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8. Section 8: Frostman’s lemma

Lemma 8.1 (Frostman). Let K ⊂ Rd be a Borel set with Hα(K) > 0. Then there exists a

positive finite measure µ on K such that

µ(B) ≤ const · |B|α for all Borel sets B.

The proof was given in the set when K is compact. We spent considerable time on this in

class – see Lecture 6 for the summary and [1, 3.1] for complete details.

9. Marstrand’s product theorem

Theorem 9.1 (Marstrand). Let X ⊂ Rn and Y ⊂ Rm be Borel sets. Then

dimH(X) + dimH(Y ) ≤ dimH(X × Y ) ≤ dimH(X) + dimM (Y ).

Corollary 9.2. Suppose that either X or Y has the Hausdorff dimension equal to the Minkowski

dimension, for example, one of the sets is self-similar. Then dimH(X × Y ) = dimH(X) +

dimH(Y ).

Example 9.3. For α ∈ (0, 12), let Cα be the self-similar Cantor set, which is the attractor of

the IFS f1(x) = αx, f2(x) = (1− α) + αx. Then dimH(Cα) = dimM (Cα) = log 2
log(1/α) and

dimH(Cα × Cβ) = dimH(Cα) + dimH(Cβ).

Example 9.4. Let S =
⋃∞
n=1[(2n)!, (2n+ 1)!], and consider the sets AS , ASc defined by digit

restrictions (in binary expansion). Then

0 = dimH(AS) + dimH(ASc) < dimH(AS ×ASc) = dimH(AS) + dimM (ASc) = 1.

In order to show that dimH(AS ×ASc) ≥ 1 we observed that

AS +ASc = {x+ y : x ∈ AS , y ∈ ASc} = [0, 1],

and then that the map (x, y) 7→ x+ y is Lipschitz, so doesn’t increase Hausdorff dimension.
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Sketch of the proof of Theorem 9.1. (i) For the lower bound we took arbitrary α < dimH(X)

and β < dimH(Y ). Then Hα(X) = Hβ(Y ) = +∞ > 0, hence by Frostman’s Lemma, there

exist finite positive Borel measures µ on X and ν on Y such that

µ(A) ≤ |A|α for all A ⊂ Rn and µ(B) ≤ |B|β for all B ⊂ Rm.

Let η = µ× ν be the product measure. It is clearly a positive finite Borel measure on X × Y ,

and it is easy to see that

η(D) ≤ |D|α+β for all D ⊂ Rn+m.
It follows that dimH(X × Y ) ≥ α + β, by the Mass Distribution Principle, and the desired

estimate follows.

(ii) For the upper bound, we took arbitrary α > dimH(X) and β > dimM (Y ). Then

Hα(X) = 0, and so for any small ε > 0 we can find an ε-cover {Di}∞i=1 of X, with
∑

i |Di|α <∞.

On the other hand, from β > dimM (Y ) and the definition of the upper Minkowski dimension, it

follows that for all ρ > 0 sufficiently small, there is a cover {Bρ
j }
Nρ
1

of Y by sets with |Bρ
j | = ρ,

such that

Nρ ≤ ρ−β.
Denote ρi = |Di|. It follows that, assuming ε is small enough,

{Di ×Bρi
j : 1 ≤ i <∞, 1 ≤ j ≤ Nρi}

is a cover of X × Y , by sets of diameters ≤ 2|Di| < 2ε, and moreover,∑
i,j

|Di ×Bρi
j |

α+β ≤ 2α+β
∑
i

|Di|α+β · ρ−βi = const ·
∑
i

|Di|α <∞.

Thus dimH(X × Y ) ≤ α+ β, and the desired estimate follows. �
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