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4 zeko rpiipim



1 wxt

`ean

mibeg 1.1
,0 ∈ R cgein xai`e +, ∗ zeix`pia zelert mr ,R dveaw `ed (dcigi ila) beg
ziaiheaixhqice ,ziaih`iveq` ∗ dlertde ,ziaihhenew dxeag 〈R; +; 0〉 -y jk

.(Z :`nbec) + -l qgia

.−0 = 0 .` :ze`ad zeiedfd z` gked (**) 1.1.1 libxz
.0 · a = 0 = a · 0 .a

.(−1) · b = −b hxtae (−a) · b = −(a · b) .b
.(−a) · (−b) = a · b .c

d`xde ,ely qt`d xai` z` `vn ? beg `ed mi`ad mipand on dfi` (**) 1.1.2 libxz
:mibeg mpi` mixg`dy

.a ∗ b = 2ab− a2 − b2 ltkde libxd xeaigd mr Z .`
.miilpeivxd lrn 4 dlrnn minepiletd sqe` .a

.a¯ b = a + b− ab ,a⊕ b = a + b− 1 zelertd mr ,miilpeivxd mixtqnd .b
.{

(
0 a
b c

)
: a, b, c ∈ R} zevixhnd sqe` .c

.mibeg opi` ze`ad zeveawdy d`xd (**) 1.1.3 libxz
.x¯ y = xy ltkde x⊕ y = xy xeaigd mr R+ = {x : x > 0} .`

.x¯ y = x + y ltkde x⊕ y = xy xeaigd mr .a
.x¯ y = xy − 1 ltkde x⊕ y = x + y − 1 xeaigd mr .b

dcigi ixai` 1.1.1
m` l`nyn dcigie ,x ∈ R lkl xe = x m` oinin dcigi `xwp e ∈ R xai`

.dcigi `xwp ∀x : ex = x = xe miiwnd xai` .x ∈ R lkl ex = x
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.dcigi xai` edfe e1 = e2 f` ,l`nyn dcigi e2 -e oinin dcigi e1 m` (*) 1.1.4 libxz
.dcigi mr beg `xwp dcigi xai` miiw eay beg

zeneiqw`d jezn (a+b = b+a) xeaigd ly zeiaihhenewd z` gked (**) 1.1.5 libxz
.zeiaiheaixhqica xfrd .fnx .dcigi mr beg ly zexg`d

mr beg `ed x ∗ y = 5xy ltkde libxd xeaigd mr Z12 -y gked (**) 1.1.6 libxz
.dcigi

zeivwpet ly ltke xeaig .R → R zetivxd zeivwpetd sqe` C idi (**-) 1.1.7 libxz
beg C-y gked .(f · g)(x) = f(x)g(x) ,(f + g)(x) = f(x) + g(x) itl libxk xcben

.dcigi mr

mikitd mixai` 1.1.2
-y mixne` ,yx = 1 -y jk y ∈ R miiw m` .x ∈ R idie ,dcigi mr beg R idi
m` .oinin jitd x -y mixne` ,xz = 1 -y jk z ∈ R miiw m` .l`nyn jitd x

.jitd x f` ,xu = ux = 1 -y jk u ∈ R miiw

.jitd `ed f` ,l`nyn jitde oinin jitd x m` (**-) 1.1.8 libxz
.mikitdd mixa`d sqe` z` R× -a mipnqn ,beg R m`

.(begd ly ltkl qgia) dxeag R× (*) 1.1.9 libxz

.1 e` 0 `ed dixa` mekq f` ,ziteq dveaw R× m` (**+) 1.1.10 libxz

1 + b(1− lr eayig :fnx] .jitd 1− ba f` bega jitd 1− ab m` (**) 1.1.11 libxz
.[ab)−1a

.welig mr beg `xwp jitd xai` lk eay dcigi mr beg

.welig mr beg `ed R f` ,l`nyn jitd R bega x 6= 0 xai` lk m` (**) 1.1.12 libxz

zeiaihhenew 1.1.3
welig mr iaihhenew beg .ziaihhenew ltkd zlert eay beg `ed iaihhenew beg

.dcy `xwp

.iaihhenew `ed begd f` ,zilwiv `id beg ly zixeaigd dxeagd m` (**) 1.1.13 libxz

.Z(R) = {z ∈ R : (∀x)zx = xz} `ed R beg ly fkxnd 1.1.14 dxcbd

.R ly iaihhenew beg-zz `ed Z(R) fkxnd .(2) dprh
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fkxnd 1.1.4
`ed R -a S ly (dvenw yix) fkxnd .beg-zz S ⊆ R idi 1.1.15 dxcbd

CR(S) = {z ∈ R : (∀x ∈ S)xz = zx}

.R ly beg-zz `ed CR(S) (*) 1.1.16 libxz

.S ⊆ CR(CR(S)) (*+) 1.1.17 libxz

.S ⊂ CR(CR(S)) -y jk ,S beg-zz mr R begl `nbec oz (***) 1.1.18 libxz

.CR(CR(CR(S))) = CR(S) (**+) 1.1.19 libxz
dheyt dxabl`-zz S m`y raew zeheyt zexabl` xear miiceqid mihtynd cg`

.CR(CR(S)) = S f` ,R dheyt dxabl` ly

zeiedf 1.1.5
:gked .x ∈ R lkl x2 = x miiwnd beg R idi (**) 1.1.20 libxz

.x ∈ R lkl x + x = 0.`
.iaihhenew R .a

:gked .x ∈ R lkl 0=x2 miiwnd (dcigi ila) beg R idi (***-) 1.1.21 libxz
.ab + ba = 0 .`

.aba = 0 .a
.abc + cba = 0 .b
.abc + abc = 0 .c

-e a2 = a -y gked .ba = b ,ab = a miniiwn a, b ∈ R -y gipp (**) 1.1.22 libxz
.b2 = b

mibeg ly zeihxcphq zeipa 1.1.6
mr n× n zevixhn eixai`y Mn(R) begd `ed R lrn zevixhnd beg .beg R idi

.R -a miaikx

okle ,iaih`iveq` `ed (AB)ij =
∑

AikBkj zevixhn ltky d`xd (**) 1.1.23 libxz
.beg Mn(R)

.dcigi mr beg Mn(R) mb f` ,dcigi mr beg R m` (*) 1.1.24 libxz
lkl lilkdl xyt` zecyn zxkend det : Mn(R) → R dhppinxhcd zxcbd z`

.R iaihhenew beg
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A f` ,R -a jitd |A| m`y ze`xdl ick Cramer zgqepa xfrd (**+) 1.1.25 libxz
.Mn(R) -a jitd

-y jk eij : 1 ≤ i, j ≤ n mixa` Mn(R) -a `vn .dcigi mr beg R (**) 1.1.26 libxz
.i 6= j lkl (I + reij)−1 = (I − reij) -y gked .eijekl = δjkeil

dltknd .mibeg R,S eidi .Z(Mn(R)) z` `vn .edylk beg R idi (**+) 1.1.27 libxz
.miaikx itl zelertd mr R× S begd `id R,S ly zifhxwd

1R×S = -e ,dcigi mr beg R × S mb f` dcigi mr mibeg R,S m` (*) 1.1.28 libxz
.(1R, 1S)

.Z(R× S) = Z(R)× Z(S) -y gked (*+) 1.1.29 libxz
.a ∗ b = ba ltke ,zixeaig dxeag dze` mr Rop beg xicbp .beg R idi

.dcigi mr beg Rop mb ,dcigi mr beg R m` ;beg Rop -y gked (*+) 1.1.30 libxz

.Rop = R ,iaihhenew R m` .(Rop)op = R (**) 1.1.31 libxz

mil`ici`e mibeg-zz 1.2
mibeg-zz 1.2.1

.ltkl xebq S -e ,zixeaig dxeag-zz S m` beg-zz `ed S ⊆ R

1R ∈ S m` dcigi mr-beg-zz `ed S ⊆ R f` ,dcigi mr beg `ed R m`
.(1R = 1S df dxwna)

U = ,D = {
(

a 0
0 b

)
: a, b ∈ Q} ,S = {

(
a 0
0 0

)
: a ∈ Q} onqp (**) 1.2.1 libxz

.R = M2(Q) ,T = {
(

a b
0 0

)
: a, b ∈ Q} ,{

(
a c
0 b

)
: a, b, c ∈ Q}

mr beg `ed S ;R ly dcigi mr beg-zz U -e ,U ly dcigi mr-beg-zz `ed D
.dcigi ila beg `ed T ;D ly dcigi-mr-beg-zz epi` la` ,dcigi

A7 = n + m
√

7 : n,m ∈ Z -e A2 = {n + m
√

2 : n, m ∈ Z} -y d`xd (**) 1.2.2 libxz
?A2 ly beg-zz A2 ∩A7 m`d .A2 ∩A7 z` `vn .R ly mibeg-zz md
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miiccv-cg mil`ici` 1.2.2
lkl m` (I ≤l R) il`ny l`ici` `ed I .xeaigl qgia dxeag-zz I ⊆ R idz

.ax ∈ I ,x ∈ R, a ∈ I lkl m` (I ≤r R) ipni l`ici` ;xa ∈ I ,x ∈ R, a ∈ I

.R ly il`ny l`ici` `ed Rx = {rx : r ∈ R} ,x ∈ R lkl (*) 1.2.3 libxz

.Rx ⊆ L f` ,x ∈ L -e ,il`ny l`ici` L ≤l m` (*+) 1.2.4 libxz

.L = R f` ,l`nyn jitd x ∈ L -e L ≤l R m` (**) 1.2.5 libxz

.il`ny l`ici` Lx mby gked .x ∈ R ,il`ny l`ici` L ≤l R (**-) 1.2.6 libxz

ly iccv-cg l`ici` I = {
(

a 0
b 0

)
: a, b ∈ R} -y d`xd .beg R (**) 1.2.7 libxz

.M2(R) zevixhnd beg

-y gked .R × S ly il`ny l`ici` K ,dcigi mr mibeg R,S (**+) 1.2.8 libxz
.dn`zda ,R,S ly miil`ny mil`ici` I, J xy`k K = I × J

dxebq {1− a : a ∈ I} dveawdy gked .R ly il`ny l`ci ` I (**) 1.2.9 libxz
.ltkl

.R(a + b) 6= Ra + Rb llk-jxcay ,zicbp `nbec ici-lr ,d`xd (**) 1.2.10 libxz

(miiccv-ec) mil`ici` 1.2.3
.il`ny l`ici` mbe ipni l`ici` `ed m` (I¢R) l`ici` `ed I

.(qt`d l`ici` :enye) R ly l`ici` `ed 0 (*) 1.2.11 libxz

l`ici` ⋂
λ∈Λ Uλ :gked .R ly mil`ici` sqe` {Uλ : λ ∈ Λ} idi (**) 1.2.12 libxz

.R ly

.〈x〉 = {∑
aixbi } `ed x ∈ R ici-lr xvepd l`ici`d 1.2.13 dxcbd

.R ly l`ici` 〈x〉 -y gked (**) 1.2.14 libxz

.〈x〉 = Rx = {rx : r ∈ R} ,iaihhenew bega (**) 1.2.15 libxz
.Z bega 2 ici-lr xvepd l`ici`d `ed 2Z = {2n : n ∈ Z} .`nbec

.I+ = {x ∈ R : xR ⊆ I} xicbp ,I ≤l m` (**+) 1.2.16 libxz
.I+¢R -y gked .`

.I ⊆ I+ f` I¢R m` .a
.I++ = I+ -y gked .dcigi mr beg R -y gipp .b
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,
(

0 d
0 0

)
z` likn M2(Z) -a

(
n 0
0 m

)
ici-lr xvepd l`ici`d (***-) 1.2.17 libxz

.d = (n,m) xy`k

. R ly beg-zz Z[
√

5] = {n + m
√

5 : n,m ∈ Z} -y gked .` (**) 1.2.18 libxz
.Z[
√

5] ly l`ici` `ed 5Z+
√

5Z = {n + m
√

5 : n,m ∈ Z, 5|n} -y gked .a

A∆B = (A∪B)− (A∩ onqp ,A,B ⊆ X xear .dveaw X idz (**+) 1.2.19 libxz
.B)

.ely dcigid xai` z`e qt`d xai` z` `vne ,beg `ed 〈P (X);∆,∩〉 -y gked .`
A,B ∈ τ →) dphwdle cegi`l xebq τ m` wxe m` l`ici` `ed φ 6= τ ⊆ P (X) .a

.(A ⊆ B ∈ τ → A ∈ τ -e A ∪B ∈ τ
.τ = P (C) -y jk C ⊆ X miiw m` wxe m` l`ici` τ ⊆ P (X) ,iteq X m` .b

.P (C) dxevdn epi`y P (Z) ly l`ici` `vn .c

miheyt mibeg 1.2.4
.0 hrnl mil`ici` el oi`y beg `ed heyt beg 1.2.20 dxcbd

.heyt beg `ed dcy (*) 1.2.21 libxz

.dcy `ed dcigi mr iaihhenew heyt beg (**) 1.2.22 libxz

.heyt beg M2(F ) f` ,dcy F m` (**+) 1.2.23 libxz

.heyt beg Mn(F ) ,dcy F m` (***) 1.2.24 libxz

.welig mr beg `ed R m` wxe m` ,l`nyn mil`ici` oi` R begl (**-) 1.2.25 libxz

mil`ici`a zelert 1.2.5
.I + J = {a + b : a ∈ I, b ∈ J} ,I, J¢R m` (mil`ici` xeaig) 1.2.26 dxcbd

.R ly l`ici` `ed I + J (*) 1.2.27 libxz

.I + J = J + I (*) 1.2.28 libxz

.(I + J) + K = I + (J + K) (*) 1.2.29 libxz

Ra + Rb = R(a + b) :jxtd e` gked (**) 1.2.30 libxz

itl zxcben I · J dltknd ,I ≤l R, J ≤r R m` ((mil`ici` ltk)) 1.2.31 dxcbd
I · J = {∑

aibi : ai ∈ I, bi ∈ J }
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.IJ¢R (**) 1.2.32 libxz

{ab : a ∈ I, b ∈ J} -y jk ,I, J mil`ici` mr R begl `nbec oz (***) 1.2.33 libxz
.l`ici` epi`

.I = J =< x, y > ,(mipzyn ipya minepiletd beg) R = [x, y] .drvd

.IJ ⊆ I ∩ J (**) 1.2.34 libxz

.(I, J,K¢R) I(JK) = (IJ)K :mil`ici` ltk ly zeiaih`iveq` (**) 1.2.35 libxz

I(J + K) = IJ + IK :mil`ici`a zelert ly zeiaiheaixhqic (**) 1.2.36 libxz
.(I, J,K¢R)

.IJ 6= JI -y jk M2(Z) ly I, J mil`ici` `vn (***-) 1.2.37 libxz

.(Ra)(Rb) = Rab -y gked .dcigi mr iaihhenew beg R (**) 1.2.38 libxz

mihphetnci`e xyi mekql wexit 1.2.6
-a mnekq z` mipnqn ,L1 ∩ L2 = 0 -y jk miil`ny mil`ici` L1, L2 m`
-ec e` miipni mil`ici` xear dnec dxcbdd .xyi mekq el mi`xewe ,L1 ⊕ L2

.RS = SR = 0 -y sqepa miyxec ep` ,mibeg ly R⊕ S xyi mekqa .miiccv
.e2 = e m` hphetnci` `xwp e ∈ R xai`

.mihphetnci` md ba -e ab f` aba = a m` (**) 1.2.39 libxz
.e1e2 = e2e1 = 0 m` miilpebezxe` mi`xwp e1, e2 mihphetnci`

.eil` ilpebezxe` hphetnci` 1− e f` ,hphetnci` e m` (**) 1.2.40 libxz

A = eAe ⊕ (1 − e)Ae ⊕ eA(1 − f` ,hphetnci` e ∈ R xy`k (**) 1.2.41 libxz
.mibeg ly xyi mekql wexit `ed e)⊕ (1− e)A(1− e)

x ≤ y ,xcq qgi eilr xicbp .begd ly mihphetnci`d sqe` z` E -a onqp
.xy = x = yx m`

.x ∈ EC lkl 0 ≤ x ≤ 1 -ye ,xcq qgi ok` edfy gked (**) 1.2.42 libxz

.x, y ≤ x + y ∈ E ,miilpebezxe` x, y ∈ E m` (**) 1.2.43 libxz

.y − x ≤ x -e ,x -l ilpebezxe` ,y − x ∈ E f` x ≤ y m` (**) 1.2.44 libxz

.(bixq `ed E okle ) xy ≤ x, y ≤ x + y − xy f` ,x, y ∈ E m` (**) 1.2.45 libxz

mekql wxtzn Re il`nyd l`ici`dy gked .hphetnci` e ∈ R idi (***) 1.2.46 libxz
miilpebezxe` mihphetnci` miniiw m` wxe m` miil`ny mil`ici` ly Re = M⊕N xyi

.eh = h = he -e eg = g = ge ,e = g + h -y jk g, h



12 txw 1. nae`

mibegl ze`nbec 1.3
dxeagky jke ,ely dcigi mr beg-zz -y jk ,dcigi mr beg R idi (**) 1.3.1 libxz

.(ipey`x xtqn `ed p) Z⊕ Zp -l itxenefi` R ,zixeaig
.l"pk R mibeg ipy xzeid lkl yi ,mfitxenefi` ick-cry gked .`

.miitxenefi` mpi` mdy wqde ,{z : z2 = 0} dveawd z` mdn cg` lka ayg .a

mipeipxheewd 1.3.1
xcbend ltk mr ,mipeipxheewd beg ,H = {a + bi + cj + dk : a, b, c, d ∈ R} onqp

.ki = j ,jk = i ,ij = k ,i2 = j2 = k2 = −1 millkd itl

.ji = −k -y d`xd (*) 1.3.2 libxz
. ¯a + bi + cj + dk = a− bi− cj − dk itl x 7→ x̄ dwzrd xicbp

.x̄y = ȳ · x̄ ;¯̄x = x ; ¯x + y = x̄ + ȳ :ayg (**) 1.3.3 libxz
.N(a + bi + cj + dk) = a2 + b2 + c2 + d2 itl N : H→ R xicbp

.N(x) = xx :ayg (**) 1.3.4 libxz

.N(xy) = N(x)N(y) ;N(x) = xx :(aygl ila) (**) 1.3.5 libxz

.welig mr beg H :wqd (**) 1.3.6 libxz

bega mikitd `l mixai` `vn (**+) 1.3.7 libxz

H′ = {a + bi + cj + dk : a, b, c, d ∈ Z}.

dxeag zxabl` 1.3.2
.dxeag G -e dcy F eidi

:ltk zlert xicbp F [G] = spF (G) ixehwed agxnd lr

∑

g∈G

αgg




(∑

h∈G

βhh

)
=

∑

k∈G

(∑
g

αgβg−1k

)
k.

.beg F [G] -y d`xd (**) 1.3.8 libxz

.F [Z2 × Z2] ' F [Z4] f` ,F dcya 2 6= 0 m`y d`xd (***+) 1.3.9 libxz
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minfitxenecp`d beg 1.3.3
minfitxenenedd sqe` lr .zila` dxeag G idz

End(G) = {ϕ : G → G : ϕ(x + y) = ϕ(x) + ϕ(y)}

.(dakxd epiidc) zeivwpet ltke (miaikx itl) xeaig ly zelert zexcben

.dcigi mr beg End(G) -y gked (**+) 1.3.10 libxz

.iaihhenew gxkda epi` End(G) -y d`xnd zyxetn `nbec aezk (**) 1.3.11 libxz

.R = Z/5Z× Z/25Z ly minfitxenecp`d beg z` ayg (***) 1.3.12 libxz
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2 wxt

mfitxenefi` ihtyn

mibeg ly minfitxenened 2.1
ϕ(a + b) = :xnelk) ltkde xeaigd lr zxneyd ϕ : R → S dwzrd .mibeg R, S eidi
mibeg R, S m` .(mibeg ly) mfitxenened z`xwp (ϕ(ab) = ϕ(a)ϕ(b) ,ϕ(a) + ϕ(b)
mfitxenened e`) dcigi mr mibeg ly mfitxenenedϕ f` ,ϕ(1R) = 1S -e ,dcigi mr

.(ixhipe`

.(qt`d mfitxenened `xwpd) mfitxenened `id r 7→ 0 dwzrdd (*) 2.1.1 libxz
`xwp ikxr-cg-cg `edy mfitxenened ;mfitxenit` `xwp lr `edy mfitxenened

.mfitxenepen
.mibeg ly mfitxenened ϕ : R → S idi

.ϕ−1(I)¢R -y gked .I¢S (**) 2.1.2 libxz

.R ly l`ici` `ed Ker(ϕ) = ϕ−1(0) = {r : ϕ(r) = 0} oirxbd (**-) 2.1.3 libxz

.S -a l`ici` `id R -a l`ici` ly dpenzy gked .lr ϕ -y gipp (**+) 2.1.4 libxz

ly mfitxenened ϕ : D → R -e (dcy :`nbecl) heyt beg D m` (**) 2.1.5 libxz
.mfitxenepen ϕ f` ,ϕ 6= 0 ,mibeg

minepiletd sqe` `ed ely oirxbdy ,ϕ : Z[λ] → Zp mfitxenened x`z (**) 2.1.6 libxz
.p -a wlgzn mdincwn mekqy

itl zexcbend ϕ0, ϕ1 : Mn(F ) → M2n(F ) zeivwpetdy d`xd (**) 2.1.7 libxz
`ed ϕ1 .mibeg ly minfitxenepen od ϕ0(A) =

(
A 0
0 0

)
-e ϕ1(A) =

(
A 0
0 A

)

.dfk epi` ϕ0 la` ,dcigi mr mibeg ly mfitxenened
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dcigi mr beg S f` ,mfitxenit` ϕ : R → S -e dcigi mr beg R m` (**) 2.1.8 libxz
.ϕ(1R) = 1S -e

S sqepae ,ϕ 6= 0 ,mfitxenened ϕ : R → S -e dcigi mr beg R m` (***-) 2.1.9 libxz
.ϕ(1R) = 1S -e dcigi mr beg S f` ,(0 6= a, b ∈ S lkl ab 6= 0 :xnelk) zenly megz

.[x ∈ S lkl ϕ(1R)2x = ϕ(1R)x -y d`xd .dkxcd]

miqt`n 2.1.1
.Annl(I) = {x ∈ R : Ix = 0} `ed I ly il`nyd qt`nd ,I ⊆ R m` 2.1.10 dxcbd
Ann(I) = jezigd `ed qt`nde ,Annr(I) = {x ∈ R : xI = 0} `ed ipnid qt`nd

.Annl(I) ∩Annr(I)

.(Annr(I)¢R f` I ≤l R m`e) Annl(I)¢R f` ,I ≤r R m` (*+) 2.1.11 libxz

.Ann(I)¢R f` I¢R m` (*) 2.1.12 libxz

.Ann(J) ⊆ Ann(I) -e Annl(J) ⊆ Annl(I) f` I ⊆ J m`y d`xd (*) 2.1.13 libxz

.I ⊆ Annr(Annl(I)) -y d`xd (**) 2.1.14 libxz

.Annl(I + J) = Annl(I) ∩Annl(J) (**) 2.1.15 libxz

.Annl(I ∩ J) ⊇ Annl(I) + Annl(J) (**) 2.1.16 libxz

minfitxenefi` 2.1.2
miiw m` .mfitxenefi` `xwp ,lre ikxr-cg-cg `edy ϕ : R → S mfitxenened

.miitxenefi` R, S mibegdy mixne` ,dfk

.beg `ed K = {
(

x y
−y x

)
: x, y ∈ R} zevixhnd sqe`y d`xd .` (**) 2.1.17 libxz

.C miakexnd mixtqnd dcyl itxenefi` K .a

itxenefi` U = {
(

x y
−ȳ x̄

)
: x, y ∈ R} zevixhnd sqe`y d`xd (**+) 2.1.18 libxz

.H mipeipxheewd begl

zevixhnd sqe`y d`xd (**+) 2.1.19 libxz

U2 = {




a b c d
−b a −d c
−c d a −b
−d −c b a


 : a, b, c, d ∈ R}

.H -l itxenefi`
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,r⊕s = rs zelert xicbp R+ miiynnd miiaeigd mixtqnd sqe` lr (**+) 2.1.20 libxz
mfitxenefi` `vn .dkxcd .dcigi mr beg ϑ = (R+;⊕,⊗) -y gked .r ⊗ s = rlog(s)

.(R; +, ·) → ϑ

.dkxcd .End(Zn) ' Zn miiwn Zn ly minfitxenecp`d begy gked (**) 2.1.21 libxz
.ϕ 7→ ϕ(1) xcbd

End(V ) ' -y gked .F dcy lrn n cninn ixehwe agxn V idi (***-) 2.1.22 libxz
.Mn(F )

.Mn(R× S) ' Mn(R)×Mn(S) -y gked (**) 2.1.23 libxz

.Mn(Mm(R)) ' Mmn(R) -y gked (***-) 2.1.24 libxz

dpn ibeg 2.2
.x−y ∈ I m"m` x ≡ y :R lr zeliwy qgi xicbp .zixeaig dxeag-zz I ⊃ R idz

.(x + I)(y + I) = xy + I :R/I dpnd zxeaga ltk zlert xicbp

.I¢R m` wxe m` ahid zxcben dlertdy gked (**) 2.2.1 libxz

.beg `ed ,epxcbdy ltkde xeaigl qgia ,R/I -y gked .I¢R -y gipp (**) 2.2.2 libxz

.1R/I = 1R + I -e ,R/I mb jk f` ,dcigi mr beg R m` (*) 2.2.3 libxz
-i`d lke ;J/I¢R/I f` ,I z` liknd l`ici` J¢R m` .I¢R idi :(3−) htyn

.ef dxevn R/I ly mil`ic

.(J/I)n z` ayg .J = 〈x〉 ,I = 〈xn〉 ,R = [x] onqp (**) 2.2.4 libxz

xzp ihtyn 2.3
.mfitxenefi` ϕ : R → S idi

.R ly l`ici` `ed Ker(ϕ) = {a ∈ R : ϕ(a) = 0} (**) 2.3.1 libxz

gxkda epi` la` ,S ly beg-zz `ed Im(ϕ) = {ϕ(a) : a ∈ R} (**+) 2.3.2 libxz
.l`ici`

.R/Ker(ϕ) ∼= Im(ϕ) : ((**) oey`xd mfitxenefi`d htyn) 2.3.3 htyn

begl itxenefi` T -y gked .minfitxenit` ψ : S → T ,ϕ : R → S (**-) 2.3.4 libxz
.R ly dpn
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.R/ϕ−1(I) ' S/I -y gked .I¢S ,lr ϕ : R → S (**) 2.3.5 libxz

xcbd .dkxcd .Mn(R/I) ' Mn(R)/Mn(I) -y gked .I¢R (**+) 2.3.6 libxz
lhidd θ : R → R/I xy`k ϕ((aij)ij) = (θ(aij))ij itl ϕ : Mn(R) → Mn(R/I)

.irahd

.I¢R xear Mn(I) dxevdn `ed Mn(R) ly l`ici` lk (***) 2.3.7 libxz

.R/I → R/J mfitxenit` miiwy d`xd .R ly mil`ici` I ⊆ J (**) 2.3.8 libxz

f` ,R ly mil`ici` I ⊆ J m` ((**) ipyd mfitxenefi`d htyn) 2.3.9 htyn
.(R/I)/(J/I) ∼= R/J

minepilet ibeg 2.3.1
begd `ed R lrn cg` dpzyna minepiletd beg .beg R idi

R[λ] = {a0 + a1λ + a2λ
2 + ...anλn : ai ∈ R}

.mini`znd ltkde xeaigd mr

.beg `ed R[λ] -y d`xd (**) 2.3.10 libxz

.R → R[λ] oekiy miiwy d`xd (**) 2.3.11 libxz

.my jitde a ∈ R m` wxe m` jitd a ∈ R[λ] (**-) 2.3.12 libxz

.Mn(R[λ]) ' (Mn(R))[λ] (**) 2.3.13 libxz

.(R× S)[λ] ' R[λ]× S[λ] (**) 2.3.14 libxz

.Z(R[λ]) = (Z(R))[λ] (**+) 2.3.15 libxz

.R[λ]/〈λ〉 ' R -y gked .I = 〈λ〉¢R[λ] ,beg R idi (**) 2.3.16 libxz

R[λ] → R[λ] mfitxenehe` miiw a ∈ R mixai` eli` xear `vn (**) 2.3.17 libxz
.λ 7→ aλ miiwnd

ibeg ly dipa ,cg`d .minec miciwtz ipya zeynyn "[ ]" miixbeqd .dxrd
ly dipa ,ipyd .minepiletd beg `ed R[λ] -e ,ycg dpzyn `ed λ :minepilet
lk z` llekd S ly begd-zz `ed R[s] f` ,s ∈ S -e R ⊆ S m` .mibeg-zz
xai` lrk λ lr miayeg m` .R[s] = {a0 + ... + ansn : ai ∈ R} :s -a minepiletd

.R[λ] iehiaa zecklzn zeiernynd izy f` ,minepiletd beg ly

.(R[x1])[x2] ' (R[x3])[x4] mby wqde R[x1] ' R[x2] recn xaqd (**) 2.3.18 libxz

dn) (R[y])[x] = R[x, y] -y gked .R[x, y] = (R[x])[y] onqp (**) 2.3.19 libxz
.(? '[ ]' lk ly ciwtzd
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ipiqd zeix`yd htyn 2.3.2
.dcigi mr (iaihhenew `wec-e`l) beg R idi

.I∩J = IJ+JI -y d`xd .I+J = R miniiwnd mil`ici` I, J¢R (**) 2.3.20 libxz

Ii+ -y jk mil`ici` I1, ..., It¢R eidi ((***) ipiqd zeix`yd htyn) 2.3.21 htyn
R/(I1 ∩ ...∩ f` .(miilniqwn-ew I1, . . . , It -y mixne` df dxwna) i 6= j lkl Ij = R
x ∈ R/(I1∩ ...∩ It) miiw ,a1, . . . , at lkl .xg` geqip].It) ' (R/I1)×· · ·× (R/It)

.∀i : x− ai ∈ Ii -y jk cigi
ick . ϕ(a) = (a+I1, ..., a+It) itl ϕ : R → (R/I1)×...×(R/It) xcbd .dkxcd
.a ∈ I1∩...∩(1+Ii)∩...∩It -y jk a ∈ R miiw i lkly ze`xdl witqn ,lr ϕ -y gikedl

.1 = (b1 + c1) · · · (bt + ct) z` ayge ,∈ Ii + Ij1 = bj + cj aezk

,I1 = 0× F × F mil`ici` mpyi R = F × F × F bega .dcy F (*+) 2.3.22 libxz
.miilniqwn-ew mil`ici`dy d`xd .` .I3 = F × F × 0 ,I2 = F × 0× F

α ≡ (−1,−2,−2) -e ,α ∈ (4, 5, 6)+I2 ,α−(6, 2, 3) ∈ I1 -y jk α ∈ R `vn .a
.R/I3 dpnd bega

.αn + βm = 1 aezk .mixf minly mixtqn (n,m) = 1 -y gipp (**) 2.3.23 libxz
x ≡ b ,x ≡ a (mod n) ze`eeynd zkxrnl oexzt `ed x = αnb + βma -y d`xd

.(mod m)

x ≡ 2 (mod 37), x ≡ 2 (mod 101), x ≡ d`eeynd z` xezt (**) 2.3.24 libxz
.2 (mod 197)

x ≡ 2 (mod 3), x ≡ 4 (mod 8), x ≡ 11 d`eeynd z` xezt (**+) 2.3.25 libxz
.(mod 25)

.beg `ed R = {f : R→ R} zetivxd zeivwpetd sqe`y d`xd .` (**+) 2.3.26 libxz
.R ly l`ici` `ed Ia = {f ∈ R|f(a) = 0} sqe`d ,a ∈ R lkly d`xd .a

x−a
b−a− x−b

b−a = lr aeyg .dkxcd] miilniqwn-ew md dl`k mil`ici` ipy lky d`xd .b
.[1

f : R → R dtivx divwpet zniiw ,b1, ..., bt lkle ,mipey a1, ..., at lkly gked .c
.f(ai) = bi -y jk

lkle mipey a1, ..., at lkly d`xde ,dpexg`d dl`yd z` llkd (***-) 2.3.27 libxz
-e ,f(ai) = bi -y jk ,zetivxa dxifb f : R → R divwpet zniiw ,b1, ..., bt, c1, ..., ct

.f ′(ai) = bi

:dpekp dpi` d`ad dprhdy ze`xdl ick oldl xcbedy R bega xfrd (***) 2.3.28 libxz
-y jk x ∈ R miiw a1, a2, ... ⊆ R lkl f` .miilniqwn-ew mil`ici` I1, I2, ...¢R eidi"

."x− ai ∈ Ii
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3 wxt

zenly inegz

il`ny qt` wlgne ,ax = 0 -y jk a 6= 0 miiw m` ipni qt` wlgn `ed x ∈ R xai`
.xa = 0 -y jk a 6= 0 miiw m`

.il`ny e` ipni qt` wlgn x -y gked .xax = 0 -e ,a 6= 0 (*+) 3.0.29 libxz

.M2(R) bega miipnid qt`-iwlgn lk z` yxetna x`z (**) 3.0.30 libxz

l`ici` T ⊃ H m` :xnelk) ilnipin il`ny l`ici` H < R idi (***-) 3.0.31 libxz
-y d`xd .dkxcd .il`ny qt` wlgn `ed a ∈ H xai` lky gked .(T = 0 f` ,il`ny

.a ∈ Ra2

miihphetlip mixai` 3.0.3
.1 ≤ n edyfi`l an = 0 m` ihphetlip xai` `xwp a ∈ R 3.0.32 dxcbd

.qt` wlgn `ed ihphetlip xai` lk (*+) 3.0.33 libxz

ayg .dkxcd .jitd (1 − a) -y gked .ihphetlip xai` a ∈ R idi (**) 3.0.34 libxz
.(1− a)−1 z`

.miihphetlip eixai` lk m` ilip l`ici` `ed R ly (iccv-cg) l`ici` 3.0.35 dxcbd

.ziltk dxeag 1− a : a ∈ L f` ,ilip l`ici` L ≤l m` (**) 3.0.36 libxz

p ipey`x miiw m` wxe m` 0 6= miihphetlip mixai` n -a miniiw (**+) 3.0.37 libxz
.p2|n -y jk

.Z180 -a miihphetlipd mixa`d lk z` `vn (**) 3.0.38 libxz

21
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zenly inegz 3.0.4
.zenly megz `xwp (0 -l hxt) qt` iwlgn `ll D iaihhenew beg 3.0.39 dxcbd

I1 ∩ -y gked .D zenly megz ly mil`ici` 0 6= I1, ..., It eidi (*+) 3.0.40 libxz
.... ∩ It 6= 0

gked .a27 = b27 ,a40 = b40 miniiwn a, b ∈ D ,zenly megz D (**) 3.0.41 libxz
.a = b -y

.ipey`x n m` wxe m` zenly megz `ed Zn (**) 3.0.42 libxz

zniiwy oezp `l xy`k elit`) dcy `ed iteq zenly megz lk (**+) 3.0.43 libxz
.(dcigi

.zenly megz D1×D2 f` ,zenly inegz D1, D2 m` :jxtd e` gked (**) 3.0.44 libxz

.zenly megz D[λ] minepiletd beg mb f` zenly megz D m` (**) 3.0.45 libxz

.zenly megz epi`y zenly megz ly dpn begl `nbec oz (**) 3.0.46 libxz

Z ly mil`ici` 3.1
.nZ = 〈n〉 dxevdn `ed Z ly l`ici` lk (**) 3.1.1 htyn

.m|n m` wxe m` n ⊆ m :gked (**) 3.1.2 libxz

nZ+ mZ = (n, m)Z .` :mi`ad miqgid z` gked (**) 3.1.3 libxz
nZ ∩mZ = [n,m]Z .a

nZ ·mZ = (nm)Z .b

.Z/12 ly mil`ici`d lk z` `vn (**) 3.1.4 libxz

.Z/60 ly mil`ici`d lk z` `vn (**) 3.1.5 libxz

.I ⊆ J f` ,/I → /J mfitxenit` miiw m` (**) 3.1.6 libxz

.R = Z/4Z xy`k R×R begd ly mil`ici`d lk z` `vn (**+) 3.1.7 libxz

-y jk ,Z ly mil`ici` ly I1 ⊇ I2 ⊇ I3 ⊇ ... zcxei zxyxy `vn (**+) 3.1.8 libxz
.(Ik)2 ⊆ Ik+1

.qt`d l`ici` `ed ly mil`ici` ly zcxei zxyxy lk ly jezigd (**+) 3.1.9 libxz
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mixay dcy 3.2
.ltkl dxebq dveaw S ⊆ D − 0 idz .zenly megz D idi

.ad = bc m"m` (a, b) ≈ (c, d) itl D × S lr qgi xicbp

.zeliwy qgi `ed l"pd qgidy gked (**) 3.2.1 libxz
[(a, b)] + ,[(a, b)] · [(c, d)] = [(ac, bd)] :zelert xicbp zeliwyd zewlgn sqe` lr

.[(c, d)] = [(ad + bc, bd)]

.ahid zexcben zelertdy d`xd (**) 3.2.2 libxz

.epxcbdy zelertl qgia beg `ed zeliwyd zewlgn sqe`y d`xd (**) 3.2.3 libxz
.S−1 -a oneqne ,S -a D ly mewind `xwp oldl xcbedy begd .dxcbd

-xenepen ϕ -y gked .ϕ : d 7→ [(d, 1)] itl ϕ : D → S−1D xicbp (**) 3.2.4 libxz
.mfit

aezkl xyt` ,lealal dpkq oi` xy`k .D -l itxenefi` beg-zz likn S−1D .dpwqn
.D ⊆ S−1D

.mikitd md S−1D bega S ly mixa`dy d`xd (**) 3.2.5 libxz

jk ,oekiy ϕ : D → R m`y d`xd .(mewind ly zeilqxaipe`) (***-) 3.2.6 libxz
.S−1D ↪→ R oekiy miiw f` ,R bega mikitd mixa` md S ixa` ly zepenzdy

.S−1
1 D ↪→ S−1

2 D oekiy miiw f` ,miciepen S1 ⊆ S2 ⊆ D − 0 m` (**+) 3.2.7 libxz
mixayd beg - q(D) -a S−1D begd z` onqp ,S = D− 0 cgeind dxwna .dxcbd

.D ly

.dcy `ed q(D) -y d`xd (**) 3.2.8 libxz

dn `vne ,q(R) ly dipad ialy z` weca .qt` wlgn t ∈ R -y gipp (**) 3.2.9 libxz
.oey`xd yeaiyd

.mfitxenefi`d z` yxetna ebivd .q(F ) ' F f` ,dcy F m` (**) 3.2.10 libxz

.q(D1) ⊆ q(D2) -y d`xd .zenly inegz D1 ⊆ D2 eidi (**) 3.2.11 libxz

-y jk c ∈ D1 miiw d ∈ D2 lkle ,zenly inegz D1 ⊆ D2 eidi (***-) 3.2.12 libxz
.)q(D1) ' q(D2 :gked .cd ∈ D1

-ly megz `ed mb (minepiletd beg) D[x] f` ,zenly megz D m` (**+) 3.2.13 libxz
witqne ,D[x] ⊆ F [x] .F = q(D) on q .dkxcd .D[x] ly mixayd dcy z` x`z .zen

.(? recn) q(F [x]) z` x`zl
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-y d`xd .D ∈ Z idi (**+) 3.2.14 libxz

Z[
√

D] = {a + b
√

D : a, b ∈ Z} ' {
(

a b
Db a

)
: a, b ∈ Z}.

.Q[
√−d] = {a + b

√
D : a, b ∈ Q} `ed Z[

√
D] ly mixayd dcyy gked

miilniqwn mil`ici` 3.3
.I ⊃ J ⊃ R -y jk J¢R l`ici` miiw `l m` ilniqwn `ed I¢R l`ici` .dxcbd

m` wxe m` ilniqwn `ed I¢R .dcigi mr iaihhenew beg R idi (-***) 3.3.1 htyn
.dcy R/I

.I +Rx = R ,x ∈ R lkl m` wxe m` ilniqwn I¢R .iaihhene w R (**) 3.3.2 libxz

ϕ−1(P )¢R mby gked ,ilniqwn P¢S m` .lr ϕ : R → S (**+) 3.3.3 libxz
.ilniqwn

.mipey miilniqwn mil`ici` seqpi` R -a yiy gked .lr ϕ : R → Z (**+) 3.3.4 libxz

.ipey`x p xear pZ md Z ly miilniqwnd mil`ici`d (**) 3.3.5 libxz

R = ly miilniqwnd mil`ici`d z` `vn .zecy F1, ..., Ft eidi (**) 3.3.6 libxz
.F1 × ...× Ft

mixicbn FS = {f : S → F} lr .dcy F ,dveaw S 6= φ eidi (**) 3.3.7 libxz
.FS ly ilniqwn l`ici` `ed Fa = {f : f(a) = 0} -y gked .miaikx itl zelert

-i` lk ,dxigad zneiqw` z` milawny dgpda ((***) oxev ly dnld) 3.3.8 htyn
.ilniqwn l`ici`a lken dcigi mr R beg ly l`ic

l`ici` lkl R/M -a jitd a + M m"m` jitd a ∈ R .iaihhenew R (**) 3.3.9 libxz
.M ilniqwn

:gked .miilniqwn md 0 -l hxt mil`ici`d lk ,R dcigi mr bega (***) 3.3.10 libxz
,mipey mil`ici` A,B, C¢R eidi .oexzt .0 -l hxt mil`ici` ipyn xzei R -l oi`
.A + B = R okl ;B ⊂ A f` A = A + B m`e ,A ⊆ A + B ⊆ R .A,B 6= 0
C = RC = (A+B)C = zrk .BC = 0 dneca .AC ⊆ A∩C ⊆ A,C ⇐ AC = 0

.AC + BC = 0 + 0 = 0
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milwicx 3.3.1
.R ly miilniqwnd mil`ici`d lk jezig z` Jac(R) -a onqp

.y ∈ R lkl jitd 1− xy m` wxe m` x ∈ Jac(R) (**) 3.3.11 libxz

.I = R f` I + Jac(R) = R m` (**+) 3.3.12 libxz

.Jac(Z/9Z) ,Jac(Z/24Z) z` ayg (**) 3.3.13 libxz

.Jac(Z/36Z) ,Jac(Z/6Z) z` ayg (**) 3.3.14 libxz

lwicxd" - Nil(R) = {a ∈ R : ∃nan = 0} onqp ,iaihhenew beg R m` 3.3.15 dxcbd
."0 ly

.n lkl xn ∈ Nil(R) f` ,x ∈ Nil(R) m` (*+) 3.3.16 libxz

.Nil(D) = 0 f` zenly megz D m` (*) 3.3.17 libxz

.jitd 1− z f` z ∈ Nil(R) m` (*+) 3.3.18 libxz

.Nil(R)¢R (**) 3.3.19 libxz

.Nil(R/Nil(R)) = 0 (**+) 3.3.20 libxz

.( I ly lwicxd)
√

I = {a ∈ R : ∃n : an ∈ I} onqp ,I¢R m` 3.3.21 dxcbd

lr aeyg an, bm ∈ I m` :dkxcd] R ly l`ici`
√

I -y d`xd (**+) 3.3.22 libxz
.[(a + b)n+m

.
√

0 = Nil(R) -y d`xd (*) 3.3.23 libxz

.I ⊆ √
I¢R -y d`xd (*) 3.3.24 libxz

l`ici` `xwp
√

I = I miiwnd l`ici` .
√

I ⊆ √
J f` I ⊆ J m` (*) 3.3.25 libxz

.ilwicx

.ilwicx l`ici`
√

I xnelk ,
√√

I =
√

I -y d`xd (**) 3.3.26 libxz

.
√

J/I =
√

J/I f` I ⊆ J¢R m` (**) 3.3.27 libxz

.ilwicx `ed ipey`x l`ici` lk (**) 3.3.28 libxz

.Z ly miilwicxd mil`ici`d lk z` `vn (**) 3.3.29 libxz

d`xd .(Z[x] ly mil`ici`)
√
〈x− 4〉,

√
〈x〉,

√
〈x, 4〉 z` ayg (**) 3.3.30 libxz

.
√

I + J 6= √
I +

√
J -y okzi ,illk ote`ay
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miinewn mibeg 3.3.2
.inewn beg `xwp ,cigi ilniqwn l`ici` yi eay beg .dxcbd

.inewn beg `ed /256 begdy gked (*+) 3.3.31 libxz

.l`ici` `ed mikitd-`ld mixa`d sqe` m` wxe m` inewn R (**+) 3.3.32 libxz

.inewn beg `ed R = {



c ∗ ∗
0 c ∗
0 0 c


 : c ∈ F×} .dcy F (**) 3.3.33 libxz

.jitd b e` jitd a -y xxeb a + b = 1 m` wxe m` inewn R (**) 3.3.34 libxz

.inewn beg edfy d`xd .Zp[λ]/〈λn〉 ly qt`d iwlgn lk z` `vn (***-) 3.3.35 libxz

miipey`x mil`ici` 3.4
,AB ⊆ P miniiwnd A, B¢R lkl m` ipey`x l`ici` `ed P¢R l`ici` .dxcbd
zexnl ,(4) · (9) ⊆ 6 ik ly ipey`x l`ici` epi` 6 .`nbec .B ⊆ P e` A ⊆ P miiwzn

.4, 9 ⊆ 6 -y

megz R f` R ly ipey`x l`ici` `ed 0 m` .iaihhenew beg R idi (**) 3.4.1 libxz
.zenly

R/P m` wxe m` ipey`x l`ici` P¢R .iaihhenew beg R idi (-***) 3.4.2 htyn
.zenly megz

.ipey`x `ed ilniqwn l`ici` lk (**) 3.4.3 libxz

.0 -e (ipey`x p) pZ md Z ly miipey`xd mil`ici`d (**) 3.4.4 libxz

.ipey`x ϕ−1(P )¢R mby gked ,ipey`x P¢S m` .lr ϕ : R → S (**+) 3.4.5 libxz

`ed ipey`x l`ici` lky gked .dcigi mr iteq iaihhenew beg R (**) 3.4.6 libxz
.ilniqwn

Φ :→ R mfitxenened miiwy d`xd .dcigi mr iaihhenew beg R idi (**) 3.4.7 libxz
okle) ly ipey`x l`ici` KerΦ f` ,zenly megz R m` ,sqepa .1 7→ 1R itl xcbend

.(ipey`x p ,p dxevdn

z` ayg .(ipey`x p xy`k) ϕ(f) = f(1) itl ϕ : Z[λ] → Zp xicbp (**) 3.4.8 libxz
?ilniqwn `ed m`d ?ipey`x l`ici` edf m`d .I = Ker(ϕ)
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.R ly miipey`xd mil`ici`d lk jezig `ed Nil(R) -y gked (**+) 3.4.9 libxz

beg ly miipey`x mil`ici` zveaw ,Λ 6= φ ,{Pλ : λ ∈ Λ} idz (**+) 3.4.10 libxz
`ed A =

⋃
Aλ -y gked .Aλ′ ⊆ Aλ e` Aλ ⊆ Aλ′ miiwzn λ, λ′ ∈ Λ lkly jk ,R

.ipey`x l`ici`

e` A ⊆ B f` ipey`x l`ici` A∩B m` .A, B¢R ,iaihhenew R (**+) 3.4.11 libxz
.B ⊆ A

A1∩ -y jk A1, A2 miipey`x mil`ici` mr begl zyxetn `nbec oz (**) 3.4.12 libxz
.ipey`x epi` A2

begd ly ipey`x l`ici` `ed 〈3〉 = 3R (**+) 3.4.13 libxz

R = Z[i] = {n + mi : n,m ∈ Z} ⊆ C.

.ilniqwn `l la` ipey`x 〈λ〉¢F [λ, µ] (**) 3.4.14 libxz

.ilniqwn `l la` ipey`x 〈2λ− 1〉¢Z[λ] (**+) 3.4.15 libxz

:gked .Z[i] ly l`ici` I =< 5 > (**+) 3.4.16 libxz
.Z[i] -a ipey`x epi` I j` ,ly ipey`x l`ici` Z ∩ I .`

.Z ∩ I = Z ∩ J -y jk Z[i] ly J ipey`x l`ici` `vn .a
.Z[i] -a ipey`x l`ici` I = 〈7〉 .b
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4 wxt

micgein zenly inegz

.dcigi mr iaihhenew beg R idi

dxwna .b = ac -y jk c ∈ R miiw m` b z` wlgn a -y xn`p .a, b ∈ R 4.0.17 dxcbd
.a|b onqp df

.Rb ⊆ Ra m` wxe m` a|b (**-) 4.0.18 libxz

.(ylg iwlg xcq-mcw) iaihifpxhe iaiqwltx qgi `ed "wlgn" qgid (**) 4.0.19 libxz

.1|a -e a|0 ,a ∈ R lkl (*) 4.0.20 libxz
onqpe ,mixag a, b -y xn`p b|a mbe a|b m` .mikitd `l mixa` a, b ∈ R eidi .dxcbd

.a ≈ b

.b = ua -y jk jitd u ∈ R miiw m` wxe m` a ≈ b (**) 4.0.21 libxz

.Ra = Rb m` wxe m` a ≈ b (**) 4.0.22 libxz

.zeliwy qgi `ed zexagd qgi (*) 4.0.23 libxz

m` - xnelk) zexagl qgia zeliwyd zewlgn lr xcben weligd qgi (**) 4.0.24 libxz
.(a|b ⇒ a1|b1 f` ,b1 ≈ b -e a1 ≈ a

d`xd .oexzt .n ∈ Z xear (3n+5)|(2n2−11) d`eeynd z` xezt (***) 4.0.25 libxz
.n = −2,−4,−18 -e 3n + 5|49 okle 49 ∈ 〈

3n + 5, 2n2 − 11
〉

-y

.dkxcd .n ∈ lkl il`ieeixh I = 〈96, 5n, 2n− 7〉 l`ici`dy d`xd (***-) 4.0.26 libxz
.Z/I z` ayg

29
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miicilwe` mibeg 4.1
.mikitdd mixa`d sqe` z` R× -a mipnqn ,beg R m`y xikfp

ciepend - R∗ = R−0 mipnqn ,zenly megz R m` .Z× = {+1,−1} (*) 4.1.1 libxz
.begd ly iltkd

.F× = F ∗ f` ,dcy F m` (*) 4.1.2 libxz
:y jk d : R× → N divwpet zniiw m` icilwe` beg `ed R zenly megz :dxcbd
,a = qb+ r -y jk q, r ∈ R miniiw ,b 6= 0 ,a, b ∈ R lkl oke ;d(a) ≤ d(b) f` a|b m`

.d(r) < d(b) e` r = 0 oke

.(dni`zn d divwpetl qgia) icilwe` beg `ed dcy lk (**) 4.1.3 libxz

.d(u) = d(1) m` wxe m` jitd u ∈ R (**) 4.1.4 libxz

f` jitd epi` b m`e ,d(a) = d(ab) f` jitd b m` .0 6= a ∈ R (**) 4.1.5 libxz
.d(a) < d(ab)

,ltk zxney divwpet d : R· → N − 0 ,zenly megz R eidi (***-) 4.1.6 libxz
.d ( x

y ) = {d(x)
d(y)} itl F -l d z` aigxp .` .R ly mixayd dcy F = q(R) idi .d(0) = 0

.F lr ahid zxcben d -y gked
d(q−a/b) < m` wxe m` d(r) < d(b) :gked .a, b, q, r ∈ R ,a = bq+r -y gipp .a
beg (R, d) m` :gked .B(y) = {x ∈ F : d(x− y) < 1} onqp y ∈ F xear .b .1

.F =
⋃

y∈R∗ B(y) f` ,icilwe`
.R bega zix`y mr weligl mzixebl` gqpl ick 'a sirqa ynzyd .c

(R, d) -y d`xd .d(a + bi) = a2 + b2 divwpetd mr R = Z[i] idi (***-) 4.1.7 libxz
.icilwe` beg

(14 + 5i) = (3 + -y jk q, r ∈ Z[i] zepexztd zrax` z` `vn (***) 4.1.8 libxz
.|r| < |3 + 7i| -e 7i) · q + r

.13− 6i -a 145− 71i welign zix`yd z` ayg (**) 4.1.9 libxz

dcigi zewixt inegz 4.2
miwixt mixai` 4.2.1

.zenly megz R idi
.mikitd c e` b ,a = bc wexit lkl m` wixti` xai` `ed a ∈ R xai` .dxcbd

.a|b e` b|a ← b|1 m` wixti` a ∈ R (*) 4.2.1 libxz
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oaena) ipey`x xtqn (t, n) m` wxe m` wixti` `ed t ∈ Zn ik d`xd (**+) 4.2.2 libxz
.(libxd

ly a = q1 · · · qt dltkn `ed a ∈ R lk f` .icilwe` beg R idi (**) 4.2.3 htyn
.miwixti` mixai`

miipey`x mixa` 4.2.2
.p|b e` p|ab ← p|a m` ipey`x `ed p ∈ R xai` .dxcbd

.wixti` ⇐ p ipey`x p ∈ R (**) 4.2.4 libxz

m` wxe m` ,xnelk) zenly megz R/Rp m` wxe m` ipey`x p ∈ R (**) 4.2.5 libxz
.(ipey`x l`ici` Rp

eidi :(zenly megz lka) cigi `ed ,miiw `ed m` ,miipey`xl wexit (**) 4.2.6 htyn
dn`zd yie n = m f` .p1...pn = q1...qm -y jk ,miipey`x q1, ..., qm ,p1, ..., pn

.pi ≈ qj -y jk pi ↔ qj

.ipey`x `ed wixti` xai` lk ,icilwe` bega (***) 4.2.7 htyn

zexage xcq ick-crq, cigi wexit miiw xai` lkl eay zenly megz .dxcbd
UFD = Unique zilbp`ae ,dcigi zewixt megz `xwp ,miwixti` ly dltknk

.Factorization Domain

.ipey`x `ed wixti` xai` lk dcigi zewixt megza (-***) 4.2.8 htyn

.dcigi zewixt megz `ed icilwe` beg lk (+**) 4.2.9 htyn

R = F [λr : 0 < idie ,dcy F idi .miwixt-i`l wexit oi` eay beg (***) 4.2.10 libxz
.F lrn zeiaeig-zeilpeivx zewfga λ dpzyna minepiletd beg r ∈ Q]

.wixt λr ,0 < r lkl .`
deg(f) -e ,f -a mepen ly zilniqwnd dlrnd - deg(f) dlrn zeivwpet xicbp .a

.zilnipind
.deg(fg) = deg(f) + deg(g) -e deg(fg) = deg(f) + deg(g) -y gked

δ(fg) ≥ okle δ(fg) = δ(f) + δ(g) -y gked .δ(f) = deg(f)− deg(f) xicbp .b
.δ(f)

.minepen f, g f` (fg) = 0 (δ xnelk) mepen `ed fg m` .c
.miwixti` πi xy`k λ = π1...πn wexit miiw `l :wqd .d

(ixzep epi` begd)

`ed f` ,R -a ipey`x `ed a ∈ S m` .zenly inegz S ⊆ R eidi (**) 4.2.11 libxz
gxkda epi` jtiddy d`xd .S -a wixti` `ed f` ,R -a wixti` `ed m` .S -a ipey`x

.zepekzd izyl ,oekp
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miiy`x minegz 4.3
miiy`x mil`ici` 4.3.1

.iy`x l`ici` `xwp R (iaihhenew) beg ly Ra dxevdn l`ici` .dxcbd

I ⊃ I2 ⊃ I3 ⊃ ... f` ,zenly megza iy`x l`ici` 0 ⊃ I 6= R m` (**) 4.3.1 libxz
.

epi` R xy`k ,I2 = I -y jk 0 ⊃ I iy`x l`ici`l `nbec `vn (***) 4.3.2 libxz
.zenly megz

.J = I · J1 -y jk J1 l`ici` miiw f` ,iy`x I = Ra -e J ⊆ I m` (**) 4.3.3 libxz
.a|x ,x ∈ J lkl .dkxcd

aezk .dkxcd .IJ = J f` ,ipey`x J -e ,iy`x I ,J ⊂ I m` (***) 4.3.4 libxz
.J1 ⊆ J -y d`xde ,J = I · J1

.iy`x epi`
〈
3, x3 − x

〉
¢Z[x] l`ici`d (**) 4.3.5 libxz

miiy`x minegz 4.3.2
zilbp`ae ,iy`x megz `xwp iy`x `ed l`ici` lk eay zenly megz .dxcbd

.PID=Principal ideal domain
a m` wxe m` ipey`x l`ici` `ed Ra¢R l`ici`d (megz lka) :zxekfz

.ipey`x xai`

.wixti` a f` ,ilniqwn Ra m` (**) 4.3.6 libxz
.ilniqwn l`ici` `ed Ra f` wixti` xai` a m` ,iy`x megza :(3) htyn

.iy`x `ed icilwe` beg lk :(3−) htyn
.dcigi zewixt megz `ed iy`x megz lk :(3h) htyn

l`ici` lk .dkxcd .ipey`x a m` wxe m` wixti` a iy`x megza (**) 4.3.7 libxz
.ipey`x `ed ilniqwn

P = Rp idi .oexzt .ilniqwn `ed ipey`x l`ici` lk (iy`x megza) :(2+) htyn
.ilniqwn Rp okl .(megz lka oekp df) wixti` okle ipey`x xai` p f` ,ipey`x

.dxrd .(icilwe` `l okle) iy`x megz epi` F [x, y] -y gked .dcy F (**) 4.3.8 libxz
.dcigi zewixt megz `ed F [x, y]

.iy`x megz epi` Z[λ] -y d`xd (**) 4.3.9 libxz

l`ici` epi` dkezigy ,Z[λ] ly mil`ici` ly zcxei dxcq `vn (***-) 4.3.10 libxz
.qt`d
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ilniqwn szeyn wlgn 4.3.3
l`ici`d ly xvei `ed a, b ly ilniqwnd szeynd wlgnd :iy`x megza .dxcbd
xcben `ed) (a, b) -a onqp ilniqwnd szeynd wlgnd z` .〈a, b〉 = Ra + Rb

.(zexag ick-cr
,vπβ1

1 . . . πβn
n -e uπα1

1 . . . παn
n ly ilniqwnd szeynd wlgnd ,dcigi zewixt megza

xcben ,mikitd u, v -e dfl df mixag mpi`y miipey`x md πi minxebd xy`k
.πmin {α1,β1}

1 . . . π
min {αn,βn}
n zeidl

.zecklzn zexcbdd izy ,iy`x megza (***) 4.3.11 libxz

.(a, b) = αa + βb -y jk α, β ∈ R miniiw (**) 4.3.12 libxz

- xnelk ;libxd oaena ilniqwnd szeynd wlgnd `ed c = (a, b) (**) 4.3.13 libxz
.e|c mb f` e|a, b m`e ,c|a, c|b

.(320, 56), (100,−26), (16, 4) :Z -a ilniqwnd szeynd wlgnd z` ayg (**) 4.3.14 libxz

mixa` zltknl wexitd b = vpβ1
1 ...pβn

n ,a = upα1
1 ...pαn

n -y gipp (**) 4.3.15 libxz
.(a, b) z` `vn .( mikitd u, v xy`k) a, b ly miwixti`

.Ra + Rb = R ,xnelk ,(a, b) = 1 m` mixf a, b ∈ R .dxcbd

jitd b + Ra e` ,R -a jitd a m` wxe m` mixf a, b ∈ R -y d`xd (*+) 4.3.16 libxz
.R/Ra -a

a, b f` ,C -a mixf a, b ∈ C m` :gked .miiy`x minegz C ⊆ D (**+) 4.3.17 libxz
.D -a mixf

f` ,a = ca1, b = cb1 -e c = (a, b) m` ,hxta .(ad, bd) = (a, b)d (**) 4.3.18 libxz
.mixf a1, b1

.mixf mpi` b = xy -e a = x + y− 6 mixa`d ,R = Q[x, y] bega (**+) 4.3.19 libxz
.dpn beg .dkxcd

md b = xy − 1 -e a = x + y − 6 mixa`d ,R = Q[x, y] bega (**+) 4.3.20 libxz
.mixf

.Ra ∩ Rb = R[a, b] miiwnd xai` [a, b] -a onqp ,iy`x megza (***) 4.3.21 libxz
-e ,c = (a, b) xy`k a = ca′, b = cb′ aezk .dkxcd .[a, b] · (a, b) = ab -y gked

.x ∈ Rca′b′ f` x ∈ Ra ∩Rb m`y d`xd .αa1 + βb1 = 1

d`x) .Annl(I∩J) = Annl(I)+Annl(J) ,iy`x megzay d`xd (***) 4.3.22 libxz
.(2.1.1
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qcilwe` ly mzixebl`d 4.3.4
z` ,R icilwe` bega a, b mixai` xear ,aygn (Euclid) qcilwe` ly mzixebl`d

.ilniqwnd szeynd wlgnd z` epiidc ,Ra + Rb l`ici`d ly xveid
,c0 = a xicbp .a, b ∈ R ,icilwe` beg R eidi .qcilwe` ly mzixebl`d
xvrp jildzd .d(ci−1) < d(ci) xy`k ci−1 = qici + ci+1 divwecpi`ae ,c1 = b

.cn = (a, b) f`e ,0=cn+1 xy`k

.n micrvd xtqn z` meqge ,iteq jildzdy gked (*) 4.3.23 libxz
,dxcbdd itl .41 =c1 ,25=c0 onqp . -a (52, 14) z` aygp .`nbec

52 = 3 · 14 + 10 ⇒ c2=10
14 = 1 · 10 + 4 ⇒ c3 = 4
10 = 2 · 4 + 2 ⇒ c4 = 2
4 = 2 · 2 + 0 ⇒ c5 = 0

.(52, 14) = 2 ok`e

miiwzn 0=cn+1 xy`k ,xnelk ,eceri z` `lnn mzixebl`dy gked (***) 4.3.24 libxz
.0 < i ≤ n lkl (ci−1, ci) = (ci, ci+1) -y d`xd .dkxcd .cn = (a, b)

,Ra + Rb = Rc ,dxcbdd itl .a, b ∈ R ly ilniqwn szeyn wlgn c -y gipp
ly lw lelky .αa + βb = c -y jk α, β ∈ R miniiw okl .c ∈ Ra + Rb hxtae

.c z`ivn mr caa ca α, β z` `evnl xyt`n mzixebl`d
,zncewd `nbeca .`nbec

(52, 14) = 2 = 10− 2 · 4
= 10− 2 · (14− 1 · 10)
= 3 · 10− 2 · 14
= 3 · (52− 3 · 14)− 2 · 14 = 3 · 52− 11 · 14.

xyt` ci−1 z` dxicbnd ci−1 = qici + ci+1 d`eeynd z` .illkd qcilwe` mzixebl`
xyt` ,divwecpi`a .

(
ci

ci+1

)
=

(
0 1
1 −qi

)(
ci−1
ci

)
:zil`ivixhn dxeva aezkl

aygl

(
cn
0

)
=

(
0 1
1 −qn

)(
0 1
1 −qn−1

)
· · ·

(
0 1
1 −q2

)(
0 1
1 −q1

)(
c0
c1

)

divwecpi`ae ,A0 = ( 1 00 1 ) xicbp ,jildzd ick-jez zeltknd z` aygl ick
( cn0 ) = An ( c0c1 ) ,(cn+1 = 0 xy`k) xac ly eteqa .Ai = ( 0 11 −qi ) Ai−1

.(c0, c1) = cn = (An)11c0 + (An)12c1 okle
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.
(

cn
0

)
= An

(
c0
c1

)
-y gked (**) 4.3.25 libxz

λ4 + lye λ2 + 5λ + 6 ly ilniqwnd szeynd wlgnd z` ayg (**) 4.3.26 libxz
.Z[λ] bega λ3 − λ2 + λ− 2

dnxep mr mibeg 4.4
.d ∈ xear Z[

√
d] qetihdn olek ,wxta epybty mibegl ze`nbec dnk dpap df sirqa

.mibeg ly dnxep :dnver ax ilk epiciayk dl` mibega lthp

Z[
√

D] mibega dnxep 4.4.1
. (ly wzer) liknd ,iaihhenew beg R idi

wxe m` σ(x) = x sqepae ,σ2(x) = x miiwnd ,mfitxenehe` σ : R → R idi
.x ∈ m`

.N(x) = x · σ(x) onqp

.ltk zxney divwpet N : R → (**) 4.4.1 libxz
.R = [

√
D] = {m + n

√
D : m,n ∈ Z} bega opeazp .D ∈ idi

,mfitxenened σ(n + m
√

D) = n −m
√

D .a .beg R -y d`xd .` (**) 4.4.2 libxz
.σ(x) = x → x ∈? -e ,σ2 = Id miiwnd

.{
(

a bD
b a

)
: a, b ∈ Z} ∼= Z[

√
D] -y d`xd (**) 4.4.3 libxz

beg-zz R :gked .R = {n + m
√−3 : 2m, 2n, n + m ∈ y} idi (**) 4.4.4 libxz

.C ly

xear (3 + 2
√

2)n −√2(
√

2 + 1)n +
√

2 = 0 d`eeynd z` xezt (**) 4.4.5 libxz
.n ∈ Z

mikitd mixai` 4.4.2
.N(u) = ±1 m` wxe m` jitd u ∈ R (*+) 4.4.6 libxz

.Z[
√

D] -a mikitdd mixa`d lk z` `vn .D < 0 -y gipp (**) 4.4.7 libxz

.Z[
√

2] bega (3 + 2
√

2)−1 z` `vn (**) 4.4.8 libxz
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bega mikitdd mixa`d lk z` `vn (***-) 4.4.9 libxz

Z[
1 +

√−3
2

] = {n + m
1 +

√−3
2

: n,m ∈ Z}.

an, bn ∈ ahid dxicbn an+bn

√
3 = (1+

√
3)n d`eeyndy d`xd (***) 4.4.10 libxz

.lim an
bn

z` ayg .Z

.Z[
√

2] bega mixag 7− 4
√

2, 5 + 2
√

2 -y d`xd (**) 4.4.11 libxz

mixai` ly wexit 4.4.3
.R -a wixti` x f` , -a ipey`x xtqn N(x) m` (**) 4.4.12 libxz

x f` ,ipey`x N(x) ∈ Z m` .D ∈ Z xy`k S = Z[
√

D] idi (***+) 4.4.13 libxz
N(x) = |R/Rx| .dnxep dze` mr ,R cpiwcc bega lken S .dgked .S -a ipey`x
.S -a okle ,R -a ipey`x x -y o`kn .ilniqwn l`ici` Rx -e dcy R/Rx okl ,ipey`x

.x = 3 :drvd .wixt N(x) -y zexnl wixti` x ∈ Z[
√−1] -y okzi (**) 4.4.14 libxz

`ed Z[
√

D] bega n dnxep mr mixa`d xtqn .D < 0 -y gipp (***-) 4.4.15 libxz
wexita m` wxe m` n = N(x) -y jk x ∈ [

√−1] miiw .n ∈ .(3+) htyn .n lkl iteq
.zibef αi dwfgd pi ≡ −1 (mod 4) lkl ,n = pα1

1 ...pαt
t

d`xd .a .N(v) = 2 mr v|x wlgn miiw f` 2|N(x) m`y d`xd .` (***-) 4.4.16 libxz
.3|x f` 3|N(x) m`y

-y jk z miiw f` ,m = N(y) -y jk y miiwe m|N(x) m`y d`xd (***) 4.4.17 libxz
.miipey`x minxebl wexit .dkxcd .z|x -e m = N(z)

.ipey`x p ∈ Z idi

-y jk a, b ∈ Z miniiw `l m` wxe m` Z[
√

D] bega wixt-i` p (**) 4.4.18 libxz
.a2 −Db2 = ±p

.Z[
√

2] -a wixti` p f` ,p ≡ ±3 (mod 8) m` (**) 4.4.19 libxz

a2 ≡ d`eeynl cigid oexztd m` wxe m` Z[
√

D] bega ipey`x p (***-) 4.4.20 libxz
p|(α + β

√
D)(γ + -y gipp .(dywd oeeikl) dkxcd .a ≡ b ≡ 0 `ed Db2 (mod p)

α, β, γ, δ ≡ 0 -y d`xd .α + β
√

D, γ + δ
√

D z` wlgn epi` p la` ,δ
√

D)
.dgpdd z` lirtdl xyt` mdilry a, b `vn .αγ ≡ −Dβδ, αδ ≡ −βγ -ye ,(mod p)
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zix`y epi` D m` wxe m` Z[
√

D] bega ipey`x p .(xg` geqip) (**) 4.4.21 libxz
.p elecen zireaix

.my ipey`x epi` la` ,Z[
√−6] bega wixti` `ed p = 11 -y d`xd (**) 4.4.22 libxz

.Z[
√−1] -a ipey`x 7 + 10

√−1 -y gked (**) 4.4.23 libxz

.5 z`e 2 z` Z[
√−1] -a miipey`x minxebl wxt (**) 4.4.24 libxz

.13 + 11i z`e 11 + 13i z` Z[
√−1] -a miipey`x minxebl wxt (**) 4.4.25 libxz

.Z[
√

6] bega 48− 31
√

6 z` miwixt-i` minxebl wxt (**) 4.4.26 libxz

.Z[
√−5] -a miwixti` minxebl 15− 7

√−5 ly wexit `vn (**) 4.4.27 libxz

.Z[
√−11] bega 145 + 62

√−11 z` miwixt-i` minxebl wxt (**) 4.4.28 libxz

f` .ilniqwnd szeynd wlgnd γ = (α, β) ,α, β ∈ Z[
√

D] eidi (**-) 4.4.29 libxz
.N(γ)|(N(α), N(β))

11 + lye ,3 + 4i, 4− 3i ly Z[i] -a ilniqwn szeyn wlgn `vn (**) 4.4.30 libxz
.7i, 18− i

7+4i, 11+ ly Z[i] -a miilniqwnd mitzeynd miwlgnd lk z` `vn (**) 4.4.31 libxz
.10i

bega 23− 9
√

3, 9− 3
√

3 ly ilniqwnd szeynd wlgnd z` ayg (**) 4.4.32 libxz
.Z[
√

3]

beg-zz `ed H0 = {a + bi + cj + dk : a, b, c, d ∈ Z} -y d`xd (***) 4.4.33 libxz
z` ayg .beg-zz `ed H1 = H0 + Z1+i+j+ij

2 mby gked . H mipeipxheewd beg ly
.(iaihhenew epi` ipyd begdy al miy) H1/〈2〉 -e H0/〈2〉 dpnd ibeg

z` `vne ,H0 -a jitd x ∈ H0 -y jkl witqne igxkd i`pz oz (***-) 4.4.34 libxz
.mikitdd mixa`d lk

.H0 ly wixti` xai` `ed 9 + 2i + 3j + 3k :gked (***-) 4.4.35 libxz

.ρ8 = e
2πi
8 xy`k ,Z[ρ8] -a 2 z` miwixt-i` minxebl wxt (***) 4.4.36 libxz

.dcigi-zewixt-megz epi` R = Z[
√

d] f` ,d ≡ 1 (mod 4) m` (***-) 4.4.37 libxz
`edy d`xd .R -a ipey`x epi` 2 -y wqde ,2|α2 -y d`xd .α = 1 +

√
d gw .dkxcd

.wixt-i`
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mil`ici` 4.4.4
dpnd begy wqde ,irah xtqn likn I¢[

√
D] l`ici` lky gked (**+) 4.4.38 libxz

α = idi .ilniqwn `ed m` wxe m` ipey`x l`ici` I -y o`kn wqd .iteq Z[
√

D]/I
. a + b

√
D ∈ [

√
D]

.(a, b) = 1 dxwna lgzd .dkxcd .N(α)|n f` ,n ∈ Z ,α|n m` .` (**+) 4.4.39 libxz
.〈α〉 ∩ Z = 〈N(α)〉 .a

∣∣∣Z[
√

D]/〈α〉
∣∣∣ = ,illkd dxwna .

∣∣∣Z[
√

D]/〈α〉
∣∣∣ = N(α) f` (a, b) = 1 m` (***) 4.4.40 libxz

lewy a + b
√

D ≡ 0 i`pzd okl .(b,N(α)) = 1 mb f` (a, b) = 1 m` .dkxcd .N(α)
(a,b)

.
√

D ≡ k dxevdn i`pzl
-y wqd .Z[

√
10] bega miwixti` md 4 ± √

10, 2, 3 -y gked (**+) 4.4.41 libxz
.icilwe` epi` mb okle i"tz epi` Z[

√
10]

miwexit ipy md 2 · 11 = 22 = (3+
√−13)(3−√−13) -y d`xd (**) 4.4.42 libxz

.dcigi zewixt megz epi` Z[
√−13] -y wqde ,miwixti` minxebl 22 ly

.Z[
√−5] bega iy`x l`ici` epi`

〈
3, 1 + 2

√−5
〉

l`ici`dy gked (***-) 4.4.43 libxz

R = ly I =
〈
21, 9 + 3

√−5,−2 + 4
√−5

〉
l`ici`dy gked (**+) 4.4.44 libxz

.I ly xveid z` `evnl ick dnxep ilewiya xfrd .dkxcd .iy`x `ed Z[
√−5]

.7 ∈ R = Z[
√−13] xai`a opeazp (***) 4.4.45 libxz

la` ,〈7〉 = I · I ′ -y gked .I ′ =
〈
7, 1−√−13

〉
,I =

〈
7, 1 +

√−13
〉

onqp .`
.bega wixti` 7

.R -a ipey`x epi` 7 -y d`xd .a
okle) R/I ∼= Z7 -e ,(ipey`x l`ici` epi` 〈7〉 okle) R/〈7〉 ∼= Z7×Z7 -y gked .b

.(ipey`x I

.R = Z[
√

7] idi (***) 4.4.46 libxz
.N(a) = 3 mr a ∈ R oi`y d`xd .`

.3R ⊂ I ,hxta ;iy`x epi` I =
〈
3,
√

7− 1
〉

l`ici`d .a
.iy`x `ed J =

〈
2,
√

7− 1
〉

l`ici`d .b
.a ∈ R edyfi`l I2 = Ra -y d`xd .c

.N(a) = 9 = N(3) .d
.I2 ∩ Z = 9Z -y gked .e

la` ,(x 7→ (2 −√7)x, (2 +
√

7)x) + 3R xcbd .dkxcd) R/3R ' Z3 × Z3 .f
.R/aR ' Z9

.3R + I2 = I -y d`xd .g
.1 ≤ n lkl 3R + In = I -y wqd .h
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zeicilwe` 4.4.5
dizepekz x`yl sqepa ,`id N dlrnd ziivwpet mday miicilwe` mibeg mpyi
zexnl ,miicilwe` md mixg` .dl`k md Z[

√
D] mibegd on wlg .ziltk ,zeaehd

.a + b
√

D 7→ a2 −Db2 divwpetl qgia `ly
.icilwe` beg R = Z[

√
D] f` ,D = −2,−1, 2, 3 m` :(3) htyn

a
b = aezk ,ab ∈ q(R) xear .mixecka q(R) ieqik lr oeixhixwa xfrd .dkxcd∣∣∣N( r+s

√
D

N(b) )
∣∣∣ =

∣∣∣N(r+s
√

D)
N(b)2

∣∣∣ = f` .
∣∣∣ s
N(b)

∣∣∣ ≤ 1
2 ,

∣∣∣ r
N(b)

∣∣∣ xy`k , ab
N(b) = q + r+s

√
D

N(b)

. |r
2−s2D|
|N(b)|2 ≤ 1+|D|

4 < 1

.Z[
√

2] bega 4− 3
√

2 -a 15 + 11
√

2 welign zix`yd z` `vn (**) 4.4.47 libxz

2 − 9
√

3 -e 14 + 3
√

3 ly ilniqwnd szeynd wlgnd z` `vn (**+) 4.4.48 libxz
.Z[
√

3] bega

xzeq epi` 6 = 2 · 3 = (1 +
√

7)(−1 +
√

7) wexitd recn xaqd (**+) 4.4.49 libxz
.(dcigi zewixt megz mb okle) icilwe` beg Z[

√
7] -y dcaerd z`

0 < D ,Z[
√

D] ly zecigid 4.4.6
m` .R = Z[

√
D] onqp .(1 < p) p2 dxevdn miwlgn el oi`y mly 0 < D idi

.x′′ = m -e x′ = n onqp ,x = n +
√

Dm ,x ∈ R
.0 < x− y m` x < y ;0 < x′, x′′ m` 0 < x -y xn`p

.0 < xy -e 0 < x + y mb f` ,0 < x, y m` .` (**) 4.4.50 libxz
.x′ < (xy)′ f` ,y 6= 1 -e x′′ 6= 0 m` .x′ ≤ (xy)′ f` ,0 < x, y m` .a

.x, y ∈ xy`k ,x2 −Dy2 = 1 d`eeynd `id "Pell z`eeyn"

(x′y′ + mby gked .Pell z`eeynl zepexzt (x′, x′′), (y′, y′′) eidi (**) 4.4.51 libxz
.mikitd x, y .dkxcd .d`eeynl oexzt Dx′′y′′, x′y′′ + x′′y′)

.n ∈ Z xear ±zn dxevdn `ed jitd xai` lky jk z ∈ R miiw .(3) dlkixic htyn
.y′ < x′ ⇐ y < x .` .0 < x, y -y jk ,mikitd x, y eidi .htynd zgked

.0 < xy gked .y < x gipp .a
sb`a x′2 = 1 + Dx′′2 z` avde reaixa dlrd :dkxcd .(xy)′ < x′ -y gked .b
,z eze` ly zewfg mpi`y 0 < y < x xga .dkxcd .htynd zgked z` miiq .c .l`ny

.ilnipin epi` x′ -y ze`xdl ick 'b sirqa ynzyd .ilnipin x′ mr

.Z[
√

3] ly zecigid lk z` `vn (***) 4.4.52 libxz
onqp .a = 2, b = 1 `ed a2 − 3b2 = ±1 d`eeynd ly ilnipind oexztd .oexzt

.mzla oi`e ;n ∈ ,±ηn md Z[
√

3] -a mikitdd mixa`d .η = 2 +
√

3
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.Z[
√

6] bega mikitd mixa` dying `vn (***) 4.4.53 libxz

.Z[
√

5] bega mikitd mixa` dying `vn (***) 4.4.54 libxz

dcy lrn minepilet 4.5
deg(a0 +a1x+ ...+anxn) = itl deg : F [x] → R dlrn zivwpet xicbp .dcy F idi

.deg(0) = 0 .(mepileta ritend x ly xzeia ddeabd dwfgd ,xnelk) max i : ai 6= 0

.deg(c) = 0 f` c ∈ F m` (*) 4.5.1 libxz

.zenly megz F [x] -y wqde ,deg(fg) = deg(f) + deg(g) -y gked (*) 4.5.2 libxz
lkl :xnelk ,deg divwpetl qgia icilwe` beg F [x] f` ,dcy F m` .(2+) htyn
f(x) = q(x)g(x) + -y jk q, r ∈ F [x] miniiw ,jitd epi`e g 6= 0 -y jk f, g ∈ F [x]

.deg(r) < deg(g) -e ,r(x)

.Z[x] bega )1-(x2 -a )2-(x4 zwelga zix`yde dpnd z` `vn (**) 4.5.3 libxz

.p z` `vn .p[x] bega (x2 + 2)|(x6 + 30x + 48) -y oezp (***-) 4.5.4 libxz

ilniqwn szeyn wlgn 4.5.1
2x4 + lye x3 − 6x2 + 11x − 6 ly ilniqwn szeyn wlgn `vn (**) 4.5.5 libxz

.Z[x] bega 2x3 − 14x2 − 26x− 12

f0(x) = x9+x7+x2+1 minepiletd lr qcilwe` mzixebl` z` rva (**) 4.5.6 libxz
.Z2[x] bega ,f1(x) = x6 + x4 + x + 1 -e

-y jk f ∈ Z3[x] `vn (**) 4.5.7 libxz

〈f〉 =
〈
x6 + 2x2 + 1, x9 + x5 + 2x + 2, x8 + 2x7 + x3 + x2 + 2

〉
.

.Z lrn 2x3 + 9x2 + 3x− 18 ,x4 − x3 − 12x2 + x + 3 z` `vn (**) 4.5.8 libxz

ly iktedd z` `vn ,xnelk ,(2x+3)−1 (mod x2− 2) z` ayg (**+) 4.5.9 libxz
(2x + 3)α(x) + (x2− -y jk α(x), β(x) `vn .dkxcd .Z[x]/

〈
x2 − 2

〉
bega 2x + 3
.2)β(x) = 1
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mepilet ly miyxey 4.5.2
f(b) = a0+a1b+...+anbn f` ,b ∈ F -e f(x) = a0+a1x+...+anxn ∈ F [x] m`

.f(b) = 0 m` f ly yxey b -y mixne` .

x− a, x− b ∈ ik gked .mipey mixa` a, b ∈ F eidie ,dcy F idi (**-) 4.5.10 libxz
.mixf F [x]

m` wxe m` (x − a)|f(x) ik gked .f(x) ∈ F [x] idie dcy F idi (**) 4.5.11 libxz
.f(a) = 0

.deg(f) lr dler epi` F dcya f(x) ∈ F [x] ly miyxeyd xtqn (**) 4.5.12 libxz

bega) wixt `ed dcya miyxey el yiy 2 ≤ dlrnn mepilet lk (*+) 4.5.13 libxz
.(minepiletd

. -a miyxy el oi`y lrn wixt mepilet `vn (**) 4.5.14 libxz

f(x) f` ,deg(f) ≤ 3 -e ,miyxey `ll mepilet f(x) ∈ F [x] m` (**) 4.5.15 libxz
.F lrn wixti`

. lrn wixti` 2-x3 mepiletd ik gked .(t2) libxz
.Z2 lrn wixt i` x2 + x + 1 ik gked .(t2) libxz

.Z7 lrn wixt i` x2 + 1 ik gked (**) 4.5.16 libxz

.Z13 a miwixt i` minepilet zltknl x4 + 1 mepiletd z` wxt (**+) 4.5.17 libxz

.(wexit `evnl jxev oi` ) Z113 lrn wixt x3 − 2 (**) 4.5.18 libxz

(akexnd cenvd) ᾱ mb f` ,f ly yxey α ∈ C -e f(z) ∈ R[z] m` (**) 4.5.19 libxz
.f ly yxey `ed

Q lrn miyxey 4.5.3
f` ,f ly yxey u/v ∈ m` .f(x) = a0 + a1x + ... + anxn ∈ [x] idi .(2) htyn

.v|an -e u|a0

.ipey`x p xy`k -a miyxey oi` p-xn mepiletly gked (**) 4.5.20 libxz

. lrn wixti` 8x3 − 6x− 1 mepiletd ik gked (**) 4.5.21 libxz

. lrn wixti` x3 − x2 − 2x− 1 mepiletd ik gked (**) 4.5.22 libxz

,cinz 0 < f ′(x) .fnx . lrn wixti` 3x3 + 2x − 12 mepiletd (**+) 4.5.23 libxz
.yxey yi (1, 2) rhwae
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oiihypfii` ly oeixhixwd 4.5.4
.R[x]/I[x] ' (R/I)[x]] -ye ,I[x] + ¢R[x] -y gked .I¢R idi (**) 4.5.24 libxz

f(x) = a0 + a1x + ... + anxn ∈ ,zenly megz R eidi .oiihypfii` ly oeixhixwd
.a0 ∈ P 2 -e ,ann ∈ P la` ,∈ Pn−1a,... ,a0 -y jk P¢R ipey`x miiwy gipp .R[x]

.R[x] -a wixti` f(x) f`

.oeixhixwd z` gked (***) 4.5.25 libxz
megz `edy ,R[x]/P [x] -a dpenzd z` ayge ,f(x) = g(x)h(x) -y gpd .dkxcd

.zenly megz lk lrn cigi wexit yi xn mepiletly ogad .zenly

.Z[x] -a wixti` x5 + 12x3 − 36x2 + 21 mepiletdy gked (**) 4.5.26 libxz

wixti` p-xn -y gked .dcigi zewixt megz R ,ipey`x p ∈ R idi (**) 4.5.27 libxz
.R[x] -a

.dkxcd . lrn wixti` f(x) = x4 + x3 + x2 + x + 1 -y gked (**+) 4.5.28 libxz
.wixti` f(x) mb f` wixti` f(x + 1) m`y d`xd .f(x + 1) z` ayg

.Z[
√−1][x] bega wixti` 4x6 − 121x3 + 110 -y gked (**+) 4.5.29 libxz

itl Z[x, y] lrn wixti` p(x, y) = y2 + (x2 + 2)y + (x2 + 2)(x3 + 2) .`nbec
.Z[x] bega x2 + 2 ipey`xd mr ,oiihypfii` ly oeixhixwd

wixt-i` x3y + x3− x2y + xy− x2 + y2 + x + 2y + 2 ik gked (**+) 4.5.30 libxz
.Z[x, y] -a

qe`b ly dnld 4.5.5
.Z lrn zewixti`l Q lrn zewixti` lr mihtyn myiil xyt`n df sirq

.mixayd dcy F = q(D) -e dcigi zewixt megz D eidi
mepilet ly dlekzd ,(iy`x megz ,hxtae) dcigi zewixt megz lrn .dxcbd
ly ilniqwnd szeynd wlgnk zxcben f(x) = a0 + a1x + ... + anxn ∈ D[x]
c(f) ,xnelk) c(f) = 1 m` iaihinixt `xwp mepilet . .a0, . . . , an mincwnd

.(jitd

,D lrn wixti`e iaihinixt f(x) ∈ D[x] m` ((***) qe`b ly dnld) 4.5.31 htyn
.F lrn wixti` `ed f`

.lrn wixti` x6 + x3 + 1 mepiletd ik gked (**+) 4.5.32 libxz

?Z lrn ?Q lrn wixt 2x5 + 36x3 + 60x2 − 24 mepiletd m`d (**+) 4.5.33 libxz

.dcigi zewixt megz R[x] mb f` ,dcigi zewixt megz R m` (***) 4.5.34 htyn



5 wxt

zecy

dagxd dcy ziipa 5.1
K dcy zepal cvik d`xp df sirqa .wixti` mepilet f(x) ∈ F [x] idie ,dcy F idi

.K -a yxey yi f(x) mepiletly jk ,F z` liknd
l`ci` I = 〈f〉 ,wixti` f(x) -y oeeikn .iy`x megz hxtae ,icilwe` beg `ed F [x]
d`xp jynda .dcy `ed R[x]/

〈
x2 + 1

〉
,`nbecl .dcy K = F [x]/I f`e ilniqwn

. miakexnd dcyl xg` my edfy

dphw dlrnn mepilet `edy bivp yi F [x]/I -a zeliwy zwlgn lka (*) 5.1.1 libxz
.qcilwe` ly mzixebl`a ynzyd .dkxcd .deg(f) -n

ly qiqa {1, u, u2, ..., un−1} ik gked .u = x + 〈f〉 = [x] :onqp (**) 5.1.2 libxz
mr 1, u, u2, ..., un−1 ixai` ly ix`pil sexiv `ed F [x]/I ly xai` lk .` :F [x]/I

.F -n mincwn
.dcigi `id ef dbvd .a

-xenepen `id a 7→ a+I i"r zxcbend F → F [x]/I dwzrdd ik gked (*) 5.1.3 libxz
.mfit

dcy-zz F -y xn`p dzrn .F [x]/I jeza itxenefi` wzer F -l yiy ,ok m` ,epgked
.F [x]/I ly

u = ik gked .F [x]/I ,xzei lecbd dcyd lrn mb xcben f mepiletd (**) 5.1.4 libxz
.f mepiletd ly yxey `ed x + I

dpnd beg ixai` .f(x) = x2 + 1 onqp . R miiynnd dcya opeazp .`nbec
,a, b ∈ R ,u = x +

〈
x2 + 1

〉
xy`k au + b dxevdn miiehia md R[x]/

〈
x2 + 1

〉
.R[x]/

〈
x2 + 1

〉 ' C ,okl .u2 + 1 = 0 -e

43
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,Z2 lrn wixti` f(x) .F2 dcyd lrn f(x) = x3 + x + 1 mepileta opeazp .`nbec
lrn 3 cninn ,dcy K = Z2[x]/〈f(x)〉 okl .(3 dlrnn `ede) miyxey el oi`y oeeikn

.Z2

-n mincwn mr ,qiqad ixa` zyely ly ix`ipil sexiv `ed Z2/〈f〉 ly xai` lk
.23 = 8 `ed mixa`d xtqn okle ,Z2

md K ixai` .2 lrn K -l qiqa `ed 1, a, a2 f` ,a = x + 〈f(x)〉 ∈ K onqp m`
lk a ciwtzl xegal xyt`y al miy .0, 1, a, a + 1, a2, a2 + 1, a2 + a, a2 + a + 1

.(a, a2, a2 + a :dl`k dyely yi) K -a f ly yxey

.a + a = (1 + 1) · a = 0 · a = 0 .oexzt .K -a a + a = 0 -y d`xd (*) 5.1.5 libxz

.K ly ltkd gel z` aezk (*+) 5.1.6 libxz
(a + a2)(a + 1) = a2 + a + a3 + a2 = a3 + 2a2 + a = a3 + a = .`nbec

.(−a− 1) + a = 1

.Z3 lrn exear qiqa `vne mixai` 27 lra dcy dpa (**+) 5.1.7 libxz

.Z11 lrn exear qiqa `vne mixai` 121 lra dcy dpa (**+) 5.1.8 libxz

.S = R[x]/
〈
x2 + x + 2

〉
idi (**) 5.1.9 libxz

yiy gkede dcy `ed S ik gked ,xnelk) R ly dagxd dcy `ed S ik gked .`
.S -a x2 + 1 = 0 d`eeynd ly zepexztd lk z` `vn .a .(R→ S mfitxenepen

-e x2 − 2 :miwixti` minepilet ipyl miyxey dliknd Q ly dagxd dpap .`nbec
.L3 = Q[x]/

〈
x2 − 3

〉
-e L2 = Q[x]/

〈
x2 − 2

〉
onqp .x2 − 3

-a miyxey oi` 3-x2 -le ,L3 -a miyxey oi` 2-x2 mepiletly gked (**) 5.1.10 libxz
.L2

zecy md K32 = L3[y]/
〈
y2 − 2

〉
- e K23 = L2[y]/

〈
y2 − 3

〉
(**) 5.1.11 libxz

.Q ly dagxd

.K23 ' K32 -y gked (**+) 5.1.12 libxz

zecy-zze zecy 5.2
ody F ly zeagxda opeazp df sirqa .oi`n yi F ly zeagxd epipa mcewd sirqa
z` .F ly dagxd K -y xn`p .zecy F ⊆ K eidi .xzei lecb dcy ly zecy-zz

.K/F -a onqp dagxdd
a z`e F z` liknd xzeia ohwd dcyd zeidl xcben F (a) .a ∈ K idi .dxcbd
,xeaig zelert ly iteq xtqn ici lr milawznd K ixai`n akxend dcyd :xnelk)
getiq `xwp F (a) dcyl F dcydn xarnd .(a xai`ae F ixai`a welige ltk ,xeqig

.F dcyl a xai`d
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z`e F z` miliknd K ly zecyd-zz lk jezig `ed F (a) ik gked (**-) 5.2.1 libxz
.a

.F (a) ⊆ F1 f` ,a ∈ F1 -e ,dcy F1 ,F ⊆ F1 ⊆ K m` (*) 5.2.2 libxz

-y ,xnelk) Q(
√

2) = {α + β
√

2 : α, β ∈ Q} -y gked (**) 5.2.3 libxz

{α + β
√

2 : α, β ∈ Q}

.(dcy

.dcy α + β
√

3 + γ
√

5 + δ
√

15 : α, β, γ, δ ∈ Q -y gked (**+) 5.2.4 libxz

.dcy {α + β · 21/3 + γ · 22/3 : α, β, γ ∈ Q} -y gked (***-) 5.2.5 libxz

davdd mfitxenened 5.2.1
ϕ : cigi mfitxenened miiwy d`xd .b ∈ S ,mibeg R ⊆ S eidi (**) 5.2.6 libxz
ϕ(a0 + -y d`xd .dkxcd .ϕ(λ) = b -e ,r ∈ R lkl ϕ(r) = r miiwnd R[λ] → S

.... + anλn) = a0 + ... + anbn

zxcbend ϕ : R[λ] → R davdd z` ϕ -a onqp .b ∈ R ,beg R idi (**) 5.2.7 libxz
.Ker(ϕ) l`ici`d ly xvei `vne ,mfitxenit` ϕ -y d`xd .ϕ(f) = f(b) itl

miixabl` mixai` 5.2.2
.a ∈ K xai` rawp

z`xwp ϕ(f(x)) = f(a) itl zxcbend ϕ : F [x] → K dwzrdd .dxcbd
.davdd mfitxenened

.dcigi mr mibeg ly mfitxenened `ed ϕ ik gked (*) 5.2.8 libxz
. F [a] = Imϕ =

{
b0 + b1a + b2a

2 + · · ·+ bnan
}

onqp .dxcbd
mfitxenefi`d htyn itl .iy`x l`ici` Kerϕ¢F [x] ,iy`x megz F [x] -y oeeikn

.Z[x]/
〈
x2 − 2

〉 ' Z(
√

2) .`nbec .F [x]/Kerϕ ' F [a] ,oey`xd

epi` F lrn (ixehwe agxnk) F [a] ly cnind f` ,Kerϕ = 0 m` (**) 5.2.9 libxz
.iteq

.(ilniqwn Kerϕ okle) wixti` f mepiletd f` .Kerϕ = 〈f〉 6= 0 -y gipp .(2) htyn
.a ly ilnipind mepiletd `xwp Kerϕ ly oweznd xveid .dxcbd

.g(a) = 0 -y d`xd .F lrn a ly ilnipind mepiletd g(x) idi (*) 5.2.10 libxz

.deg(g) -l deey F lrn F [a] ly cnind (**) 5.2.11 libxz
. Q(

√−1,
√

2)/Q(
√

2) lye Q[
√−1]/Q ly cnind z` ayg .(t2) libxz
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.dcy F [a] :milewy mi`ad (**) 5.2.12 libxz

.F [a] = F (a)

.(a z` qt`nd F lrn mepilet miiw - xnelk) Kerϕ 6= 0

.ilniqwn l`ici` Kerϕ

.F lrn ixabl` xai` a -y mixne` ,miniiwzn dl` mi`pz m`

mixa` zveaw ly getiq 5.2.3
F z` liknd xzeia ohwd dcyd z` F (T ) a onqp .`idylk dveaw T ⊆ K idz

.T z`e

F (T ) = F (a1, ..., an) = F (a1)(a2) · · · (an) f` T = {a1, ..., an} m` ik gked (*) 5.2.13 libxz
.

`edyfi` xear K = F (a) m` Fly dheyt dagxd z`xwp F ⊆ K dagxd .dxcbd
.= R[i] ik R ly dheyt dagxd . ly dheyt dagxd (

√
5) .ze`nbec .a ∈ K

. ly dheyt dagxd
√

2,
√

3 (okle) Q(
√

2,
√

3) = Q(
√

2 +
√

3) (**) 5.2.14 libxz√
2,
√

3 ∈-e
√

2 +
√

3 ∈ (
√

2,
√

3) ,xnelk ,mipeeikd ipya dlkd gikedl witqn .oexzt
a = onqp

√
2 ∈ (

√
2 +

√
3) -y gikedl ick .ziciin dpey`xd dprhd .

√
2 +

√
3

.
√

2 = 1
2 ( a3 − 9a ) ∈ (a) okle a3 = 11

√
2+9

√
3 = 9a+2

√
2 ik oigape ,

√
2+
√

3

. (
√

p,
√

q) = (
√

p +
√

q) -y gked .miipey`x p, q ∈ eidi (**) 5.2.15 libxz

.(
√

2·51/3)4 = 20·51/3 .fnx .(
√

2·51/3) = (
√

2, 51/3) -y d`xd (**+) 5.2.16 libxz

zeiteq zeagxde zeixabl` zeagxd 5.2.4
iteq cninn ixehwe agxn K m` ziteq dagxd z`xwp K/F dagxd .dxcbd

.dimF (K) = [K : F ] mipnqn cnind z` .F lrn
`ed a ∈ K xai` lk m` F lrn zixabl` z`xwp K/F dagxd .dxcbd

.F lrn ixabl`
oeeikn .a ∈ K idi .dgked .zixabl` `id ziteq dagxd lk .(2) htyn
okle F lrn zix`ipil dielz 1, a, a2, ... dveawd ,iteq F [a] ⊆ K ly cnindy

.a z` qt`nd mepilet miiw

.F ly zixabl` dagxd F (a) f` F lrn ixabl` a ∈ K m` (**) 5.2.17 libxz
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.ziteq `id dheyt zixabl` dagxd (**) 5.2.18 libxz

a -y gked .F lrn ixabl` a ,a ∈ K ,F ⊆ L ⊆ K -y gipp (**-) 5.2.19 libxz
.L lrn ixabl`

zeiteq zeagxd ly dakxd 5.2.5
.[K : F ] = [K : L] · [L : F ] f` ,zeiteq zeagxd F ⊆ L ⊆ K m` .(3−) htyn

.ziteq F ⊆ K mb f` ,zeiteq F ⊆ L,L ⊆ K zeagxdd m` (*) 5.2.20 libxz
Q(
√

2)(
√

3)/Q(
√

2) .1,
√

2 qiqa mr ,2 cninn ixehwe agxn Q(
√

2)/Q .`nbec
lrn 4 cninn ixehwe agxn Q(

√
2,
√

3) = Q(
√

2)(
√

3) ,okl .1,
√

3 qiqa mr 2 cninn
.1,
√

2,
√

3,
√

6 qiqa mr ,Q

? dagxdd cnin dn .Q lrn Q(
√

3,
√

5, i) -l qiqa `vn (**) 5.2.21 libxz

[Q(
√

p1, ...,
√

pt) :Q] = ik gked .zebefa mixf mixtqn p1, ..., pt ∈ Z eidi (***) 5.2.22 libxz
dxwnd z` mlyd) .mixf p1, ..., pt lkl dpekp dprhdy ,divwecpi`a ,gipp .oexzt . 2t

[Kt+1 : okl .[Kt : Q] = 2t dgpdd itl f` ,Ki = (
√

p1, ...,
√

pi) onqp .(t = 1
gikedl witqne ,Q] = [Kt+1 : Kt] · [Kt : Q] = [Kt(

√
pt+1) : Kt] · 2t ≤ 2t+1

xear √
pt+1 = α + β

√
pt-y ,dlilya ,gipp .√pt+1 ∈ Kt = Kt−1(

√
pt) -y

itl √pt ∈ Kt−1 la` .2αβ
√

pt = pt+1 − α2 − β2pt ∈ Kt−1f` ,α, β ∈ Kt−1

m`e ,√pt+1 ∈ Kt−1 = Q(
√

p1, ...,
√

pt−1) f` β = 0 m` .αβ = 0 okle ,dgpdd
.divwecpi`d zgpdl dxizq mixwnd ipya ,√pt+1pt = βpt ∈ Kt−1 f` α = 0

ixabl`d xebqd 5.2.6
.[L[a] : L] ≤ [F [a] : F ] f` ,ixabl` a ∈ K ,F ⊆ L ⊆ K m` (**+) 5.2.23 libxz

.ziteq dagxd F ⊆ F [a1, ..., an] f` ,miixabl` a1, ..., an ∈ K m` (**) 5.2.24 libxz
.zixabl` F ⊆ K mb f` ,zeixabl` od L ⊆ K -e F ⊆ L zeagxdd m` .(3) htyn

jk f(x) = b0 + ... + bnxn ∈ L[x] mepilet miiw dgpdd itl .a ∈ K idi .dgked
okle miixabl` bi ,L/F lr dgpdd itl .L0 = F (b0, b1, ..., bn) onqp .f(a) = 0 -y
okle ,ziteq L0[a]/F dagxdd okl ,[L0[a] : L0] ≤ n ,seqal .ziteq dagxd F ⊆ L0

.ixabl` a -e ,ziteq F [a]/F mb

a/b,ab ,a − b ,a + b f` F lrn mixabl` a, b ∈ K m`y gked (**) 5.2.25 libxz
ly mixai`d zveaw .dxcbd .F (a, b) dagxdd lr aeyg .dkxcd .F lrn miixabl`

.K -a F ly ixabl`d xebqd z`xwp F lrn miixabl` mdyK

.K ly dcy-zz `ed ixabl`d xebqd (*) 5.2.26 libxz

.zeiteq opi`y ly zeixabl` zeagxd `vn (**) 5.2.27 libxz
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levit zecy 5.3
F lrn f(x) ly levit dcy K -y xn`p .f(x) ∈ F [x] -e zecy F ⊆ K eidi .dxcbd

m`
.K a mi`vnp f(x) iyxy lk .`

lk z` liknd dcy miiw m` :xnelk ,ef dpekzl qgia xzeia ohwd `ed K .a
.E = K f` F ⊆ E ⊆ K oke f(x)iyxey

,Q[
√

2] ,f(x) iyxy oky Q(
√

2) `ed levitd dcy .f(x) = x2−2 ,F = Q .`nbec
.Q(
√

2) -a mi`vnp
`ed levitd dcy okle ,±√−2 md miyxyd ipy .f(x) = x2 + 2 ,F = .`nbec

.Q(
√−2)

. Q(
√−2) ⊂ Q(

√−1,
√

2) (**) 5.3.1 libxz

lvtzn f(x) f` f(x) ∈ F [x] mepiletd ly levitd dcy `ed E m` (**-) 5.3.2 libxz
.x− αi dxevdn ,miix`pil minxebl E[x] a

α1, ..., αn ∈ K -e ,mepilet f(x) ∈ F [x] ,zecy F ⊆ K eidi (**) 5.3.3 libxz
.f ly levit dcy `ed K ly F [α1, ..., αn] dcyd-zz f` .f ly miyxeyd

.Q lrn (x2 − 1)(x2 + 1) ly levitd dcy z` `vn (**) 5.3.4 libxz

.Q lrn 1+x4 ly levitd dcy z` `vn (**) 5.3.5 libxz

?ecnin dn .Q lrn x4 − 2 ly levitd dcy z` `vn (***-) 5.3.6 libxz

jk d ∈ E `vn .Q lrn x4− 8x2 + 15 ly E levitd dcy z` `vn (**) 5.3.7 libxz
.E = Q[d] -y

.mfitxenefi` ick-cr cigi `ede ,levit dcy miiw mepilet lkl .(3) htyn
.[E : F ] ≤ n! f` ,E levit dcy mr n dlrnn mepilet f ∈ F [x] m` .(2+) htyn

miiteq zecy 5.4
beg ly oiit`nd 5.4.1

miiwnd n xzeia ohwd irahd xtqnd .dcigi mr iaihhenew beg R idi .dxcbd
R y xn`p ,dfk oi` m` .R ly oiit`nd `xwp (minrt n) 1 + 1 + · · ·+ 1︸ ︷︷ ︸ = 0

.charR -a mipnqn oiit`nd z` .0 oiit`n lra
.charZn = n .`nbec .charQ = 0 .`nbec

.charR = 0 e` (ipey`x p) charR = p f` zenly megz R m` (*) 5.4.1 libxz
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.(ipey`x p) charF = p f` iteq dcy F m` (*+) 5.4.2 libxz

.(a + b)p = ap + bp miiwzn p oiit`nn dcya (**-) 5.4.3 libxz

ly mfitxenepen `ed ϕ : a 7→ ap -y gked .p oiit`nn megz D idi (**) 5.4.4 libxz
.D

zeiliaxtq 5.4.2
dagxd lka m` iliaxtq mepilet `xwp f(λ) ∈ F [λ] wixt-i` mepilet .dxcbd
iliaxtq epi` f(λ) ∈ F [λ] .(3) htyn .dfn df mipey f ly miyxeyd ,F ⊆ K

.f ′ = 0 m` wxe m`

.g mepilet edyfi`l f(λ) = g(λp) m` wxe m` f ′ = 0 (**) 5.4.5 libxz

a
1/p
i ∈ F m`y gked .wixti` f(λ) = anλn + ... + a0 ∈ F [λ] (***-) 5.4.6 libxz

.iliaxtq f f` ,p = charF ,i lkl

iteq dcy ly mixa`d xtqn 5.4.3
.p = charF oiit`nn iteq dcy F idi (**) 5.4.7 libxz

mfitxenepen yi ,zexg` milina e` ,(mfitxenefi` ick cr) Zp z` ekeza likn F .`
ly dwfg `ed F ly mixa`d xtqn :wqd .b .Zp lrn ixehwe agxn `ed F .a .F l Zp n

.ipey`x xtqn

miitxenefi` mlek okle ,xpn−x ly levit dcy `ed pn lceba dcy lk (**) 5.4.8 libxz
.(miniiw md m`)

.mixa` pn oa dcy `ed Zp dcyd lrn xpn−x mepiletd ly levitd dcy .(3) htyn

dcy ly ziltkd dxeagd 5.4.4
xcqn dxeag .zxekfz .ltkl qgia dxeag F ∗ = F −0 f` ,dcy F m` (*) 5.4.9 libxz

.zilwiv `id n hppetqw`e n

.dkxcd .zilwiv `id dcy ly ziltkd dxeagd ly G ziteq dxeag-zz lk .(2) htyn
.xe − 1 mepiletd ly miyxey md G ixa` lk f` e = exp(G) m`

.3 dbxcn α ixabl` xai` ici-lr xvepd Z2 ly dagxd dcy K idi (**) 5.4.10 libxz
.(K − 0, ·) -e (K, +) zexeagd dpan z` x`z

dwfg `ed F -a v 6= 0 lky jk u ∈ F `vne 9 xcqn F dcy dpa (**+) 5.4.11 libxz
.u ly
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iteq dcy lrn minepilet 5.4.5
.x2 + 2x− 1 z`e x3 + 2 z` Z7 ,Z3 lrn miwixti` minxebl wxt (**) 5.4.12 libxz

z`e x3 + x + 1 z` wxt .α3 + α + 1 = 0 xy`k F = Z2[α] idi (**+) 5.4.13 libxz
.Z2 lrn miwixti` minxebl x3 + x2 + 1

.Z11 lrn miix`ipil minxebl lvtzn la` ,Z31 lrn wixti` x3−9 (**+) 5.4.14 libxz

.Zp dcy lk lrn wixt `ed la` ,Q lrn wixt i` x4 +1 -y gked (***-) 5.4.15 libxz
.8 xcqn xai` miiw p2 xcqn dcyd ly ziltkd dxeaga f` ,p 6= 2 m` .fnx

-y gked .〈2〉 `edy ,cigi l`ici` yi Z4[α]/
〈
α2 + α + 1

〉
begl (**+) 5.4.16 libxz

? (begk) l`ici`a ltkd dn .mixa` drax` oa dcy R/〈2〉

iteq dcy lrn yi 2 dlrnn miwixti` mipwezn minepilet dnk `vn (***-) 5.4.17 libxz
.F


