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Abstract. We prove that assuming enough roots of unity in the
base field, a central simple algebra of exponent 2 which is split by
a dihedral group, is also split by certain abelian groups.
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1. Introduction

One of the best ways to understand central simple algebras is to
learn their maximal subfields. If an algebra happens to have a maximal
subfield K which is Galois over the center F , it has an easy description
via an element of the second cohomology group H2(G,K∗), where G =
Gal(K/F ). Such an algebra is called a crossed product over K/F , or a
crossed product with respect to G. For example, a cyclic algebra is a
crossed product over a cyclic extension.

In the early days every known division algebra was constructed as
a crossed product, and by classical theorems of Wedderburn, Albert
and Dickson, all division algebras of degree 2, 3, 4, 6 or 12 are crossed
products.

An interesting question concerning crossed products is to describe in
what cases will every crossed product with respect to a given group be
a crossed product with respect to some other group too. In particular
it is interesting to know that an algebra is a crossed product with
respect to an abelian maximal subfields, for then one can apply the
Amitsur-Saltman techniques [4] to gather information on the algebra.

If all the Galois maximal subfields of a suitable central simple algebra
have the same Galois group G, this group is termed rigid. Amitsur
showed that the elementary abelian groups are rigid, and this was a
key step in his construction of noncrossed products [2]. Since then it
was shown by Saltman [8] and Tignol-Amitsur [11] that every noncyclic
abelian group is rigid.
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The following notation was suggested in [11]. A group G splits a
central simple algebra A, if A is similar (in the Brauer sense) to a
crossed product with respect to some subgroup of G. We denote by
G ⇒k H the assertion that for every field F ⊇ k, every central simple
algebra over F which is split by G, is also split by H. The following is
well known.

Example 1. Let n = n1n2 be integers and assume k has n2-roots of
unity. Then Zn ⇒k Zn1 × Zn2.

Proof. Let F ⊇ k. Let A = (K/F, σ, b) be a cyclic algebra of degree
n over F , with z ∈ A inducing σ on K, such that zn = b ∈ F . Then
Kσn1 [zn1 ] = Kσn1⊗FF [zn1 ] is a maximal subfield of A, Galois over F
with Galois group Zn1 × Zn2 . �

Let Dn denote the dihedral group of order 2n. It was shown by
Rowen and Saltman [10] that if n is odd, then every crossed product
with respect to Dn is cyclic (assuming charF is prime to n, and F
has n roots of unity). Their proof is constructive; a few years later
Mammone and Tignol [7] gave another proof, using the corestriction.
If char(F ) divides n, then any semidirect product of a cyclic group
acting on Zn is abelian. This is a result of Albert [1], proved by what
is in modern language a relatively easy use of the corestriction.

Brussel [5] has shown that D4, and more generally the dihedral-type
groups of order p3, are all rigid.

In this note we show that if the field F contains n roots of unity,
then every central simple algebra of exponent 2 which is split by Dn,
is also split by Z2 × Zn. The same proof shows that division algebras
which are crossed product with respect to Dn are also crossed product
with respect to Z2×Zn. Under the weaker assumption that F contains
n/m roots of unity for m |n, every algebra of exponent 2 split by Dn

is also split by Zn/m ×Dm.
This note is based on part of the Author’s doctoral dissertation [12,

Chap. 3], done under the supervision of Prof. L. Rowen.

2. Crossed Products with Involution

Let A be a central simple algebra over a field F , with a maximal
subfield K which is Galois over F . Let G = Gal(K/F ). By Skolem-
Noether Theorem [9, Theorem 7.1.10], for every g ∈ G, there exist
some zg ∈ A such that zgkz

−1
g = g(k) for all k ∈ K.

Assume that A has an involution v 7→ v∗ whose restriction to K is
an automorphism τ ∈ G, so that necessarily τ 2 = 1.
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Note that an element zg inducing g on K can be replaced by another
element kzg, k ∈ K. In [3, Theorem 2.1] it is shown that if G has
exponent 2, then zg can be chosen such that z∗g = ±zg. Slightly altering
their proof, we have

Proposition 2. If g ∈ G, g ̸= τ , satisfies (gτ)2 = 1, then we can
choose zg to satisfy z∗g = zg.

Proof. Let r = z∗gz
−1
g . For every k ∈ K we have that

rkr−1 = z∗gz
−1
g kzg(z

∗
g)

−1

= z∗gg
−1(k)(z∗g)

−1

= z∗g(τg
−1(k))∗(z∗g)

−1

= (z−1
g τg−1(k)zg)

∗

= (g−1τg−1(k))∗

= τg−1τg−1(k) = k,

where the last equality follows from the assumption (gτ)2 = 1. Thus r
commutes with K, and since CentA(K) = K by the double centralizer
theorem [9, Theorem 7.1.9], we have that r ∈ K. Compute the norm
of r with respect to gτ :

r · gτ(r) = z∗gz
−1
g · zgr∗z−1

g

= z∗g(z
∗
gz

−1
g )∗z−1

g

= z∗g(z
∗
g)

−1zgz
−1
g = 1

By Hilbert’s theorem 90, there is some t ∈ K such that r = gτ(t)−1t.
The element tzg satisfies

(tzg)
∗ = z∗gt

∗ = rzgτ(t) = rgτ(t)t−1 · (tzg) = tzg,

so that tzg is a symmetric element inducing g on K. �

3. Dihedral crossed products of exponent 2

Let m |n, and let k be any field containing a primitive (n/m)th
root of unity. We show that for algebras of exponent 2, we have that
Dn ⇒k Zn/m × Dm. In particular, for m = 1 we get Dn ⇒ Z2 × Zn,
and (if n is even), for m = 2 we get Dn ⇒ Z2

2 × Zn/2.

Theorem 3. Let F be a field containing n/m roots of unity. Every
central simple F -algebra A of exponent 2 which is split by the dihedral
group Dn, is also split by Zn/m ×Dm.
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Proof. Since the subgroups of Dn are either cyclic or dihedral, and the
cyclic case is treated in Example 1, we may assume A is a crossed
product with respect to Dn. Let K be a maximal subfield of A, with
Galois group generated by σ, τ , such that

σn = τ 2 = 1, τστ−1 = σ−1.

Since expA = 2, A has an involution of the first kind [1, Theorem
X.17]. Moreover, by [9, Prop. 7.2.45], we may assume the restriction
of the involution to K is τ .

By Proposition 2 there is a symmetric element z ∈ A that induces σ
on K. Observe that K ∩ F [z] = F : indeed, elements of F [z] commute
with z and are symmetric, so K ∩ F [z] ⊆ Kσ ∩Kτ = F . Let b = zn,
then b ∈ CentA(K) = K since zn acts trivially on K, so that b ∈
K ∩ F [z] = F .

Let u be a maximal divisor of n/m such that b = zn ∈ F ∗u. If u = 1,
then F [zm] is a field, cyclic over F . Since conjugation by zm induces
σm, we have that F [zm] commutes with Kσm

, which has Galois group
Dn/⟨σm⟩∼=Dm over F . Moreover, Kσm ∩ F [zm] ⊆ K ∩ F [z] = F , so
that Kσm

[zm] is a maximal subfield of A, Galois over F , with Galois
group Zn/m ×Dm.

In the general case, F [zm] is still a Galois extension of rings over

F , but no longer a field. Instead, consider F [zn/u] = F [ u
√
b], which

is isomorphic to a direct product of u copies of F . Let e1, . . . , eu ∈
F [zn/u] be pairwise orthogonal idempotents such that

∑
ei = 1. Set

C = CentA(F [zn/u]), then C = Ce1 ⊕ · · · ⊕ Ceu, and Ce1 is a central
simple algebra over F1 = Fe1∼=F . Moreover, A∼=Mu(Ce1), so that

A ∼ Ce1 in the Brauer group [6, Chap. 2]. Note that K ∩ C = Kσn/u
,

so that Kσn/u
e1 is a maximal subfield of Ce1, with Galois group Dn/u.

By the maximality of u, we have that F1[z
m] is a cyclic field extension

(of dimension n
um

) over F , and the same argument as in the case u = 1,
applied to F1[z

m], shows that Kσm
F1[z

m] is a maximal subfield of Ce1
with Galois group Zn/um ×Dm over F1. �

Here are the first few instances of the theorem for algebras of expo-
nent 2 (assuming enough roots of unity):

D4 ⇒ Z2 × Z4, Z3
2

D6 ⇒ Z2 × Z6

D8 ⇒ Z2 ×D4, Z2
2 × Z4, Z2 × Z8

D10 ⇒ Z2 × Z10

D12 ⇒ Z2
2 × S3, Z3 ×D4, Z4 × S3, Z2

2 × Z6, Z2 × Z12
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It would be interesting to know the relations among the other groups.
For example, does Z2 ×D4 ⇒ Z2

2 × Z4 for algebras of exponent 2?
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