
88-212 milecene mibeg
dpyie .r x"c ,xciipy .q 'text

c"qyz ,'` cren

.ivge miizry .ogand jyn .deey cewip zel`yd lkl .zel`yd ray jezn yng lr dpr

U,W ⊆ V eidie ,envrl V ixehwe agxnn zeix`ipil zewzrd ly begd R = Hom(V ) idi .1
.N = {T ∈ R : Im(T ) ⊆ W} -e L = {T ∈ R : U ⊆ Ker(T )} onqp .miagxn-zz

.ipni l`ici` N -e ,R ly il`ny l`ici` L -y gked .`
.W ⊆ U xy`k LN dltknd z` ayg .a

:gked .W = span{
(

0
1

)
} ,U = span{

(
1
0

)
} -e ,(R = M2(R) -y jk ) V = R2 -y gipp .b

.Id ∈ LN

.iaihhenew beg R .2

.zenly megz R/I m` wxe m` ipey`x l`ici` I¢R -y gked .`
-i`dy gked .a = pt1

1 · · · ps
ts miipey`x ly dltknl wxtzn a -e ,iy`x megz R -y gipp .a

.i = 1, ..., s ,Rpi md Ra z` miliknd miipey`xd mil`ic

.Z[i] bega b = 5 + 3i lye a = 4− 2i ly ilniqwnd szeynd wlgnd z` `vn .` .3
.df bega miipey`x minxebl 5 + 3i z` wxt .a

,miipni mil`ici` od R = M2(Z) begd ly ze`ad (zeixeaigd) zexeagd-zzn eli` raw .4
.jzaeyz wcvd .miiccv-ec e` miil`ny

N1 = {
(

a b
c d

)
: 3|2a + b},

N2 = {
(

a b
c d

)
: 3|2a + b, 3|2c + d},

N3 = {
(

a b
c d

)
: 3|2a + b, 3|2c + d, 3|a + c, 3|b− d}.

(ef dl`ya mitirqd oia xyw oi`) ?Z60 = Z/60Z ly miipey`xd mil`ici`d mdn .` .5
.I · J 6= I ∩ J -y jk I, J¢Z mil`ici` `vn .a

.iy`x epi` Z[x] bega x + 2 -e 3 ici-lr xvepd l`ici`dy gked .b

.Q[x]/
〈
x2 + x + 1

〉 ∼= Q[ρ] -y gked .ρ = e2πi/3 onqp .` .6

.Q[
√−3] ∼= Q[x]/

〈
x2 + x + 1

〉
:jxtd e` gked .a

zila`d dxeagd ly hppetqw`d z`e xcqd z` ayg .7

G =

〈
a, b, c

∣∣∣∣∣∣

4a + 16b + 5c = 0
20a− 6b + 7c = 0

14b + 3c = 0

〉
.
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.ivge miizry .ogand jyn .deey cewip zel`yd lkl .zel`yd ray jezn yng lr dpr

.
√

I = {a ∈ R|∃n : an ∈ I} mixicbn ,l`ici` I¢R m` .iaihhenew beg R idi .1

.((a + b)n+m lr aeyg ,an, bm ∈ I m` :dkxcd) R ly l`ici`
√

I -y gked (`)

.
√√

I =
√

I -ye ,
√

I ⊆ √
J f` I ⊆ J m`y gked (a)

.
√√

I +
√

J =
√

I + J -y d`xd (b)

-e x ≡ 28 (mod 100) -y jk |x| < 10000 `vn .1001− 1000 = 1 -e 1001 = 7 · 11 · 13 ,recik .2
.x ≡ 30 (mod 91)

.dcy R/I m` wxe m` ilniqwn l`ici` `ed I¢R ,iaihhenew beg R m`y gked (`) .3
.deg(f) ≥ 1 mr owezn mepilet f(x) ∈ Z[x] ,a ∈ Z xy`k ,I = 〈a, f(x)〉¢Z[x] idi

.ϕ : Z/Z ∩ I → Z[x]/I ikxr-cg-cg mfitxenened miiwy gked (a)
.ipey`x a -y wqde Z -a ilniqwn Z ∩ I -y gked ,Z[x] ly ilniqwn l`ici` I m` (b)

5 = (a−b
√

2)(c− mb f` 5 = (a+b
√

2)(c+d
√

2) m` :dkxcd .Z[
√

2] bega wixt-i` 5 -y gked .4
.Z -a 25 = (a2 − 2b2)(c2 − 2d2) okle (?recn) d

√
2)

-y gked .J = {a ∈ R :
(

a 0
0 0

)
∈ I} xicbp .M2(R) ly l`ici` I -e ,iaihhenew beg R idi .5

.I = M2(J) -ye ,J¢R

.Q lrn wixt-i` g(x) = x5 − 6 mepiletdy gked (`) .6
f(x + 1)- y gked :dkxcd) Z lrn wixt-i` f(x) = x4 + x3 + x2 + x + 1 -y gked (a)

.(wixt-i`
.ρ5 = 1 -y gked .f(x) ly yxey ρ idi (b)
.Q lrn Q[ρ, 5

√
6] ly cnind z` ayg (c)

dlertd itl C[x] lrn lecen zeidl V = C4 z` mixicbn .zix`pil dwzrd T : C4 → C4 idz .7
zxev z` `vn .V ∼= C[x]/

〈
x4 + 2x2 + 1

〉
,milecen ly mfitxenefi` miiwe ,f(x) ·v = f(T )(v)

.xaqde ,T ly ocxe'f
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oexzt

.
√

I = {a ∈ R|∃n : an ∈ I} mixicbn ,l`ici` I¢R m` .iaihhenew beg R idi .1

.((a + b)n+m lr aeyg ,an, bm ∈ I m` :dkxcd) R ly l`ici`
√

I -y gked (`)

(a+b)n+m =
∑(n+m

k )
k+s=n+m akbs ∈ f`e ,an, bm ∈ I -y jk n,m miniiw f` a, b ∈ I m` .oexzt

.(bs ∈ I f`e) m ≤ s e` ,(ak ∈ I f`e) n ≤ k -y e` ,k+s = n+m -y jk k, s lkly oeeikn I
,seqal .(−a)n = ±an ∈ I la` ,−a ∈ √I -y gikedl jixv sqepa .a+b ∈ √I dxcbdd itl

.ra ∈ √I okle ,an ∈ I ik (ra)n = rnan ∈ I f` r ∈ R m`

.
√√

I =
√

I -ye ,
√

I ⊆ √
J f` I ⊆ J m`y gked (a)

dxcbdd itl .an ∈ J ,I ⊆ J -y oeeikne an ∈ I -y jk n miiw f` ,a ∈ √I idi .oexzt
.a ∈ √J

mixgea :K l`ici` lkl
√

K v K oky) dxexa v dlkdd ,
√√

I =
√

I oeieeyl xy`a
miiw dxcbdd itl aeye ,an ∈ √I -y jk n miiw dxcbdd itl f` ,a ∈

√√
I idi .(n = 1

.a ∈ √I dxcbdd itle anm ∈ I f` la` .(an)m ∈ I -y jk m

.
√√

I +
√

J =
√

I + J -y d`xd (b)
I + J ⊆ √

I +
√

J ⊆ mb okle
√

I,
√

J ⊆ √
I + J miiwzn ,I, J ⊆ I + J -y oeeikn .oexzt

.
√

I + Jp
√

I + J ⊆
√√

I +
√

J ⊆
√√

I + J -y o`kn .
√

I + J

-e x ≡ 28 (mod 100) -y jk |x| < 10000 `vn .1001− 1000 = 1 -e 1001 = 7 · 11 · 13 ,recik .2
.x ≡ 30 (mod 91)

{ a ≡ 0 (mod 100)a ≡ 1 (mod 91) } miniiwn b = 1001 ,a = −1000 -y miaezk dl`ya .oexzt
x = 28b + 30a = 28028 − 30000 = −1972 okl .{ b ≡ 1 (mod 100)b ≡ 0 (mod 91) } -e

.ze`eeynd izy z` xzet

.dcy R/I m` wxe m` ilniqwn l`ici` `ed I¢R ,iaihhenew beg R m`y gked (`) .3
xnelk) qt` epi`y a + I ∈ R/I lkl f` ilniqwn I m` .(dzka gkedy htyn) oexzt
-y jk b miiwy o`kn .1 z` likn okle R -l deey okl ,I z` ynn likn I + Ra ,(a ∈ I
dcy R/I m` ,jetdd oeeika .dcy R/I okl .R/I -a a + I ly iktedd b + I -e ab ∈ 1 + I
jk b ∈ R miiw ,xnelk ;jitd a + I okle a + I 6= 0 + I f` ,a ∈ J − I idi ,I ⊂ J¢R -e
I -y o`kn) J = R xnelk ,1 ∈ I + Ra ⊆ J f`e (a + I)(b + I) = ab + I = 1 + I -y

.(ilniqwn
.deg(f) ≥ 1 mr owezn mepilet f(x) ∈ Z[x] ,a ∈ Z xy`k ,I = 〈a, f(x)〉¢Z[x] idi

ρ : Z→ Z[x] oekiyd .oexzt .ϕ : Z/Z∩I → Z[x]/I ikxr-cg-cg mfitxenened miiwy gked (a)
mdly dakxdd okle ,minfitxenened i`ceea md θ : [x] → Z[x]/I dlhdde ρ(a) = a itl
llek oirxbd .mfitxenened (ϕ(a) = a + I itl zxcbend ϕ : Z → Z[x]/I) ϕ = θ ◦ ρ
htyn itl .Ker(ϕ) = Z ∩ I -y o`kn ;a ∈ I xnelk a + I = 0 + I -y jk a ∈ Z lk

.ikxr-cg-cg `ed ϕ : Z/Ker(ϕ) → [x]/I ,oey`xd mfitxenefi`d
.ipey`x a -y wqde Z -a ilniqwn Z ∩ I -y gked ,Z[x] ly ilniqwn l`ici` I m` (b)

-zzl itxenefi`y Z/Z ∩ I ,'` sirq itl dcy Z[x]/I f` ilniqwn l`ici` I m` .oexzt
.Z ly ipey`x l`ici` Z ∩ I okle ,(dcy ly beg-zz lkk) megz zeidl gxken ely beg
I ∩ Z = f` .owezn f -y gipp zrk .ilniqwn mb `ed Z ly ipey`x l`ici` lk la`

.ipey`x a xveide ,dbxc ilewiyn (Z[x] · f(x) + Z[x] · a) ∩ Z = Za

5 = (a−b
√

2)(c− mb f` 5 = (a+b
√

2)(c+d
√

2) m` :dkxcd .Z[
√

2] bega wixt-i` 5 -y gked .4
.Z -a 25 = (a2 − 2b2)(c2 − 2d2) okle (?recn) d

√
2)

xai` lk ly aizkdy oeeikn e` ;dcnvd ici-lr dpey`xd on zraep dipyd d`eeynd .oexzt
-e ac − 2bd = 5 -l zelewy ze`eeynd izye ,cigi `ed (n,m ∈) n + m

√
2 dxeva [

√
2] -a

3



25 ly miixyt`d miwexitd .ziyilyd d`eeynd z` milawn ozltkd ici-lr .ad + bc = 0
xyt`e ,jitd a + b

√
2 f` a2 − 2b2 = ±1 m` .25 = (±1)(±25) = (±5)(±5) oaenk md -a

e` okle a2 ≡ 2b2 (mod 5) xxeb df .a2 − 2b2 = ±5 okl .avnd `l dfy gipdl dligzkln
epi` 2 la` .Z/5Z dcya 2 = (a/b)2 -y e` ,(dxizq ,5|52 raep o`kn) b ≡ a ≡ 0 (mod 5)
5 -e ,Z[

√
2] -a ±5 dnxep mr mixai` miniiw `l ;oexzt d`eeynl oi` okl .dfd dcya reaix

.wixti`

-y gked .J = {a ∈ R :
(

a 0
0 0

)
∈ I} xicbp .M2(R) ly l`ici` I -e ,iaihhenew beg R idi .5

okl ,
(

a 0
0 0

)
,

(
b 0
0 0

)
∈ I ,J zxcbd itl f` ,a, b ∈ J eidi .oexzt idi .I = M2(J) -ye ,J¢R

I ik
(

r 0
0 r

)(
a 0
0 0

)
=

(
ra 0
0 0

)
∈ I f` ,r ∈ R idi zrk .a − b ∈ J -e

(
a− b 0

0 0

)
∈ I mb

.ra ∈ J dxcbdd itl aeye ,l`ici`

gikedl jixv ;l"pk a, b, c, d eidi .a, b, c, d ∈ J xear x =
(

a b
c d

)
`ed M2(J) ly illkd xai`d

okl ,
(

a 0
0 0

)
,

(
b 0
0 0

)
,

(
c 0
0 0

)
,

(
d 0
0 0

)
∈ I dxcbdd itl .x ∈ I -y

(
a b
c d

)
=

(
a 0
0 0

)
+

(
b 0
0 0

)(
0 1
0 0

)
+

(
0 0
1 0

)(
c 0
0 0

)
+

(
0 0
1 0

)(
d 0
0 0

)(
0 1
0 0

)
∈ I.

-e ,
(

xij 0
0 0

)
= e1ixej1 ∈ I dvixhnd i, j lkl f` ,x =

(
a b
c d

)
∈ I m` ,jetdd oeeika

.a, b, c, d ∈ J

.Q lrn wixt-i` g(x) = x5 − 6 mepiletdy gked (`) .6
lrn (qe`b) okle ,Z lrn wixti` mepiletdy d`xn p = 5 mr oiihypfii` oeixhixw .oexzt

.Q
f(x + 1)- y gked :dkxcd) Z lrn wixt-i` f(x) = x4 + x3 + x2 + x + 1 -y gked (a)

.(wixt-i`
,p = 5 mr oiihypfii` itl aey wixt-i` f(x + 1) = x4 + 5x3 + 10x2 + 10x + 5 .oexzt
.wixti` f okl .f(x + 1) = g(x + 1)h(x + 1) wexit dxyn f(x) = g(x)h(x) wexit ixde

.ρ5 = 1 -y gked .f(x) ly yxey ρ idi (b)
.1=ρ5 okle ρ5 − 1 = (ρ− 1)(ρ4 + ρ3 + ρ2 + ρ + 1) = (ρ− 1)f(ρ) = 0 .oexzt

.Q lrn Q[ρ, 5
√

6] ly cnind z` ayg (c)
okle ,mixf micnind .[Q[ρ] : Q] = 4 -e Q[ 5

√
6 : Q] = 5 ,'ae '` mitirq itl .oexzt

.[Q[ρ, 5
√

6]] = 4 · 5 = 20

dlertd itl C[x] lrn lecen zeidl V = C4 z` mixicbn .zix`pil dwzrd T : C4 → C4 idz .7
zxev z` `vn .V ∼= C[x]/

〈
x4 + 2x2 + 1

〉
,milecen ly mfitxenefi` miiwe ,f(x) ·v = f(T )(v)

.xaqde ,T ly ocxe'f
,x4 + 2x2 + 1 = (x + i)2(x− i)2 `ed [x]/

〈
x4 + 2x2 + 1

〉
-a x ly ilnipind mepiletd .oexzt

.invr jxr lka 2× 2 lceba miwela zllek dly ocxe'f zxeve T ly ilnipind mepiletd edf okl

.T ≈




i 1 0 0
0 i 0 0
0 0 −i 1
0 0 0 −i


 ,xnelk
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NOT-exzt

z` ewcia .(dpiga zexagnn zegewl olek) zel`yl zilkza zeiebye zeixewn zeaeyz oldl
?zepekp opi` zeaeyzdy jkl daiqd z` ,zexidna ,`evnl mileki mz` m`d :mknvr

.
√

I = {a ∈ R|∃n : an ∈ I} mixicbn ,l`ici` I¢R m` .iaihhenew beg R idi .1

.((a + b)n+m lr aeyg ,an, bm ∈ I m` :dkxcd) R ly l`ici`
√

I -y gked (`)
.(a + b)n+m = an+m + 2an+mbn+m + bn+m * ."zepexzt"

.an−1 ∈ I mbe a ∈ I -y xxeb a · an−1 = an ∈ I *
.
√√

I =
√

I -ye ,
√

I ⊆ √
J f` I ⊆ J m`y gked (a)

okle an = a2n recik la` . a2n ∈
√√

I mbe an ∈ √
I f` a ∈ √

I m` * ."zepexzt"
.
√

I =
√√

I

.
√√

I +
√

J =
√

I + J -y d`xd (b)
gikedl witqn okl .I2 = I -e

√
I = I okle ,

√√
I =

√
I epgked 'a sirqa * ."zepexzt"

J = J2 -e I = I2 mvnvp .I + J + 2
√

IJ = I2 + J2 + 2IJ xnelk ,
√

I +
√

J = I + J
.l"yn ,

√
IJ = IJ x`ype

.anm ∈ J e` anm ∈ I m` wxe m` anm ∈ I + J *

-e x ≡ 28 (mod 100) -y jk |x| < 10000 `vn .1001− 1000 = 1 -e 1001 = 7 · 11 · 13 ,recik .2
.x ≡ 30 (mod 91)

.dcy R/I m` wxe m` ilniqwn l`ici` `ed I¢R ,iaihhenew beg R m`y gked (`) .3
.deg(f) ≥ 1 mr owezn mepilet f(x) ∈ Z[x] ,a ∈ Z xy`k ,I = 〈a, f(x)〉¢Z[x] idi

,zenly megz R/I m` wxe m` ,ipey`x `ed m` wxe m` ilniqwn l`ici` I * ."zepexzt"
.dcy `ed m` wxe m`

okle ,xyt`y dkenp ikd dlrndn ,owezn ,wixt-i` mepilet `ed okl ,ilniqwn l`ici` I *
.dcy R/I

.deg(f) ≥ 1 mr owezn mepilet f(x) ∈ Z[x] ,a ∈ Z xy`k ,I = 〈a, f(x)〉¢Z[x] idi
.ϕ : Z/Z ∩ I → Z[x]/I ikxr-cg-cg mfitxenened miiwy gked (a)

.minepilet ly zepekz itl Z/Z ∩ I → Z[x] mfitxenened xicbn ϕ(c) = f(c) *
.ipey`x a -y wqde Z -a ilniqwn Z ∩ I -y gked ,Z[x] ly ilniqwn l`ici` I m` (b)

5 = (a−b
√

2)(c− mb f` 5 = (a+b
√

2)(c+d
√

2) m` :dkxcd .Z[
√

2] bega wixt-i` 5 -y gked .4
.Z -a 25 = (a2 − 2b2)(c2 − 2d2) okle (?recn) d

√
2)

.a2 + 2b2 `id Z[
√

2] bega a + b
√

2 ly dnxepd * ."zepexzt"
. ad

√
2 = −ad

√
2 -e bc

√
2 = −bc

√
2 ,Z[

√
2] -ay `id ("?recn") dpey`xd dxixbl daiqd *

epi`y oexzt deedn a = 3, b =
√

2 -y oeeikn .a, b ∈ xear 5 = a2 − 2b2 -l zepexzt miytgn *
.Z -a oexzt miiw `l ,cigi zeidl jixv oexztde ,Z -a

.my wexit oi` okl ,2i ∈ Z[
√

2] la` .Z[i] -a 5 ly cigid wexitd `ed 5 = (1 + 2i)(1− 2i) *
.minlya oexzt oi` 5 = a2 − 2b2 d`eeynl ik wexit oi` *

.5 z` zwlgn mdly dltknd mb f` ,5 z` miwlgn mixai` ipy m` *
.minlya oexzt oi` dfle , a2 −√2b2 =

√
5 xxeb a2 − 2b2 = 5 *

.bega yxey el oi`y gikedl witqn ,wixt-i` 5 -y gikedl ick *
.a + b

√
2 z` wlgn 5 -y xxeb 5 = (a + b

√
2)(c + d

√
2) *

f` b = 0 m`e ,b =
√
−5/2 f` a = 0 m` :minlya oexzt oi` a2 − 2b2 = 5 -ly dgked *

.Z-a epi` oexztd mixwnd ipya .a =
√

5

5



-y gked .J = {a ∈ R :
(

a 0
0 0

)
∈ I} xicbp .M2(R) ly l`ici` I -e ,iaihhenew beg R idi .5

.I = M2(J) -ye ,J¢R

.Q lrn wixt-i` g(x) = x5 − 6 mepiletdy gked (`) .6
md dwica itl .±1,±1/2,±1/3,±1/6 md micigid miilpeivxd micnrend * ."zepexzt"

.wixt-i` mepiletd okle ,miyxey mpi`
.Q lrn wexit epi` df okle

√
6 6∈ Q la` ,x5 − 6 = (x5/2 −√6)(x5/2 +

√
6) *

.Q lrn wixt-i` mepiletd okle ,Q lrn wixt-i` recik x = 61/5 yxeyd *
. 5
√

3 6∈ Q mbe 5
√

2 6∈ Q : 5
√

6 6∈ Q -y dfl dgked *
f(x + 1)- y gked :dkxcd) Z lrn wixt-i` f(x) = x4 + x3 + x2 + x + 1 -y gked (a)

. 5
√

1 > 0 `ed mepiletd ly yxeyd * ."zepexzt" .(wixt-i`
.ρ5 = 1 -y gked .f(x) ly yxey ρ idi (b)
.Q lrn Q[ρ, 5

√
6] ly cnind z` ayg (c)

.'b sirq itl 5 `ed Q lrn Q[ρ] ly cnind * ."zepexzt"
.x− ρ mepiletd itl 1 `ed Q lrn Q[ρ] ly cnind

.5 `ed Q lrn Z[ρ, 5
√

6] ly cnind ,ipey`x 5 -y oeeikn *
.max {5, 4} = 5 `ed szeynd cnind okl .4 `ed ρ lye ,5 `ed 5

√
6 ly cnind *

dlertd itl C[x] lrn lecen zeidl V = C4 z` mixicbn .zix`pil dwzrd T : C4 → C4 idz .7
zxev z` `vn .V ∼= C[x]/

〈
x4 + 2x2 + 1

〉
,milecen ly mfitxenefi` miiwe ,f(x) ·v = f(T )(v)

.xaqde ,T ly ocxe'f

6


