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The main results of this talk are conteined in

F. Catino, I.C., P. Stefanelli, The matched product of set-theoretical solutions
of the Yang-Baxter equation, in preparation.
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If X is a non-empty set, a (set-theoretical) solution of the Yang-Baxter
equation r: X x X — X x X is a map such that
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Solutions of the Yang-Baxter equation

The Yang-Baxter equation

If X is a non-empty set, a (set-theoretical) solution of the Yang-Baxter
equation r : X x X — X x X is a map such that the well-known braid equation

rnrar = nrrnr

is satisfied, where n = r x idx and r, = idx xr.

Problem

How to obtain and construct all solutions of the Yang-Baxter equation?

Determining all set-theoretic solutions of the Yang-Baxter equation is a very
difficult task. Even if we can find several works about this topic, it is still an
open problem.
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Solutions of the Yang-Baxter equation

In particular, if X isaset, r: X x X — X x X is a solution and a,b € X,
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Solutions of the Yang-Baxter equation

In particular, if X is aset, r: X x X — X x X is a solution and a, b € X, then
we denote

r (av b) = (Aa (b)vpb (2)) )

where \,, pp are maps from X into itself.
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Solutions of the Yang-Baxter equation

In particular, if X is aset, r: X x X — X x X is a solution and a, b € X, then
we denote

r(a, b) = (X2 (b), ps (3)),
where \,, pp are maps from X into itself.
We say that r is

> left (resp. right) non-degenerate if \, (resp. p,) is bijective, for every
ac X,
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we denote
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where \,, pp are maps from X into itself.

We say that r is
> left (resp. right) non-degenerate if \, (resp. p,) is bijective, for every
ac X,
» idempotent r* (a, b) = r(a, b), for all a,b € X
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Solutions of the Yang-Baxter equation

Solutions of the Yang-Baxter equation

In particular, if X is aset, r: X x X — X x X is a solution and a, b € X, then
we denote

r (av b) = (Aa (b)vpb (2)) )

where \,, pp are maps from X into itself.

We say that r is

> left (resp. right) non-degenerate if \, (resp. p,) is bijective, for every
ac X,

» idempotent r* (a, b) = r(a, b), for all a,b € X
> involutive if r? (a, b) = (a, b), for all a,b € X.
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Solutions of the Yang-Baxter equation

Briefly, the state-of-the-art (1)

In 1999 Etingof, Schedler and Soloviev, Gateva-lvanova and Van den Bergh
laid the groundwork for studying non-degenerate involutive solutions, mainly in
group theory terms.
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Finding and studying algebraic structures strictly linked with solutions is a
widely used strategy to answer the question of obtaining new solutions.
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laid the groundwork for studying non-degenerate involutive solutions, mainly in
group theory terms.

Many results are obtained for this class by several authors.

In 2000, Lu, Yan and Zhu and independently Soloviev started to study
non-degenerate solutions not necessarily involutive. In 2017, Guarnieri and
Vendramin obtained new results in this context.

Finding and studying algebraic structures strictly linked with solutions is a
widely used strategy to answer the question of obtaining new solutions.
Although interesting and remarkable results on classifying solutions have been
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Solutions of the Yang-Baxter equation

Briefly, the state-of-the-art (1)

In 1999 Etingof, Schedler and Soloviev, Gateva-lvanova and Van den Bergh
laid the groundwork for studying non-degenerate involutive solutions, mainly in
group theory terms.

Many results are obtained for this class by several authors.

In 2000, Lu, Yan and Zhu and independently Soloviev started to study
non-degenerate solutions not necessarily involutive. In 2017, Guarnieri and
Vendramin obtained new results in this context.

Finding and studying algebraic structures strictly linked with solutions is a
widely used strategy to answer the question of obtaining new solutions.
Although interesting and remarkable results on classifying solutions have been
presented, there are still many open related problems.

Problem

How to construct new families of solutions starting from others?
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Solutions of the Yang-Baxter equation

Briefly, the state-of-the-art (II)

In 1999 Etingof, Schedler, and Soloviev introduced the extensions of two
involutive solutions (X, rx) and (Y, ry).
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involutive solutions (X, rx) and (Y, ry). In particular they obtain a new
solution on the union of the sets X and Y.

Gateva-lvanova and Majid (2008) improved this result by regular extension and
they found a one-to-one correspondence between regular extensions and regular

pairs of actions.
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Solutions of the Yang-Baxter equation

Briefly, the state-of-the-art (II)

In 1999 Etingof, Schedler, and Soloviev introduced the extensions of two
involutive solutions (X, rx) and (Y, ry). In particular they obtain a new
solution on the union of the sets X and Y.

Gateva-lvanova and Majid (2008) improved this result by regular extension and
they found a one-to-one correspondence between regular extensions and regular
pairs of actions. Given two involutive solution (X, rx) and (Y, ry) they
introduce another way to obtain a new solution over X U Y, the strong twisted
unions.

Recently, Bachiller and Cedé obtain a new method to construct involutive
non-degenerate solutions (X”, r(")) of the Yang-Baxter equation, for any

positive integer n, from a given solution (X, r).

I. Colazzo (UniSalento) The matched product of the solutions of the Yang-Baxt i 5 /12




The matched product

Solution: a characterization

Let X be a non-empty set and r: X x X — X x X a map. If A« and py, for
every x € X are maps such that r (x,y) = (A« (), py (x)) for all x,y € X then
(X, r) is a solution if and only if
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The matched product

Solution: a characterization

Let X be a non-empty set and r: X x X — X x X a map. If A« and py, for
every x € X are maps such that r (x,y) = (A« (), py (x)) for all x,y € X then
(X, r) is a solution if and only if the following properties hold:

1. Ay = )‘Ax(y)/\Py(X)' for all x,y € X;
2. Pkpy(x)(Z))‘X (y) = )‘my(z)(X)PZ (y), for all x,y,z € X;

3. PzPy = Pp,(y)PA,(2): for all y,z € X.
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The matched product

Definition: the matched product system

Let (S, rs) and (T, rr) be solutions and o : T — Sym(S), 5: S — Sym(T)
maps, put a (u) := ay, for every u € T and 8 (a) := S, for every a € S. If
S,rs, T, rr,a and 3 satisfy the following conditions
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The matched product

Definition: the matched product system

Let (S, rs) and (T, rr) be solutions and o : T — Sym(S), 5: S — Sym(T)
maps, put a (u) := ay, for every u € T and 8 (a) := S, for every a € S. If
S,rs, T, rr,a and 3 satisfy the following conditions
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The matched product

Definition: the matched product system

Let (S, rs) and (T, rr) be solutions and o : T — Sym(S), 5: S — Sym(T)
maps, put a (u) := ay, for every u € T and 8 (a) := S, for every a € S. If
S,rs, T, rr,a and 3 satisfy the following conditions

Qulty = Qi (v)Xp, (u); BaBb = Bx,(6)Bps(a);
P05 (3) =t p(a);  py1,yBary (u) =61 pv (u);
oy (6) V8, () B P72 (0) ' 85 ()P cvu(a) g @A

/\aau == aﬁa(”)/\ag;(u)(a); /\uﬁa == /Bau(a))‘[g;:(a)(u);

forall u,v e T and a,b € S,
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The matched product

Definition: the matched product system

Let (S, rs) and (T, rr) be solutions and o : T — Sym(S), 5: S — Sym(T)
maps, put a (u) := ay, for every u € T and 8 (a) := S, for every a € S. If
S,rs, T, rr,a and 3 satisfy the following conditions

Qulty = Qx,(v)Xp, (u); BaBb = Bx,(6)Bps(a);:

=l =il . =l _ -1 i
Paz(s)%8,(w) (3) = By )P @i prBae (W) = A pv(u);

vl (a)

Aa0tu = g, () A AuBa = Pay@ Azt | ()i

1 ;
% gatw)(?)

forall u,v € T and a,b € S, then we call (S, rs, T, rr,a, ) a matched
product system of solutions.
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The matched product

Theorem: the matched product of solutions

Let (S,rs, T, rr,a, B) be a matched product system. If we set

Aoy (b, v) 1= (aux%_l(a)(b), @aABa_l(u)(v))

I. Colazzo (UniSalento) The matched product of the solutions of the Yang-Baxt i 8 /12



The matched product

Theorem: the matched product of solutions

Let (S,rs, T, rr,a, B) be a matched product system. If we set

Aoy (b, v) 1= (aux%_l(a)(b), @aABa_l(u)(v))

pvy(a, u) =

—1 _
sy o, i(a), B2 ps _, w) ],
ﬁauA =3 (b)ﬂ‘;)\[_}—l u)(‘/) Ba l(u) [ja sl )(V)O‘ukaufl(a)(b) ag )
forallajpe Sand u,ve T,
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The matched product

Theorem: the matched product of solutions

Let (S,rs, T, rr,a, B) be a matched product system. If we set

Aoy (by v) 1= (auAau,l(a)(b), ﬁaxﬁa_l(u)(v))
p(b,v)(aa U) =

—1
Qg
A
”“*a:‘u)(b)ﬁa 83 ()

=1
(v)paﬁ;lm(b)(a)’ B w) |,

Ps _
ffa*a;l<u>(v)a“k%"(a>(b) oyl

foralla,be Sand u,veT,
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The matched product

Theorem: the matched product of solutions

Let (S,rs, T, rr,a, B) be a matched product system. If we set

Aoy (b, v) 1= (aux%_l(a)(b), @aABa_l(u)(v))

pvy(a, u) =

a’ly Pa b)(a); ﬁr R ERCION K

Paur, "l <b)ﬂa*/rl p 1) ap = ()(v)%*a;l(@ b arte

forall a,b€ S and u,v € T, thenthemap r: SxT x SxT — SxT x SxT
defined by

r((a,u),(b,v)) :== ()‘(H,U)(bv v), p(b,V)(a’ u)) )

forall a,bc S and u,v € T, is a solution
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The matched product

Theorem: the matched product of solutions

Let (S,rs, T, rr,a, B) be a matched product system. If we set

Aoy (b, v) 1= (aux%_l(a)(b), @aABa_l(u)(v))

p(by‘/)(aa U) =
1 _
(07 u
ﬁaulA 1, (b)ﬂakﬁ,l u)(v)p = 1(u) ( ) ﬁ ﬁa . ()(v)au)‘aljl(a>(b)pﬁa;1(a)(‘/)( ) )

forall a,b€ S and u,v € T, thenthemap r: SxT x SxT — SxT x SxT
defined by

r((a,u),(b,v)) :== ()‘(H,U)(bv v), p(b,V)(a’ u)) )

forall a,b€ S and u,v € T, is a solution that we call the matched product
solution of rs and rr (via a and f3), denoted by rs < rr.
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Involutive solutions

Particular case

A characterization of involutive left non-degenerate solution

Let X be a non-empty set and r: X x X — X x X a map. Indicate the image
r(x,y) = (A (y),py (x)) for all x,y € X, where A, px : X — X are maps.
(X, r) is a left non-degenerate involutive solution if and only if the following
properties hold:

1. A\« € Sym (X), for every x € X;
2. py(x) = )\;XI(y) (x), for all x,y € X;

3. )\X)\qu(y) = )\y/\/\y_1(x), for all x,y € X.
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Involutive solutions

Particular case

The matched product of left non-degenerate involutive solutions (I1)

Let (S, rs), (T, rr) be left non-degenerate involutive solution and
a: T —Sym(S), B:S — Sym(T) maps that satisfy

Wy 1y =0 ay BBy ey = BebBya,
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Involutive solutions

Particular case

The matched product of left non-degenerate involutive solutions (I1)

Let (S, rs), (T, rr) be left non-degenerate involutive solution and
a: T —Sym(S), B:S — Sym(T) maps that satisfy

Wy 1y =0 ay BBy ey = BebBya,

Aalpa () = Moz AuB o1y = Budgrry

foralla,be Sand u,veT.
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Involutive solutions

Particular case

The matched product of left non-degenerate involutive solutions (I1)

Let (S, rs), (T, rr) be left non-degenerate involutive solution and
a: T —Sym(S), B:S — Sym(T) maps that satisfy

Wy 1y =0 ay BBy ey = BebBya,

Aalpa () = Moz AuB o1y = Budgrry

forall a,b€ Sand u,v € T. Then (S,rs, T, rr,a, 3) is a matched product
system.
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Involutive solutions

Particular case

The matched product of left non-degenerate involutive solutions (I1)

Let (S, rs), (T, rr) be left non-degenerate involutive solution and
a: T —Sym(S), B:S — Sym(T) maps that satisfy

W1 = WOy Bl = BB

AaCgagy = ozt A g = B,

()

forall a,b€ Sand u,v € T. Then (S,rs, T, rr,a, 3) is a matched product
system. In particular, in this case the conditions

—1 -1 —1 g 1
P oY b)XBa(u) (a) = aﬁpb(a)ﬁb_l(u)pb (a) pﬁ;‘(v)ﬁau(a) (u) = ﬁapv(u>a‘/—1(a)9v (u)

are satisfied.
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Involutive solutions

Particular case

The matched product of left non-degenerate involutive solutions (I11)

Let (S,rs), (T, rr) be left non-degenerate involutive solution and
a: T —Sym(S), B:S — Sym(T) maps that satisfy

G =y Bebia = P

At

/\aOéB;1 = a”)‘alj‘(a) )‘“Bajl(a) = 5”)‘6;1(11)

()

forall a,b€ S and u,v € T. Then (S,rs, T, rr,«, 3) is a matched product
system and
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Involutive solutions

Particular case

The matched product of left non-degenerate involutive solutions (I11)

Let (S,rs), (T, rr) be left non-degenerate involutive solution and
a: T —Sym(S), B:S — Sym(T) maps that satisfy

G =y Bebia = P

At

/\aOéB;1 = a”)‘alj‘(a) )‘“Bajl(a) = 5”)‘6;1(11)

()

forall a,b€ S and u,v € T. Then (S,rs, T, rr,«, 3) is a matched product
system and matched product solution of rs and rr is left non-degenerate and
involutive. In particular, with respect to the same definition of

Aoy :SXT = SxT, e,

)\(a,u)(ba V) = (Oéu)‘a;l(a)(b)v ﬁa/\6;1(u)(V)) y
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Involutive solutions

Particular case

The matched product of left non-degenerate involutive solutions (I11)

Let (S,rs), (T, rr) be left non-degenerate involutive solution and
a: T —Sym(S), B:S — Sym(T) maps that satisfy

W1 T WOy Bl = BB,

AaQpa () = Moz AuBm1 0y = Budg 1y

forall a,b€ S and u,v € T. Then (S,rs, T, rr,«, 3) is a matched product
system and matched product solution of rs and rr is left non-degenerate and
involutive. In particular, with respect to the same definition of

Aoy :SXT = SxT, e,

)\(a,u)(ba V) = (Oéu)‘a;l(a)(b)v ﬁa/\6;1(u)(V)) y

we have that the matched product solution is the map
r:SXTxSxT—=S5SxTxSxT given by

r((3,6),(5,v) = (A (B v), A2 o (35 1))

foralla,be S, u,veT.
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Involutive solutions

An example

Let r: Sx S — S x S be an involutive left non-degenerate solution. If
a,f: S — Sym(S) are defined by o, :== A\, and 3, := A,, for all a,u € S,
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Involutive solutions

An example

Let r: Sx S — S x S be an involutive left non-degenerate solution. If
a,f:S — Sym(S) are defined by o, := A\, and 3, := A,, for all a,u € S, then
(S,r,S,r,a,3) is a matched product system.
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Involutive solutions

An example

Let r: Sx S — S x S be an involutive left non-degenerate solution. If
a,f:S — Sym(S) are defined by o, := A\, and 3, := A,, for all a,u € S, then
(S,r,S,r,a,B) is a matched product system. In fact if satisfies

au(X)\lT1 = OéVOé)\;1 Baﬂkgl(b) S /Bbﬁ)\;l(a)

(v) (u)

Aaltpa ) = i) M1y = Budsrry

(u)

since (S, r) is an involutive left non-degenerate solution.
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Thanks for your attention!
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