ,leb witqn mly `ed N xy`k h = T
N

mixgea m` .X0 = 1, Y0 = 0 :dlgzd

.C = X(T )2+Y (T )2 -l aexiw `ed X2
N+Y 2

N okleX(T ), Y (T ) l miaexiw md XN , YN

-xiw `evnl ozipe C ly mikxr M milawn df jildz ly M zevxd daxd miyer m`

xy`k

s√
M

leb xqn `id zihqkehqd zerhd .mikxrd ly rvenndn E[C] -l ae

N mr zxeiy zihqipinxh zerh mb yi .C ly mikxrd ly owzd ziihq `id s

.

1
N

-k



z` xeviil ρZ1n +
√
1− ρ2Z2n -a ynzydl yi Z2n mewna la` xa eze` ynn (a)

.dievxd divlxewd

elawzdy ze`vezd oia la` ,0.003 leb xqn md ihqkehqd zerhl mipne`d (b)

dl` ze`veza okl .0.03 ly xrt mi`ex N ly xzei mideabd mikxrd ipyl elit`

d`vezd z` migwel m` .zihppined zerhd `id zihqpinxhd zerhdy xexa

0.236, 0.115, 0.056, 0.025 md N ly mikxrd 4-l zeierhd if` 1.160 zeidl zwiiend

miraepy 0.003 ly leb xqn miwei-i`d ik r ivga jxra zxei zerhd mrt lk -

.zeihqkehqd zeierhdn

md r, σ xy`k dS = S(rdt + σdW ) q"nd z` miiwn zniieqn diipn ly S(t) xignd .2

(S −K)+ lenbzd z` ,T onfa ,znlyn ef diipn lr ziz`iq` divte` .miiaeig mireaw

.iaeig reaw `ed K -e ,0 < t < T dtewza S(t) mixignd ly rvennd `ed S xy`k

.divte`d ly jxrd z` aygl dheyt divleniq zeyrl ji` xaqd (`)

zeidl dlelr jly divleniqa ziqgid zerhd deab `ed K -y dxwna dnl xaqd (a)

.ddeab

mixtqna yeniy ii lr deab `ed K -y dxwna zepeyd z` ixedl ozip ji` xaqd (b)

milnxep miixwn mipzyn mewna µ > 0 xy`k N(µ, 1) zebltzd mr mii`xw`

dhiya dly zlgezd z` aygl yiy divwpetl zyxetn dgqep zzl yi .miihxphq

? µ z` reawl ozip ji` .ef

oexzt"a ynzydl yi mrtd la` ,milelqnd ly zeivleniq zepal yi ,1 dl`ya enk (`)

GBM -l "wiend

Sn+1 = Sne
(r− 1

2
σ2)h+σ

√
hZn

ii lr S l one` lawl ozip lelqn lkn

S =
1

N

N
∑

n=1

Sn

oebk zexg` zeiexyt` mb yi)

S =
1

N

(

1

2
S0 +

N−1
∑

n=1

Sn +
1

2
SN

)

z` miaygn ,S ly mikxr M migwel - exlw dhpen miyer f`e (.sir ile` dfy

aexiw `ed rvennde e−rT
(

S −K
)

+
ly mikxrd ly s owzd ziihq z`e rvennd

.

s√
M

zihqkehq zerh mr ,jxrl

-elqn hrn lr lkzqp wxe ,0 jxr lawp dpapy milelqnd aexa if` deab `ed K m` (a)

ly drtydde zeid - ddeab didz d`veza ziqgid zerhd okle ."mipiiprn" mil

.dleb didz mipiiprnd milelqnd hrna zeihqkehqd zeepzd

z` o`k miaygn epgp` mvra (b)
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dxeva mb lxbhp`d z` aezkl ozip

∫ ∫

. . .

∫

e−rT
(

S −K
)

+
e

N

2
µ2−µ

∑

Zn
e−

1

2
((Z1−µ)2+(Z2−µ)2+...+(ZN−µ)2)

(2π)N/2
dZ1dZ2 . . . dZN

zlgezd df ,xnelk

E

[

e−rT
(

S −K
)

+
e

N

2
µ2−µ

∑

Zn

]

.N(µ, 1) zebltzd yi miixwnd mipzynl eiykr xy`k

z` reawl .ilnihte` jxr `edy dfi`l r dler µ xy`k xi mzqd on zepeyd

ohw M zgwl ozip - µ ly mipey mikxrl miieqip xtqn zeyrl yi ilnihte`d jxrd

.zilnihte`l daexw zepey zxed ozepd µ ly jxr miraewy r dl` zeivleniqa

diirad oexztl oeqlewip-wpxw zhiy z` aezk .3

ut = κuxx − λu , 0 < x < 1, 0 < t < 1

dty i`pz mr

ux(0, t) = 0 , u(1, t) = 1

aezkl itwdl yi .u(x, 0) dlgzd i`pz oezpy gipdl yie miiaeig mireaw md λ -e κ

.rv lka xeztl yiy zipeqkl`-zlzd zkxrnd z` yxetn

( u(x, 0) = x2
,λ = 2 ,κ = 1 mr) ef diral oeqlewip-wpxw zhiy z` izlrtd xy`k

mirvd xtqn lre (N) x oeeika mirvd xtqn lr miielz eid u(0, 1) -l izlawy mikxrd

:oldlk (M) t oeeika

N = 10 N = 20 N = 40
M = 10 0.45436 0.45427 0.45421
M = 20 0.45407 0.45397 0.45392
M = 40 0.45400 0.45390 0.45384

!xaqd

`id ef diral xliie` zhiy

ui,j+1 − ui,j

k
= −λui,j + κ

ui+1,j − 2ui,j + ui−1,j

h2

e`

ui,j+1 = (1− λk)ui,j +
κk

h2
(ui+1,j − 2ui,j + ui−1,j)

rvd ileb md h, k xy`k x = ih, t = jk -a dirad oexztdl aexiwd z` onqn ui,j libxk o`k

.1 ≤ i ≤ N−1 -l dlg wx dlrnl d`eeynd la` N r 0-n ux i qwpi`d .m`zda x, t mipeeika

.j lkl uN,j = 1 ,df dxwna .dty ii`pza ynzydl jxev yi i = 0, N xy`k uj+1,i z` `evnl

-a ux = 0 dtyd i`pzl aexiw `idy j lkl 3u0,j − 4u1,j + u2,j = 0 dyixdn u0,j z` mi`vene

.x = 0
zipeqkl`-zlzd zkxrnd oexzt ii lr j + 1 rvl j rvn xearp oeqlweip wpxw zhiya

ui,j+1 − ui,j

k
=

1

2

(

−λui,j + κ
ui+1,j − 2ui,j + ui−1,j

h2
− λui,j+1 + κ

ui+1,j+1 − 2ui,j+1 + ui−1,j+1

h2

)



e`

−
κk

2h2
ui+1,j+1 +

(

1 +
λk

2
+

κk

h2

)

ui,j+1 −
κk

2h2
ui−1,j+1 = Ri (∗)

xy`k

Ri =
κk

2h2
ui+1,j +

(

1−
λk

2
+

κk

h2

)

ui,j +
κk

2h2
ui−1,j

.u0,j+1, . . . , uN,j+1 "mipzyn" N + 1 yi la` ,1 ≤ i ≤ N − 1 -l dlg (∗) d`eeynd

dxeva i = N − 1 dxwna (∗) d`eeynd z` aezkl mileki epgp` j lkl uN,j = 1 -y oezpe zeid

(

1 +
λk

2
+

κk

h2

)

uN−1,j+1 −
κk

2h2
uN−2,j+1 = RN−1 +

κk

2h2
(∗′)

i`pzd z` myiip u0,j+1 z` aygl i`k

u0,j −
4

3
u1,j +

1

3
u2,j = 0

`id (∗) d`eeynd i = 1 dxwna jke

−
2κk

3h2
u2,j+1 +

(

1 +
λk

2
+

2κk

3h2

)

u1,j+1 = R1 (∗′′)

z` `evnl xeztl yiy zipeqkl`-zlzd zkxrnd md 2 ≤ i ≤ N − 2 mixwna (∗)-e (∗′′) ,(∗′)
`id zihpeelxd zkxrnd xnelk .u1,j+1, . . . , uN−1,j+1
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.dtyd i`pz llba mipey (zvw) od dvixhnd ly dpey`xd dxeya minwnd wx

dkixv zerhd mileb xzei md M,N -y lkk ,oeqlewip wpxw zhiya - aeyigd ze`vez iabl

.O
(

1
N2

)

leb xqne O
(

1
M2

)

leb xqn zerhl zenexz yie ,zxl

xy`k mi`exy dnn mienra mixei xy`k zeierhd ly zizernyn xzei dixi mi`ex ze`veza

dpey`xd dxeydn 0.00029 iepiy yi N = 10 denra dnbel .zexeya oinil l`nyn mixaer

.

1
M2 zebdpzdl m`zda rax ly dixi - ziyilyl diipyd dxeydn 0.00007 wx la` ,diipyl

xy`k zerhl izyyg ip` .0.00006 -l 0.00009 -n ,dpezn xzei daxd dixi yi M = 10 dxeya

mr xa eze` miyer xy`k .in ohw heyt `ed N -dy xxazn la` .dl` mixtqn izi`x

.ietvk ,rax hrnk ly dixi yi N = 100, 200, 400


