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1. Substitutions of constant length (cont.)

1.1. Morse substitution (cont.) (see [2, 1.5.3, 2.1.3]). Let A = {1, 1}, so that ζ(1) =

11, ζ(1) = 11 is the Morse substitution. Consider

(1.1) f(x) = φ(x0), where φ(1) = 1, φ(1) = −1.

We have proved the following

Proposition 1.1. For the function f given by (1.1), the spectral measure σf corresponding

to the Morse substitution system, can been expressed as a generalized Riesz product

(1.2) σf = weak∗– lim
n→∞

(
n−1∏
k=0

(
1− cos(2π · 2kt)

)
dt

)
Theorem 1.2 (Kakutani). The spectral measure σf is singular with respect to Lebesgue.

Proof. Note that (1.2) defines a 1-periodic measure on R, since the right-hand side is 1-

periodic for all n. Denote this measure by ν and consider ν(t/2), the push-forward of ν

under the map t 7→ t/2 on R. Since the push-forward commutes with taking the weak∗

limit, we have

ν(t/2) = weak∗– lim
n→∞

(
n−1∏
k=0

(
1− cos(2π · 2k(t/2))

)
d(t/2)

)

=
1

2

(
1− cos(πt)

)
· weak∗– lim

n→∞

(
n−2∏
k=0

(
1− cos(2π · 2kt)

)
dt

)

=
1

2

(
1− cos(πt)

)
· ν.(1.3)

We can take absolutely continuous parts of both sides in the formula (1.3), because the

push-forward by t/2 and multiplication by 1 − cos(πt) commute with the decomposition

into a.c. and singular parts of the measure. Thus, denoting νac by η we have

(1.4) η(t/2) =
1

2

(
1− cos(πt)

)
· η.

Observe that η, restricted to [0, 1], is invariant under the map S2(t) = 2t (mod 1). In

fact, such invariance is equivalent to

(1.5) η = η ◦ S−12 = η(t/2) + η((t+ 1)/2).
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Since η, as ν, is 1-periodic, we have from (1.4) that

η((t+ 1)/2) =
1

2
(1− cos(π(t+ 1))η =

1

2
(1 + cos(πt)),

which immediately implies (1.5). It remains to observe that the Lebesgue measure is the

only invariant a.c. measure for S2 (e.g., by the Riemann-Lebesgue Lemma), but Lebesgue

does not satisfy (1.4). So η is zero, as claimed. �

1.2. Rudin-Shapiro sequence and substitution (see [2, 5.3.2]).

Definition 1.3. The Rudin-Shapiro sequence is defined inductively by v0 = 1, v1 = −1,

v2k = vk, v2k+1 = (−1)kvk. The Rudin-Shapiro substitution ζ is defined on the alphabet

A = {1, 2, 1, 2} by

1→ 12, 2→ 12, 1→ 1 2, 2→ 12.

Exercise. Let u = u0u1u2u3 . . . = 1212 . . . be the fixed point of the Rudin-Shapiro

substitution. Prove that the Rudin-Shapiro sequence can be obtained by vk = φ(uk),

where φ(1) = φ(2) = 1, φ(1) = φ(2) = −1.

It is not hard to see that the RS-substitution has height one and is not pure discrete.

We would like to determine the spectral type of f(x) = φ(x0).

Theorem 1.4. The spectral measure σf is absolutely continuous with respect to Lebesgue.

This is really surprising, since substitution dynamical systems are very “non-chaotic”,

whereas Lebesgue spectral is usually associated with “chaotic” behavior. Of course, the

maximal spectral type of the RS substitution is not pure Lebesgue, since it includes the

discrete singular part, concentrated on the set of eigenvalues exp(2πi ·Z[1/2]). In general,

it is known that substitutions must have singular part.

Proof sketch. We will use Proposition 2.6 from Lecture 10. Denote the beginning of the

RS sequence of length 2n by

An = φ(ζn(1)).

Further, let Bn = φ(ζn(2)). Since φ(ζn(2)) = −φ(ζn(2)), we have

(1.6) An+1 = AnBn, Bn+1 = An(−Bn).

Now consider the trigonometric polynomial

gn(t) :=
2n−1∑
j=0

vje
−2πijt = Φ(An, t),
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using the notation from Lecture 10, p.6. Similarly, consider

hn(t) := Φ(Bn, t) =
2n−1∑
j=0

wn,je
−2πijt,

where Bn = wn,0 . . . wn,2n−1. Then (1.6) yields

gn+1(t) = gn(t) + e−2πi·2
nthn(t);

hn+1(t) = gn(t)− e−2πi·2nthn(t),

which immediately imply

|g2n+1(t)|+ |h2n+1(t)| = 2
(
|g2n(t)|+ |h2n(t)|

)
.

Since g0(t) ≡ 1 and h0(t) ≡ −1, we obtain

(1.7) |g2n(t)|+ |h2n(t)| ≡ 2n+1 for all t.

Recall Proposition 2.6 from Lecture 10, which says in our case:

σf = weak∗– lim
n→∞

2−n|g2n(t)| dt.

However, it follows from (1.7) that 2−n|g2n(t)| ≤ 2; in particular, all these densities are

uniformly bounded in L2. Since weak∗-convergence is equivalent to convergence of Fourier

coefficients, we obtain that the limiting measure σf has square-summable Fourier coeffi-

cients, hence it is actually absolutely continuous with a density in L2. The theorem is

proved. (An additional argument shows that the spectral measure σf is actually itself

Lebesgue.) �

2. Projection method (see [3, 2.6.1] and [1, 7.2]).

We start with some terminology.

• A finitely-generated free Abelian subgroup of Rd is called a Z-module. It has

the form

(2.1) Ω = {x = n1b1 + · · ·+ nkbk : n1, . . . , nk ∈ Z},

where b1, . . . ,bk, for k ≤ d, are vectors in Rd. These vectors do not have to be

linearly independent. However, we can choose them integrally independent; in

this case k is the rank of the Z-module.

• The set Ω ⊂ Rd is discrete iff the vectors b1, . . . ,bk are linearly independent. If

in addition, k = d, then Ω is a lattice in Rd.
• Let L be a lattice in Rd. The dual lattice L∗ of L is defined by

L∗ = {y ∈ Rd : 〈x,y〉 ∈ Z for all x ∈ L}.

• The lattice L is integral if L ⊂ L∗.
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• Equivalent condition: a lattice L is integral iff for every x ∈ L we have ‖x‖2 =

〈x,x〉 ∈ N.

• If L is an integral lattice, then there is n ∈ N such that L∗ ⊂ L. This follows

from the fact L∗/L is a finite Abelian group.

• A linear subspace E ⊂ Rd is totally irrational if E ∩ Zd = {0}.
• The orthogonal complement of E in Rd is denoted E⊥.

The following theorem is standard; we will not prove it, see [3, p.52] for details.

Theorem 2.1. Let φ : Rk → Rd be a surjective linear mapping, where k > d. Then there

are (possibly trivial) subspaces V and W of Rd such that Rd = V ⊕W and

(i) φ(Zk) = φ(Zk) ∩W + φ(Zk) ∩ V ;

(ii) φ(Zk) ∩W is a (discrete) point lattice in W ;

(iii) φ(Zk) ∩ V is a dense subgroup of V .

Projection is a powerful technique for constructing nonperiodic Delone sets and tilings.

Let E be a linear subspace of Rn. Denote by Π = ΠE the orthogonal projection to E and

by Π⊥ the orthogonal projection to E⊥.

Proposition 2.2. Let L be an integral lattice in Rn and E ⊂ Rn a linear subspace. Then

the following are equivalent:

(i) Π(L) is dense in E;

(ii) E ∩ L = {0};
(iii) Π⊥|L is 1-to-1.

Next we define the cut and project scheme (CPS). We restrict ourselves to Euclidean

“internal space” for simplicity, but note that more general schemes (with LCAG internal

spaces) are considered. For the rest of the lecture we follow [1, Section 7.2] very closely.

Definition 2.3. A cut and project scheme (CPS) is a triple (Rd, H,L), with the internal

space H ≈ R` and L ⊂ Rd×H a lattice, with the two natural projections π : Rd×H → Rd

and πint : Rd ×H → H subject to the conditions that π|L is injective and πint(L) is dense

in H.

Definition 2.4. A subset W ⊂ H is called a window or acceptance domain if W is

bounded and has nonempty interior. It is called regular if the boundary ∂W has zero

Lebesgue measure.

Definition 2.5. For W ⊂ H consider

Λ(W ) := {π(x) : x ∈ L, πint(x) ∈W}.

It is called a model set if W is a window. The model set is generic if πint(L) ∩ ∂W = ∅,
otherwise it is called singular.
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Theorem 2.6. Let (Rd, H,L) be a CPS and W ⊂ H.

(i) If W is bounded, then Λ(W ) has finite local complexity (FLC) and hence it is uniformly

discrete;

(ii) if W has nonempty interior, then Λ(W ) is relatively dense in Rd;
(iii) if Λ(W ) is a model set (i.e. W is bounded and W ◦ 6= ∅), then Λ(W ) is a Meyer set.

Proof sketch. (i) Consider a ball BR(y) ⊂ Rd. The pattern Λ(W ) ∩BR(y) is obtained by

projecting L∩ (BR(y)×W ) to BR(y). However, L, being a lattice, has FLC, hence there

are finitely many possible patterns L ∩ (BR(y) ×W ) up to translation. This property is

obviously preserved after translation.

(ii) We need the following

Lemma 2.7. Let (Rd, H,L) be a CPS and U ⊂ H a nonempty open set. Then there exists

a compact set K ⊂ Rd such that

Rd ×H = L+ (K × U).

Proof. Since L is a lattice in Rd ×H, we can find a compact set C ⊂ Rd ×H such that

Rd ×H = L+ C. Let K1 = π(C) ⊂ Rd and K2 = πint(C) ⊂ H, then

(2.2) Rd ×H = L+ (K1 ×K2).

Now recall that πint(L) is dense in H, which implies that⋃
p∈L

(πint(p) + U) = H ⊃ K2.

By compactness of K2, this open cover contains a finite subcover, that is, for some finite

F ⊂ L,

(2.3)
⋃
p∈F

(πint(p) + U) = H ⊃ K2.

Fix an arbitrary z ∈ Rd×H. Then there exists p ∈ L such that z− p ∈ K1×K2 by (2.2).

Then πint(z − p) ∈ K2, and by (2.3) we have πint(z − p) ⊂ πint(q) + U for some q ∈ F ;

equivalently,

πint(z − p− q) ∈ U.

Note that

π(z − p− q) = π(z − p)− π(q) ∈ K1 − π(F ) =: K ⊂ Rd,

with K compact. It follows that

z = p+ q + (z − p− q) ∈ L+ (K × U),

and since z was arbitrary, the lemma is proved. �
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Now, to prove Claim (ii) of the theorem, we assume that the window W ⊂ H has

nonempty interior and pick an open U ⊂ −W . We apply the lemma to find a compact set

K ⊂ Rd such that Rd ×H = L+ (K × U). Pick any x ∈ Rd. We have

(x, 0) = p+ (k, u)

for some p ∈ L, k ∈ K, and u ∈ U . Then

0 = πint(p) + u =⇒ πint(p) = −u ∈ −U ⊂W.

Thus π(p)Λ(W ), by definition, and we have

x = π(p) + k ∈ Λ(W ) +K.

We have shown that Rd = Λ(W ) +K, which means Λ(W ) is relatively dense.

(iii) If Λ(W ) is a model set, then it is Delone by parts (i) and (ii). Moreover,

Λ(W )− Λ(W ) ⊂ Λ(W −W ),

which is uniformly discrete by part (i). This means that Λ(W ) is Meyer, as desired. �

Lemma 2.8. Let (Rd, H,L) be a CPS and W a bounded window with nonempty interior.

If πint|L is 1-to-1, then Λ(W ) is non-periodic.

Remark 2.9. Recall that in the definition of CPS we required that π|L be 1-to-1. Assuming

that L is an integral lattice, we have, in view of Proposition 2.2:

πint|L is 1-to-1 ⇐⇒ (Rd × {0}) ∩ L = {0};

π|L is 1-to-1 ⇐⇒ ({0} ×H) ∩ L = {0}.

Proof. Suppose that Λ(W ) + z = Λ(W ) for some z 6= 0. Then z = π(u) for some u ∈ L,

u 6= 0. A direct verification shows that

Λ(W ) + z = Λ(W ) + π(u) = Λ(W + πint(u)).

Note that g := πint(u) 6= 0 by assumption. It remains to observe that Λ(W ) 6= Λ(W + g)

for any g 6= 0. Indeed, U := W ◦ \ (W + g) is nonempty (otherwise, the interior of W

would be invariant under the translation by g, which is impossible for bounded sets). By

Theorem 2.1, Λ(U) is relatively dense, hence nonempty. Now, Λ(U) ⊂ Λ(W ) \ Λ(W + g),

which shows theses model sets are not the same. �
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