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Aim:

e to introduce new classes of rings: left lo-

calizable rings and weakly left localiz-
able rings, and

e tO give several characterizations of them.



R is a ring with 1, R* is its group of units,
C = Cp is the set of regular elements of R,

Q = Qq(R) :=C 1R is the left quotient ring
(the classical left ring of fractions) of R (if
it exists),

Ore;(R) is the set of left Ore sets S (i.e. for
all s Sand r € R: SrnN Rs#0),

ass(S) .= {r € R|sr = 0 for some s € S}, an
ideal of R,

Den;(R) is the set of left denominator sets
S of R (i.e. S € Oreg/(R), and rs = 0 implies
s'r = 0 for some s’ € 9),

max.Den;(R) is the set of maximal left de-
nominator sets of R (it is always a non-empty
set).



(R = Ngemax.Den,(r) 3sS(S) is the left local-
ization radical of R.

Theorem (B.’2014). If R is a left Noetherian
ring then |max.Den;(R)| < oo.

A ring R is called a left localizable ring (resp.
a weakly left localizable ring) if each nonzero
(resp. non-nilpotent) element of R is a unit in
some left localization S™1R of R (equiv., r € S
for some S € Den;(R)).

Let £;(R) be the set of left localizable ele-
ments and NLZ;(R) := R\L;(R) be the set of
left nhon-localizable elements of R.

R is left localizable iff £;(R) = R\{0}.
R is weakly left localizable iff £;(R) = R\Nil(R)

where Nil(R) is the set of nilpotent elements
of R.



Characterizations of left localizable
rings

e Theorem Let R be a ring. The following
statements are equivalent.

1. Thering R is a left localizable ring with
n := |max.Den;(R)| < cc.

2. Qa(R) = Ry x -+ X Ry where R; are
division rings.

3. The ring R is a semiprime left Goldie
ring with udim(R) = |[Min(R)| = n where
Min(R) is the set of minimal prime ide-
als of the ring R.

4. Q(R) = Rq X---xX Rp where R; are divi-
sion rings.



e Theorem Let R be a ring with max.Den;(R) =
{S1,...,5n}. Let a; := ass(S;),
o, . R — R; :=SZ._1R, frwgzri,
ando :=1['_qy0;: R=>1['—1 Ry, r— (r1,...,mn).
T he following statements are equivalent.

1. The ring R is a left localizable ring.

2. [ =0 and the rings Ry, ..., Ry are divi-
sion rings.

3. The homomorphism o is an injection
and therings R4, ..., Ry are division rings.

Characterizations of weakly left lo-
calizable rings

R is a local ring if R\R* is an ideal of R (&
R/rad(R) is a division ring).



e Theorem Let R be a ring. The following
statements are equivalent.

1. The ring R is a weakly left localizable
ring such that

(a) [ =0,
(b) |max.Den;(R)| < oo,

(c) for every S € max.Den;(R), S"IR is a
weakly left localizable ring, and

(d) for all S, T € max.Den;(R) such that
S £ T, ass(S) is not a nil ideal modulo
ass(T).

2. Qua(R) ~ [IIq1 R; where R; are local
rings with rad(R;) = Ng..

3. Qi(R) ~[Ii—, R; where R; are local rings
with rad(R;) = Npg..



Weakly left localizable rings rings have inter-
esting properties.

e Corollary Suppose that a ring R satisfies
one of the equivalent conditions 1—3 of the
above theorem. Then

1. max.Den;(R) = {S1,...,Sn} where S; =
{re Rl € R}

2. Cp = ﬂsemax.Denl(R) S.
3. Nil(R) = Nx.

4. Q= Qa(R) = Q(R) is a weakly left lo-
calizable ring with Nil(Q) = Ng = rad(Q).

5. CptNg = Ng = rad(Q).

6. CprLi(R) = L1(Q).



e Theorem Let R bearing, |=Ig, 7' R—
R''=R/l, r—7:=r+ 1. TFAE.

1. R is a weakly left localizable ring s. t.

(a) the map ¢ : max.Den;(R) — max.Den;(R/),
S — 7/(8S), is a surjection.

(b) |max.Den;(R)| < oo,

(c) for every S € max.Den;(R), S~ IR is a
weakly left localizable ring, and

(d) for all S, T € max.Den;(R) such that
S #= T, ass(S) is not a nil ideal modulo
ass(T).

2. Qa(R) ~ [I—1 R; where R; are local
rings with rad(R;) = Ng,, | is a nil ideal
and W’(ﬁl(R)) = El(R/).

3. Qi(R") ~[I"_1 R; where R; are local rings
with rad(R;) = Ng., | is a nil ideal and
m(Li(R)) = Li(R).
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Criterion for a semilocal ring to be
a weakly left localizable ring

A ring R is called a semilocal ring if R/rad(R)
is a semisimple (Artinian) ring.

The next theorem is a criterion for a semilocal
ring R to be a weakly left localizable ring with
rad(R) = NR-

e Theorem Let R be asemilocal ring. Then
the ring R is a weakly left localizable ring
with rad(R) = Ny iff R ~ [[{_{ R; where R;
are local rings with rad(R;) = Ng..
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