APERIODIC ORDER — ASSIGNMENT 2

Due on Thursday, May 21

Do as many exercises as you can; you can skip an exercise and do the

following one(s) assuming the one you didn’t do.

Exercise 1. Prove that a system (X, B, u,T) is ergodic if and only if every T-
invariant measurable function f (i.e. f(Tx) = f(x) for a.e. x) is constant (a.e.). Use

only the definition of ergodicity.

Exercise 2. Suppose that (X,B,7T) is a measurable dynamical system (e.g.,
topological dynamical system, with Borel o-algebra B), for which there are two
different invariant probability measures p and v. Then p | v, that is, the measures
are mutually singular.

Hint: use Birkhoff’s Ergodic Theorem.

Exercise 3. Let T': X — X be a continuous map on a compact metric space.
Then the following are equivalent:
(i) T is uniquely ergodic;
(ii) for every f € C(X), we have + Sy f(z) — Cf, where the constant C; is
independent of x.
Moreover, Cy = [, fdp.
Hint: use Birkhoff’s Ergodic Theorem and the proof of Krylov-Bogolyubov Theo-

rem.

Exercise 4. Show that (7i(n)),ez € CZ is positive definite, where p is a positive

Borel measure on T.
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Exercise 5. Let Ur be a Koopman operator of an invertible m.-p. s. (X, B, i, T).
Let f € L?(X, ). Consider the sequence

(URf, 1) = /X U f()F@) du(z), n e

Prove that this sequence is positive definite.

Exercise 6. Let f be an eigenfunction corresponding to an eigenvalue A of unit

norm: ||f|l, = 1. Prove that gy = 0,.
Exercise 7. Prove that any correlation sequence is positive definite.

Exercise 8. Suppose that (X,,T) is a uniquely ergodic symbolic dynamical
system. Prove that
(i) w has a unique correlation measure g;
(ii) the correlation measure g is the spectral type of the map my : x — x,
defined for © = () ez € X..



